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王元万哲先陆启經梅乐 
李福安贾朝华尚在久周向宇 



《华罗庚文集》序言 

2010年是著名数学家华罗庚先生诞辰100周年.值此机会，我们编辑出版《华 
罗庚文 集》， 作为对他的美好纪念. 

华罗庚先生是他那个时代的国际领袖数学家之一，也是中国现代数学的主要奠 
基人和领导者.无论是在和平建设时期，还是在政治动荡甚至是战争年代 7 他都抱 
定了为国家和人民服务的宗旨，为中国数学的发展倾注了毕生精力，受到了中国人 
民的广泛尊敬. 

华罗庚先生最初研究数论，后将研究兴趣拓展至代数和多复变等多个领域，取 
得了一系列国际一流的成果，引领了这些领域的学术发展,产生了广泛持久的影响. 
他从一名自学青年成长为著名数学家，其传奇经历激励了几代中国数学家投身于数 
学事业. 

华罗庚先生为我们留下了丰富的精神 遗产， 包括大量的学术著作和研究论文. 
我们认为，认真研读这些著作和论文,是深刻把握华罗庚学术思想精髓的最佳途径. 
无论对于数学工作者还是青年学生，其中许多内容都是很有启发和裨益的. 

华罗庚先生担任中国科学院数学研究所所长30余年 t 他言传身教，培养和影 
晌了一批国际水平的数学家，他的学术思想和治学精神已经成为数学所文化的核 
心 .自 2008年起以中国科学院数学所为基础成立的中国科学院华罗庚数学重点实 
验室，旨在继承和弘扬华罗庚先生的学术思想和治学精神，积极推动中国数学的发 
展.为此，我们选择华罗庚先生的著作和论文作为实验室的首批出版物，今后还将 
陆续推出更多优秀的数学出版物. 

在出版《华罗庚文集》的过程中，我们得到了各方面的关心和支持，包括国家 
出版基金的资助，在此我们表示深深的感谢.同时，对于有关人员在策划、翻译 
和审校等方面付出的辛勤劳动，对于科学出版社所作的大量工作，我们表示诚挚的 
谢意> 


中国科学院华罗庚数学重点实验室 
《华罗庚文集》编委会 
2010年3月 
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从单位圆谈起 



说 明 


这本讲义是根据华罗庚同志1962年在中国科学技术大学及中山大学的讲稿由 
我们整理而成的.由于我们水平有限 ： 在整理过程中难免有不妥及错误之处，望读 
者指正. 


吴兹潜林伟龚升 
1975年10月 



第 1 讲调和函数的几何理论 

1，1 旧事重提 


在复平面上变形 ® 


及 

由 （1) 推得 



Z 一 Cl 
. 一 CLZ 



w = e 


w 




— (z - a)(z - a ) 
(1 - az){l — ciz ) 


(1- M 2 )(1 — | zp ) 

|1 - az \ 2 


⑴ 


( 2 ) 


(3) 


因此 （1) 把单位圆闵= ：( 变为单位圆= 1，单位圆内部变为单位圆内部+变形 
(2) 也有此性质，并且 （1) 把 z = a 变为 w = 0. 

微分⑴式得 


dw 


dz (z — a)adz l ~ aa 


az 


(1 - az ) 2 (1- az ) 2 


dz. 


(3)、（4) 相除，取绝对值的平方得出经过 （1)、（2) 不变的微分型 


\\dtvl 


2 


㈣ 


2 


(i-H 2 ) 2 ( 卜 m 2 


与此微分二次型相对应的有不变的微分算子 


(1 - M 


2\2 


d 2 ^ 
dwdw 




2\2 


(im 


d 2 0 

dzdz 


这就是 Laplace 算子 


4 


5 2 # _d 2 ^ d 2 0 

dzdz dx 2 ^ dy 2 


(4) 


(5) 


⑹ 


(1) 既然把单位圆变为单位圆，则当 a = e lT (0 S r S 2 tt > 时， w = 即 




e lT a 


1 - ae~ %r 


— ae 


tr 


ae tT 


e 


IT 


①这里 3 代表 <2 的共轭数. 



这代表变形 （1) 在单位圆圆周上所引起的变化，而 （4) 式变为 


两者相除得出 






⑺ 


a = pe ^ p < 


P{p,e-r) 


1 - 1^| 2 

1 - ae ir \ 2 


_ 1 — P 2 _ 

— 2 pcos (9 — r ) + p 2 


( 8 ) 


这个函数称为 Poisson 核，因此， Poisson 核是单位圆经⑴变为自己所得出的函数 
行列式. Poisson 核有以下的特点： 

( i ) 定正性.当 p < 1 时， P ( p , e - r )> 0, 

广 , 、 i* p/ /j 、 ( Oi 若 0 ¥ t 5 

(七巧广叫处若 

( iii ) ^ j " P(p, Q - r)dr = 1. 

这结果也是显然的，其理由是，由 （7) 得 




dip 


性质 （ ii ) 与 （ iii ) 合并称为 “5函数的性质”. 

( iv ) 当 p < 1时，它适合于 Laplace 方程（极坐标形式) 

d ( du \ d 2 u 

^ \ P T P ) + W = ^ 


要证明这一点也是十分容易的，因为 


,i(e-r) 


i(9—T) 


P ( pJ - r ) =1^ 7-^—+ ^ 7 ^ 

1 — pe^~ T ^ 1 — pe_ 你 -t) 

OO 

二 1 + 2 ^ p n cos?i(^ — r) ? 


⑼ 


而 〆 cosn {0 - r ) 显然适合于 （9)， 因而 P 、 p'Q — t ) 也适合于 （9), 
解单位圆的 Dirichlet 问题， 


给一个以 2 tt 为周期的连续函数 ^ p { 6 ), 求一函数 u ( pe l °) 在圆内适合 p Laplace 
方程 ® ，且 


lim u ( pe l8 ) — ip ( 0 )^ 


( 10 ) 


这就是有名的 Dirichlet 问题. 

我们分以下几个步骤来解决这一问题： 

(1) 先证“均值公 式”： 如果1*(巧，在圆内有二阶连续偏微商,而且适合 Laplace 
方程 （9). 在圆内及圆周上连续，则 


2tt 


u { pt r 0 ) d 6 — ix ( O ), 0 < p 在 1, 


证法是：由 Laplace 方程知 


P §~ P ( p §~p ^l • ，册 ) 


~hS ： w^ 

~ h ^ e u(pei6) n =a 


求积分得 


p w^L u{pei6)de 


当 p = o 时,可见 fc = 0. 再积分，得 


u(pe l0 )dd — c. 


是一与/>无关的常数 t 再取 P = 0,得 （11) 式. 
(2) 依⑴换变数 ，命 

v ( z ) = u ( w ) 1 


( 11 ) 


= u(e _)， v(a) = u(0) 


(11) 式变为 （ p = l ) 


v(a) =tt(0) 


u ( e w ) d ^ 


2 tt 


2^ J q U[€ 


①适合 Laplace 方程的函数称为调和函数. 






第1讲调和函数的几何理论 


命 a = 及换符号则得 Poisson 公式 


u(pe l0 、 = 



_ ^ ~ P 2 _ 

1 — 2 p cos (9 — r) + p 2 


dr. 


( 12 ) 


换言之，如果是一个调和函数，则有以上的公式. 

(3) 最大（最小）值原理+ —个单位圆内的调和函数，如果不是常数，则一定在 
圆周上取最大（最小）值. 

如果 u{pe w ) 最大，由 （12) 可知 


2ir 


2tt 


u(e 


IT 


— P 2 


o 


( U ( p #) 


1 — 2 pcos (6 — r) + p 2 


dr 


-2tt 


(1 - p 2 )dr 


2 n 


o 


1 — 2 p cos (9 — r) + p 2 


u ( pe ^), 


并且仅当 u 是常数时取等号，不然，总有一段弧，其中< u { pe ^% 因而上式取 
不等号. 

同样最小值也在圆周上取， 

(4) Dirichlet ， 问题解答的唯一性 + 

如果有两个解 u(pe i6 ), v(pe i& ) 适合于（10)，则 


w(pe iS ) = ^pe 16 ) - v{pe lB ) 


也是调和函数，在圆周上这函数等于0,即 w ( e ^) = 0.由 （3) 可知在闭圆 M < 1上, 
w(pe i0 ) 的最大值 < 0,最小值 > 0,因而 h ; = 0. 因而解答是唯一的. 

(5) 解答的存在性. 

考虑 Poissan 积分 


*2^ 


u(pe t& ) 


2 w 


P(p ,0 -r)(fi(r)dT. 


( 13 ) 


o 


迭函数 A 以下的一些性质：首先由性质 （iv) 可知 u(pe t0 ) 在圆内适合 Laplace 方程， 
其次由 函数”性质可以证明 （ 10 ) 式.由性质 （ iii )， 


^ 2 tt 


m 


2 n 


P{p^ 0 — T)tf(0)dr, 


D 


因为是连续函数,给了 i 存在 d 使- t | < 5 时， 


I 州）一 (p(r)| <^. 


(14) 


把积分 




u(pe t0 ) — ^{ 0 ) = I P{p, 0 - r)[ip{r) - <p( 9 ))dr 


2 ?r 


D 



L 2 实数形式 


7. 


分为两部分，由 （14) 可知 


1 1_*/(以 - _ _ dT 


2 tt 




2 tt 


P(p, 6 — r)dr — e. 


o 


另一方面.当 0 _ t | > 5 时,可以取 p 充分接近于1使 


P{p'e-T) <e/2M' 


这里 M 是的上界.于是 


2 tt 


<2M- 


\9-t 


P(p,9 -r)(<p{r) - <p(e))dr 


^2ir 


E 


2 tt 


0 


2M 


dr — e. 


合并之, 得出当 p 充分接近于 1 时， 


|u(^)-^)|<25, 


即 


lim u(pe t& ) = (p{0), 

p — 


因而公式 （13) 解决了单位圆的 Dirichlet 问题的存在性部分. 

1.2 实数形式 


为了看出推广的可能性 7 先看 L 1 节的结果的实数形式，先看变形 （1.1) 的实数 


形式: 


z — a 


w 


(z — a)(l — az) 


z - a — azz 


a 2 z 


1 — az (1 — az)(l — az) l — az — az + aazz 


把复数 t ; 写成为 $ + 切，而以 V 代表矢量显然有 

+ afe = 2 a —& w , 


又由于 


a 2 z = (b 2 — c 2 + 2bci)(x — iy) (a = b + ic), 


所以 


(a 2 z)* =[(& 2 — c 2 )x + 2bcy y 2bcx - (b 2 — c 2 )y 



第 1 讲调和函数的几何理论 


(b 2 — c 2 2bc \ 

=(X ' y) { 26c + ) 

^(x,y)[2(h 7 cY(h,c) - (b y c)(b, c)7] 

- a + a +； /), 

这里依照矩阵相乘的法则办事，因此得 

# ? 一 a + -*V + ?(2W — a*a*7) 

U 1 — ■ ■ 

— 1 - 2 a * z* f + a * o * f z * z^ f 

1.3 单位球的几何学 


以上的实形式建议以下的可能推广 
命 : u = Oru … Jn ) 代表一 n 维矢量，而 

xx f < 1 (1) 


代表一单位球，以上建议 


V 


x — a — xx r a + x(2a f a - aa 1 1} 
1 一 2ax f + aa f xx f 


aa f < 1 


( 2 ) 


可能是一个变形把单位球一对一地变为其自己，而且把 x = a 变为 y = l 
先把 y 写成为 


V 


(1 — aa f )(x — a) — a(x — a)(x — a) f 
1 一 2ax f 4 - aa f xx f 


aa < 


(3) 


作内积 


w 


(1 — aa t ) 2 {x — a){x — a) T 
(1 — 2ax* + aa/xx f ) 2 

2(1 — aa / )(x — a)(x — a r )a(x - a) f aa f \{x - a){x — a) f ] 


2 


(1 — 2ax ; + aa f xx f ) 2 

(x-u)(x-aY — , 2 

(l-2ax f + aa f xx/) 2i{ ’ 

一 2(1 — ao! J ( 一 d jof + <mi [cr — d') [X — Q)] 


(1 — 2ax f + aa f xx f ) 2 


(x — a)(a: — af 
1 — 2ax f + aa f xx f 


(4) 


由 （ 3) 与⑷可知 


y + yy f a = 


(1 — aa f )(x — a) 

1 — 2ax f + aa ! xx / 7 


(5) 


单位球的几何学 


再作内积 


(y + yy f 0,)(y + yy ^ a) f 


(1 — aa f ) 2 {x — a)(x — a) f 
(1 — 2 ax f + aa f xx *) 2 


由⑷得 


yy’(l + 2 ay f + aa f yy f ) 


(1 - aa ’) 2 yy ’ 

1 — 2 ax ; + aa i xx f 


如果娜 '= 0,则 y = 0，由 (4) 得 : r = 仏如果 yj / 〆 0, 则得等式 


1 + 2 ay f + aa ’ yy ’ 
(这对 y = O^x = a 也 对). 代入 (5) 式得 


(1 — 耐 ’) 2 

1 — 2ax f + a^xx 1 


x — a 


(y + 仍 /q)(1 - aa!) 

1 + 2 ay ^ H - ao / yy f ’ 


( 6 ) 


y + a + ayy f + y {2 a i a - aa f 1) 


⑺ 


1 + 2 ay f + aa ^ ' ， 

这与 （2) 的形式完全相同，只不过把 a 换成 - a 而己.因此 （2) 的确是一个一对一的 
变形（对整个空间都如此，除去分母为0的情况，不难证明，例外仅有 y = - a /( aa f ) 
一点而已). 


再由⑷可知 


1 一 V t / 


1 — 2 ax f + aa f xx f — {x — a ) (x - a) f 
1 — 2 ax f + aa ^ xx * 

(1 — W)(l — xx f ) 

1 — 2 ax f 4- aa f xx f 


⑻ 


由 Schwarz 不等式可知，分母 


1 — 2 ax f — aa f xx l = (1 — ax ’) 2 + aa f xx f — { ax f ) 2 > 0, 


这又证明了 （2) 把单位球变为其自己, 
除形式 （2) 的变形以外，变形 


y = xr, rr* 


⑼ 


也显然把单位球变为其自己. 

(2) 与 （9) 所演出的群就是我们所要讨论的群.我们现在是研究在此群下，单 
位球内点所成的空间的几何学. 

这个空间称为双曲空间，由 （2) 和 （9) 所演出的群称为非欧运动群. 

在此群下,球内任一点可以变为原点，而且任意相互正交的 n 个方向可以变为 
n 个坐标轴的正向. 
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第 1 讲调和函数的几何理论 


求变形 
的微分，有 


L4 微分度量 


(1 — flc?’) ( 丄 一 a) — （ j; 一 a){a: — a)^a 

1 — 2ax f + aa f xx f 


(1 — 2ax f + aa f xx f ) 2 dy 

=(1 — 2ax f + aa f xx r ) x [(1 — aa)dx — 2dx(x — a)’a] 

— \—2dxa f + 2aa f dxx^Kl - aa^)(x — a) — (x — a){x - a) f a 
=(1 - aaf)dx K {(i - 2ax / + aa^xx 1 )! 2(1 2ax f )x f a 

4 - 2a f x — 2 xx { q! a — 2da f x ! x] 

=(1 — 2ax f + aa r xx f )I — 2(1 — aa/) 

x (a/a — ax) + 2{xa — a ’ x) 2 }- 


命 


P = (1 — 2ax f + aaxx^I — 2(1 ― ax^^a — a f x) 4 - 2(x ， a — o / r) 2 


及 


M — x f a — ax, A = 1 — 2ax f + aa / xx / , 


⑴ 


则 

及 

易证: 


因此得出 


P = XI -2(1 - ax r )M + 2M 2 

(2) 

dv - l ~ aa ' dxP 

V ~ (l- 2ax f + aa f xx/) 2 

(3) 

xM z — [(ax') 2 - aa } xx \x^ 


aM J = (ax 1 ) 2 - aa xx f a, 


A/ 3 — [(ax f ) 2 — aa xx ]M. 

(4) 


PP f =( 入 I - 2(1 - ax f )M + 2M 2 ) 

x (A/ + 2(l-ax / )M + 2M 2 ) 


-(A/ + 2A/ 2 ) 2 - 4(1 - ax f ) 2 M 2 




微分算子 


=A 2 / + 4{A- (1 - a x， 2 )A/ 2 +4Ar* 
=A 2 / + 4 M {[ aa f xx f - ( ax r f\M + M 3 } 
= X 2 L 


因此 


dydy ' 


(1 - aa^) 2 

〔1 — 2 ax f + aa f xx f ) A 
(1 - aa f ) 2 

(1 — 2 ax / + aa’xx r ) 2 


( ixP ^ d ^ 


dxdx \ 


与 （1.3.8) 联立,立刻推得 


dydy f 


dxdx ^ 


(1 一 yy r ) 2 (l - xx f ) 2 


这关系也是经过 （1+3.9) 而不变的 7 因此 （7) 是一个 不变的微分二次型. 


1.5 微分算子 


今往证明偏微分方程 


(1 - yy ') 2 右 ■ + 2 (n - 2)(1 -抑。总白。 


经变形 （1.3.2) 而不变， （1) 可以改写为 




即待证 


^-yyrt^-vv'r^ 

!• 1 


在证明 （2) 成立前，先证明以下的一些结果. 
引理 1 命 /i = 1 + 2 ay f + cmW, 则 




E 


^ d Vi 


1 9x k \ 

' n ~ 2 dyi / 


(5) 

⑹ 

⑺ 

(1) 

( 2 ) 

(3) 






1+6 球坐标 
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由（ I . 3 . 8 )立刻推出 
飞 1 一 — a :/) 


入 ( x ) 


n n n 

EE 


(1 一 aa f ) 


2 




n 


E 


+ (1 — aa f ) 2 


xx 

l - XX fXn 


d 

L j=l J 

d 


/(i 一 ⑽ ’)（1 一 u ] 1 


2-n n 




A ㈡ 


dXj 


(1 — xx 1 ) 




du 


X n 


du 9 xk 
Q^k dVi 

d *3 Cj 
dyi dyi 


dxj 

dyi 


入 ( x ) 


d 


x 


dxj 


X 


fl' 


, 2 9xk\ dxj 


) 


9yi } dyi 


E (1 - xx ') 

i 丄 k 

=Si + 


2-n 


du 

9 xk 


由引理2, M 就是 （2) 式的右边，因此待证的 =0. 也就是要证明 


t J,ft 


dxic dx 


dyi ) dyi 


这等式显然易由下面的等式推出 


E 




9 f X n -2 dx k \ ^ 
dyi ) dyi 


0, 


即 



由 (1,3+6) 得知= (1 一 aa f ) 2 , 以上的等式显然可由引理1推出. 


1.6 球坐标 

命 

X — pu, uu^ = 1, 

则 du = 0. 因此 

dxdx' = (dpu + pdu) (dpu + pdu) ( 
—dp 1 H- p 2 dudu. 

所以得到 

dxdx f dp 2 4 - p 2 dudu / 

(1 — xx f ) 2 (1 一 p 2 ) 2 


(1) 
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调和函数的几何理论 


引进球坐标 

n =(cos 夕 1 ， sin^i cos O2 : sin sin 92 cos 

sin ^ i ' - * sin 心 —2 cos sin0 ] " sin sin @ n _ i ), 

0 专 U 2 , … J) rt _ 2 ^7T,0^e n -i 

单位圆的圆周可以表成为 ( cosO , 31110),0 ^ ^ 2 tt 3 但并不能说单位圆的圆周 

就等价于区间 [0 ; 2 tt ], 在区间 [0, 2 ttJ 上的连续函数并不一定是单位圆周上的连续函 
数.其原因是0 = 0与0 = 2; r 实际上代表同一点，因此在说到单位圆周上的连续 
函数/(0)时，必须理解到它是一个以 2 tt 为周期的函数. 

在球而 f : 情况更为复杂：因为 （ cos^sirkh C0S2 , * ^ ^ sin 6\ sin 心… biii^- 2 
sin ^. O 并不是 h 的以 7 T 为周期的函数，在球面上怎样定义一个函数 


fd … ^n-l)y 0 S 仏 ，…， d n -2 < 7T，0 < &n-l ^ 2tT 


的连续性，主要看区间端点的情况.先看仏= 0所代表的点，不管 0 2 ,… n 
何 ，当化 = 0时 ，则 n = 6! = (1，0,…，0),因此在 u = ej 时球面上的连续函数 
f (❹1、…、❹ n - l ) 必须使 





存在，而且与… ^ n - i 无关.同理 


lim f(8u … ， Bn-i) 

v —^ 7t 

^u = - e l 时的函数值， 与0 2 , …， & n ^ 无关.同理 


lim /H … m 
^ 2 —^ + 0 

与％，…, 3^-1 无关，等等+最后 


lim fd" ， U= lim /( 6 »i, … A-i )， 

Pn- i — ,, +0 ^n— 1 — ►^TT—0 

适合这些条件的连续函数才是球面上的连续函数. 

微分矢量％极易推出 

dudu f 4 - sin 2 9 \ d $2 + sin 2 9 \ sin 2 02 ^3 + ■•■ 

十 sin 2 0\ - sin 2 (2) 

单位球表面积的元素 A 是这微分二次型的行列式的平方根，即 

u = sm n ~ 2 61 sin n — 3 d 2 -^ sin 9 n - 2 d&id92 - ^ - dh 



L .6 球坐标 
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不难算出总表面积等于 


2冗1 


7 n-l 


W ). 

易知 Laplace 算子（也不难直接算出) 


△2 = ^ 十 


的极坐标形式是 


A 2 


dx \ 


0 


+ 


9 2 

dx % 


(3) 


p n ~ l dp 


pn ~ l § p ) + 7 dl 


(4) 


这里 


d 2 


d 2 


+ ■… + 


d 2 


de\ sin 2 e x del 

+ (ti — 2)cot0i —— h (n — 3)= 

UU\ si 

cot ^3 


sin 2 … + sin 2 19 卜 2 洲三 -i 

cot ^2 & 


sm 2 <9] d$2 


-4}- 


d 


sin 2 9\ sin ^ 62 洲 3 


2 


+ 






cot0 u . 


2 


d 


sm 


2 


- ■ .sin 2 9 n _ 3 dB n -2 


(5) 


现在考虑微分算子 


(1 — W) 2 +2(n-2)(l - xx r ) ^Xi d 


dxi 


的极坐标形式. 
由 


Tl 


E 


d 


d 


X{ 


t- 


dxi ^ dp 


及⑷得 


(1 ~xx r ) 2 ^2^ + 2{n-2){l -xx f )^2x 9 


={1-P 2 ) 


(1 -P 2 ) 


dx } 

d 


pn-l Qp 


P 


n-1 d 


1 


dp) P 


2 






+ 2(n — 2)(1 — P 2 )f } ~^ 


2d 2 


^[( n-D + in - 3) 〆 ] 去 + 


dp 2 

{ i - p 2 r d \ (i — 夕产 2 

dp \ dp) p 2 u ' 


P 2 


p n ~ l 

我们考虑 （6) 作用在与 H 
得出以下的偏微分方程： 

{ l - p 2 ) n d { 广 1 


( 6 ) 


B * * 


, On - i 无关的函数 ^( pcos ^ i , psin ^]) 的情况, 


p 71 ^ 1 dp 


(W 


，) “易) 企 + + (n ™ 2 ) cot ^^ r ) 步 = o . 
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第 1 讲调和函数的几何理论 


命 （ = cos 0 \ 7 则得 


(1 — p 2 ) n d / p 71-1 8 \ 

p n ~ l dp \ (1 — fpy 1 - 2 dp) 




(1 - P 2 ) 2 


(i-e 2 ) 


a 2 

W 


(n- 


”4. 


# = 0. 


(7) 


这也可以写成为 


(1 一 p 2 ) n ~ 2 a ( p n - 1 d \ 

3 dp \ (1 — p2 、 n-2 Qp) 


P n 

+(i _ ^ 2 ) --5- ^ ((i ~^ 2 ) 




2 


I) 


^ = 0 . 


⑻ 


这建议在长方形 


1, -1 ^ 


内研究拟保角变换 


U — 


V 


啦0, 

+』)■ 


这一对函数 U ， v 适合于微分方程组 


1 




P ■… du 
(1 — p 2 产 _2 dp 

(1 — p 2 ) n ~ 2 dv 
p n ~ 3 dp 


(1 - f 2 )_ 扑 _ 3 ) 
—(1 《 2 )秦 ( n_1 ) 


dv 

■n — - gg- 

dC 

du 

w 


⑼ 


d 2 v 


由⑼利用兴办办光 
消去％得出^所适合的微分方程是 


• V 消去 A 即得 w 适合于微分方程 （ 8). 利用 # U 


d 2 u 


d^dp dpdi 


L(i 


P n ~ l d ni-p 2 ) n - 2 d \ 

— p 2 ) n ~ 2 dp V 3 dp) 

这两个微分方程的二次项相等，一次项两者之和等于 


^ = 0, 


dv d 


( 


P 


n—l 


(1 — p 2 ) n ~ 2 


dp dp \(1 - p 2 ) n ~ 2 


p 


n—3 


) + — . —(I - f2\|(n-l)-i(n-3) 

dC ^ 




(9) 式可能是离普通保角变换最相近的拟保角变换 . 换言之，深入研究这一特殊情 
况可能作为研究一般拟保角变换的参考 + 
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1.7 Poisson 公式 


由 


dydy- 


— aa 


2 


1 — 2ax* + aa f xx* 


dxdx f 


可知，在球面 x — u^y — v ^ nu f = vv f — 1 上也存 


dvdv J 


1 — aa 1 


2 


1 — 2 au f + aa f uu f 


dudu 


球面积有以下的关系式 


I 一 €LOi^ 


n-l 


V 


2au f + aa 1 


ii 


( 1 ) 


(因为也是 （n - 1) 维矢量夂 

这建议有以下 _ Poisson 公式 


少 (工) 




士 / … /(r^ 


XX 

4 - xx^ 


71' 


#(n)u 


( 2 ) 


uu 1 


的可 能性， 这建议说，如果在单位球面= 1上给了一个函数 #( u ) ? 我们由 （2) 
所定义的函数既在球上适合于（2)，又在球内适合偏微分方程 （1.5.1). 在详细论述 
这个问題之前，先研究 Poi _ ii 核 


P(X, U) 


—XX 


n—l 


1 — 2xu f + xx* 


⑶ 


的性质，命 ; T = 则 


P ( x y u ) 


P 


2 


n — 1 


2 pcos ( u y v ) + p 2 


这里 (U,V) 表示两个单位 矢暈叫 t ； 的夹角. 

(1) 当0 < p < 1时， P ( x , u ) > 0,这是显然的，因为 


1 — 2 pcos ( u ， v } + p 2 ^ I — 2 p + p 2 = (I — p ) 


2 


(2) 我们有 


lim P ( x , u )= 


p - 


0， U ^ IK 
oo , u — v . 



调和函数的几何理论 


具体些，命 {«, v ) = Ck y 则当 | a | > d 时，给任一 e 可以找到使1 > p > po 时< 


u ) ^ 


1 - 2 pcos 5 + p 2 


< e . 


(3) 


^ n-l 


■/ POr ，咖 


这可由一目了然的公式 


V = 


经⑴而变得. 

(4) 当1时， P ( x , u ) 是适合于方程（1.5_1)的. 

微分 P ( x ， u ) 得 

^^=2(n- x [-2(! - + (1 - 

dxi 、 ^ (I-2ux f + xx f ) Tl 1 v f x 


xx f ) ui ] 


于是 




鄭 - D 择 


f dXi J 

d —2(1 — ux f )xi 十 (1 一 xx r ) u t 
Hi (1 - 2 ux f + xx f ) n 


〆 if — 2(1 — ux r ) 4 - 2 uiX { — 2 XjUi 

2{n ■ 1} \ ^( i -2 M - w )"—— 

!■ 一 = iL 

n |—2(1 — ux / ) x t + (1 — + 2^, 

(1 — 2ux f 4 - 


f —2n(l — ux f ) 

2{n ~ l) \(l-2ux^xx^ 

2 n [2 (l - ux *) ux f — 2(1 — ux f ) xx f — (1 — xx ^ uu ^ + (1 - xx j 

(1 2 ux / -h x ^) n+1 


W : 


由于 m / = 1，赦上式等于 0, 即 P ( x . u ) 适合方程 （1,5.1). 

定理 1 假定 0( u ) 是一在= 1上定义的连续函数， Poisson 公式 


企 ㈤ = 


/M 


-XX 


2xu } + xx f 




tlU f — 


定义一在单位球内适合于方程 ( L 5 J ) 的函数，并且 


lim ^(r?;) = 少 …) 



1.8 建议了些什么? 
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证当 r < 1时 ，由于 P ( x , u ) 适合于方程 （1 A 1)， 因此用积分号下求微分法 
可知 #( x ) 也适合于方程 （ L 5.1). 

今 往证： 当 r — 1时， 


步 (rv) — ^(v) = 



X ( 杳 (M) — ^ (l?))u 


趋于 0. 

命 cos a = vu \ 把积分分成为 


/ 


少 (n ，）一 少 (t ，） 


叫卜 




si + 


fv[<(5 |n I 


取充分小，使 


\^(u) - 0(v)\ < E, 


则 


= O I e 


f f 1 - ra ， 

J \ l -2. ru f + 


n — 


x.r 


u =0 ⑷ 


uu' 


对已定的 <5 可取 r 充分接近于 1 .使 


1 — XX* 


— 2 xn f 4 - x . r j 


< 




因此 


S-2 — 0(e) 


即得所证. 


1.8 建议了些什么？ 

以上所讲的至少有三种启发； 

1°是否还有其他的可递群把单位球变为单位球？ 

2 。 从函数出发（即把 P(x. u) 的性质抽象出来）而研究偏微分方程的 Dirich- 
let 问题. 

3°从边界上的调和分析出发. 

我们现在先回答 2' 关于问題 f 留在第二讲中 回答. 

1°变形 _ 

\/1 — aa f {x — a)(l 十 Xa f a) 

y = ~ ^-^ ⑴ 
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第 1 讲调和函数的几何理论 


这里 < 1 ，而 


A 


1 — Vi — dd 


t 


aa f y/1 — aa f 


Xaa ^ 


\/1 一 aa * 


先证变形 （ 1) 把单位球变为单位球.由于 


yy 


1 一 aa f 
(1 - ax f ) 2 
1 — aa ! 


(x — a)(I + Xa f a) 2 (x — a) f 


(: r 一 a ) ( / + 


r CL U I (x 一 Q)’ 


(1 - ax，) 2 ' — — ， V" ' 1-aa 7 

(1 — aa’)(x - a)(x — a) f + [(ar — a)a 7 ] 2 

(1 — ax f ) 2 


因此 


1 - 


(1 — aa f )[(l 2ax f 4 - aa f ) — (x — a)(x — a) r ] 


(1 — art ’) 2 


不难证明 


(1 一 do / )(1 _ 
(1 一 ax f ) 2 


dy[I — y , y)^ 1 dy , dx(l — x / x)~ l dx f 


1 — 


即 


dy{I - y f y)~ x dy l 


一 (Mi 


r 


(1 — ax f ) 2 


dx(I — x f x) l dx f 


在单位球上 x ^ u } y ^ 由于 duu f = 0 , 所以得 


dvdv 1 


1 一 <xo! 
(1 一 au f ) 2 


dudu\ 


因此得出 Pdsson 核 


P(x,u) 


(1 _ xx f )^ n ~ 1 ^ 
(1 — ua^) n_1 


P(x,u ) 所适合的微分方程是 


( 2 ) 


⑶ 


⑷ 


士 d 2 0 

E ^ ' 5： 


dxidxj 




dx 




因而证明： Poisson 公式 


4>(x) 


^n- 


(1 — xx f )^ n ~ 1 ^ , ' . 

(I-uxT - 1 触 


(5) 


⑹ 


UU-, 
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给出偏黴分方程 （ 5) 的 Dirichlet 问题的解（证明唯一性后便完全解决了 Dirichlet 
问题). 

2。不从群出发，而仅从 “ Poniwii 核”出发，也有可能性. 

命贫是一域 ，义 是它的边界，如果我们可以找到一个函数 


P{x,u), 

Z 在域贷里变， U 在边界幺上变,丽且适合以下的一些性质 ; 
0) P { x , u ) > 0; 

( ii ) f P ( x ^ u)u — 1; 

( iii ) 当: r 趋于边界点 u 时， 

lim P ( x , u ) = I 0, J w 

[ oo T ^ u = v \ 

( iv ) 它适合一个线性算子（不一定是微分算子） 


00 ^ 0 . 


则我们可以希望由 


步 (X) = f P(x f u)^(u)u 
J 5£ 


来给出方程 （ A ) 的 Dirichlet 


问题的解答来，例如在单位球内 


1 — XX 1 

(1 — 2ux / + xx^) 71 ^ 2 


也具有以下的一些 性质： 

(1) 非 负性; 

(2) , (3) ‘7” 函 数性； 

(4) 它适合于普通的 Laplace 方程 


E 

t=i 




因此 Poisson 积分 


企⑷ = 




1 — xx } 

(1 — 2ux f 4- xx f ) n ^ 2 


^{u)u 


㈨ 


也自然地给出了单位球内的 Dirichlet 问题的解， 




1.10 Laplace 方程的不变性 
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因而 


d 2 d 

__ (n _.i )r _ + 




0 


.ITr™ 2 


：2 


d 2 ^ 

dr 2 


(n — l)r 


5^ 

dr 


.n — 2 


心， 


即 Laplace 方程如果变数和函数少都经过变化 


y — — ^( y ) — ( xx r )^~ 1 0( x ) 
xx f 

则也不变 . 

换言之，在研究 n 维 Laplace 方程的对称原理时，必须注意：变数; r 与函数多 
都要经过变换，但对我们所研究的微分方程 

d ^) , (卜外 心 — 0 
，- 1 dp \(i-p 2 r ~ 2 dp J p 2 u 

来说 T 它经 p = 1 而不变的，因而可如两个变数的办法直接推广. 

T 


1.10 Laplace 方程的不变性 


Laplace 方程虽然经过 


(1 — aa f )(x — — ( j ; — a、（or — aYa , t , 

^ 1- 


⑴ 


丽改变,但是如果被微分的函数也相应地发生变化,我们也可以找出另一些不变性, 
就是如果自变数照（1>变化 ： 而函数照 


y 


1 — 十 aa/xj 


2 


A F 


aa * 


( 2 ) 


变化.我们有 


JFI. 


( 1 — X,l ) ^ 


y ， i ) 2 X 

^ dxf 


" i〆) 分 +i S 






(3) 


在证明此式之前.先直接验算以下的 n 十1个函数适合 Laplace 方程: 


0( x ) = (I - 2 ax f + aa r x/x ) { ~ ^ 


⑷ 


及 

妒 () r ) = (1 — 2 a ： r f 4- aa xx f ) _ ^ [(1 — aa ^)(^ — a ) — {x — ^.)(^; — a ) f a ] (5) 
((5) 是一矢量,共有 n 个函数 
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第 1 讲调和函数的几何理论 


先证 0 ( x ) 是调和函数: 


71 


E 


d 少 
dxi 

d 2 § 

dx? 


=2 (1 一登 )（1 — 2ax f 4- aa f xx , )~ ^ {ao!xi — a^), 

=4 (1 - ■) (- 登 ）(i - 2ax f + aa } XTf)~ r i~ l 

n 

x y^(gg / a：j 一 ％) 2 + 2 (1 — 呈 ) (1 — 2ax f + aa l xx ! )~ ^ naa 1 


1= 


0, 


再证 t ( x ) 是调和 函数: 


dxi 


— n(l — 2ax + — a{) 

x [(1 — aa f )(x — a) — (x — a)(x — aYa] 

+ (1 — 2ax / + aa!xx f )~ 晋 [(1 — aa f )ei — 2( rr ； - a*)aj 


这里 = ( o , o , … , 0 , 1 , 0 ,*^ , 0 ), 第 i 支量为 1 ，其他为 a 又 


d 2 中 

dxf 


—n{n + 2)(1 — 2ax r + aa*xx f )^^~ 2 


x {aa l Xi aj) 2 ^(l aa f ){x — a) — [x — a)(a: a) ; a] 

—n(l — 2 ax / + aa / xx / )~^^ 1 aa*[(l — aa f ){x o ) 
-{x- a)(x - a )’ a ] — 2 n(l - 2 ax / + aa!xx } )~^~ 1 
x {aa ! Xi — o-i)[(l — (ui)ei — 2{xi — ai)a 
十 （1 — 2ax f + aa f xx f )~^ (—2 a ). 


因此 


E 

■1 ! 1 


d 2 9 


—n(n + 2)(1 - 2ax f + aa f xx f )~^~ 1 

x dd [(1 — da )(/£ — d) —( 工 -- d J ( 3 ? — d) d 
— n 2 (l — 2ax f + aa / xx , )~ ^ _1 aa ; [(l — aa f ){x — a) 


-(x - a)(x — a^a] - 2n(l — 2ax f -h aa f xx f )"^^ 
x [aa^fl aa)x — (1 — oa^)a — 2aa \xx f — ax)a 


+ 2(ax ; ⑽ ’)a] — 2n( L — 2axJ + aa f xx f 广号 a 



1.10 Laplace 方程的不变性 


现在来证明 （3) 式,先求 


(1 — aa )^ 


苷 一 i 


的偏 微商: 


(1 


dX 


t d ^.^ 




9±y 

Qxi f 


, /xi n d 2 x 
- aa ) ^ 


d2y d vj ^ */ 

^-r frf dyjdyk dxi dxi 

j — J, pC - I 


t J&t dy j dyk 9x 

Qy 9 2 yj ^ 

j—i j * 


, /、i tl X 




I — 1 


d 2 Y 


■r 


dyj d 金 
dxi dxi 


+ 自眾自(讀_+ 2 尝玆) + ; 


E 


d 2 0 


^ a 2 ^( x ) As 2 # 

t=i * 




E 

t=i 


其后二项都等于 0. 
又由 


dydy 1 


〔1 一 

(1 — 2ax r + aa f xx*) 2 


dxdx f T 


推得 


^ = (i - ⑽ o 2 s 

dxj dxfc (1 — 2ax f + aa f xx f ) 2 jfc， 


乘以 ^ 对加之 > 得 

oyi 

(1- aa f ) 2 
(1 - 2ax f + aa f 

因此 


{f _ dxj_ = 十 (^ dyj 

aa f xx f ) 2 dyi \~f 

发 = 1 \ X = 1 


Qy% I dx k = dy^ 
dxk f dyt dxj 


dyj dy k _^dyj (1 - aa r ) 2 &Xj 

^ dxi dxi dxi (1 - 2 ax J + aa f xx f y dyk 

1=1 1=1 




* 26 ■ 


第 1 讲调和函数的几何理论 


(1 — aa!) 


2 


(1 一 2ax f + aa f xx r ) 2 


8, 




由⑹推出 

n y 

- aa f Y 


E 


d 2 v 


(1 — an y #(cc) 

(1 - 2ax f + aa f xx r ) 2 dyf 

n 

(1 一 aa f ) 2 (\ - 2ax f + aa ; xx f )~^~ l -r— 5 - 

~T 9 y z 


⑺ 


利用关系 


1 — xx = (1 — 2ax f + aaxx r )(\ — 勝 ’)/(1 — aa f ) 


可得 


j.= 1 E i= 1 


附记 （1) 实质上对所有的 Mobius 变换 

十 b 


w 


cz d 


ad — be ^ 1 


都有 


dw 


dz 


(cz + d ) 2 ■ 


因此 


dwdw 


dzdz 
cz + d 


d w 3in^ — \cz + d\ A d z dz^, 

即可望得出更一般的结果.由于 Mobius 变换的实形式的 n 维推广是共形变换，也 
就是球几何！ 

(2) 对称原理最简单的形式是把 i ? “图 1) 中的调和函数（在实数轴上的条件 
略）可以扩展到 fi ! 2 . 而直线与任何圆等价，所以一般的形式是任何一段圆弧都有此 
对应的结果.推广到 n 维,任何一个球的任何一片都可应用对称原理解析扩展出去. 



图1 



Lll Laplace 方程的均值公式 


1.5 节中微分方程 （1) 经反演 


xx f 


而不变，对称原理获得自然推广.用第3讲 3.6 节中的结果将获得更普遍的形式. 


1.11 Laplace 方程的均值公式 

定理 1 如果 少 ( x ) = 0( pu ) 是在单位球上： r〆 在 1 适合于 Laplace 方程 

= ~T P \ P + J^ du =0, 

而且有二阶连续偏微商的函数，则当0 < p < 1时 


■ * + * 


^ n-l 


0( pu)u =少⑼ ■ 


(1) 


( 2 ) 


F ( p ) 


积分号下求微分，并由 C 1) 可知 

^Tp (’D 


=- I * … 




0( ptl)u 


^ n-i 


k M - 3 


dp 




/ 


q 2 _ ( 1 ^ / * ^ cotffp d 

u \ siii 2 沒 i … sin 9 P 一 i dff ; ^ sin 2 d \ — ■ sin 2 0 p _ i dd p 


y! _1_ 1 0 

sin 2 0\ * ^ - sin 6 P ^ L siT ) /l_f,_1 O p dO p 




a = s\i\ n - 2 By sin ri ~ H Q 2 … sin" 


1 0 p … siuUh … d9 n -u 


可知 


5^(/> w)iJ = [ J p . 


P=\ 
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此处 

7 — f f d f. n-v-\ n Sin n_2 6^ … sin 心 _2 軌 … i 

P = J … J W p \ sm P W P ) sm 2 9 w ^sm 2 $ p ^sin^- l 0 p 

uu f = 1 

Jp 是一个 （n - 1 ) 重积分，其中第 p(p < n - 1 ) 重积分是 

r 長卜一 O 〜 = sin —〜 尝 [= 

因此当 p<n - l 时 , J p = 0 , 当 p = n - 1 时， Jp 中第 （n - 1 } 重积分是 



这里用了另外一个性质 ，少对 9 n -X 


d& n 


00 


d 9 n ^ 


2 tt 


0 


0, 


的周期 性， 因此 Jn-l = 0. 


总之 



因而 


1 d ( 0 n - l ^ Z \ 

p n ~ z dp \ dp J 



推得 


P 


n" 


x dF 

dp 



为常数，当 p = 0 时可见 fc = 0,因此 F 是一常数，再取 p = 0,得出公式 （2). 


1.12 Laplace 方程的 Poisson 公式 


回到 L 10 节，命 


罟 一 1 


y ( y ) 


1 — 2 ax + aa xx \ 2 

1 一 dQ> f 


X ⑷， 


如果 y ⑼适合 ： P Laplace 方程，则 X ( x ) 也对.对 l "( y ) 用均值公式 


^ n - 


Y ( v)v = r(o). 


w=i 


由于 


r(o)= 


1 — 2(w! 4 - (aa 7 ) 
1 - aa f 


2 、号 


X ( a )- ( l - aaO ? " ! X ( a ) 3 


1.13 小 结 


,29 


1 — 2au f + aa * \ ^ _I 


y ( v ) 


1 — aa 1 


X ⑷ 




V = 


1 — 2au f H- aa f 


u ， 


因此得出 


(l-ewY — 1 义⑷ =K( 0 ) 


1 


,: n — 1 


vv' 




X 


雄 ) 

uu f = 1 

1 一 aa } 

1 — 2au f + aa f 


Y [v)v 


1 - 2 咖 ， + ⑽ ' V 卜 1 

1 - l do / 


n— I 


il . 


于是得到 Laplace 方程的 Poisson 公式 


X { a ) 


1 — (xof 




u n -i j j (1 - 2 cm ' + aa f ) n ^ 2 

Utl J = l 




( 1 ) 


这给出了 Laplace 方程的 Dirichlet 问题的 解的唯 一性. 


1.13 小 结 


从单位圆出发，直接推广到单位球 

XX’ <1. (1) 


这单位球的边界是 


UU ^ — 1 - 

单位球的表面积元素以 A 表之，总表面积 j … j iHn-U 

uu f = l 

本讲中提幽以下几种看法： 

(1) 从单位圆的实形式出发. 

变换群：由把 a ; = 变为9 = 0的变换 



(1 一 oq/)(x ~ a) — (x — a)(x — aYa 
1 — 2ax / + aa f xx f 


aa f < 1 


及使 0 点不变的变换 


⑵ 


(3) 


y — xr, rr f = 1 


⑷ 



- 30. 


^ 调和函数的几何理论 


所组成+由此推出 


(1 — Ofi/) ( 1 一 JCX’) 

1 — 2 ax f + aa f xx f 


这显示出把（ I )变为其自己.微分不变量是 

dydy f 


dxdx 1 


(1 一 yW (1 — xx f ) 2 


f- — J_ 


Qu \ 




dx t 


dx , 


因而有二阶偏微分方程式 


(1—心:7言蠢((1一乂) 2 -” 


du 

dxi 


变换 （ 3) 、 （ 4) 也使 （ 2) 不变，在 （ 2) 上体积元素的变化规律是 


. ( 1 一 

r = [ - 

\ 1 — 'lau! + aa f 

这.甲:得出/ Poisson 核，由此可 Poisson 公式 


Tt—\ 




hS 


xx 


n — 1 


1 — 2xu ! H- xx' 


4*{ u ) u . 


来解决 （ 7) 式的边界值问题 （DirHild 问题) 
(2) 从实射影群出发. 

变换群由把 , r = « 变为 {/二 （) 的变换 


aa f (r ― a)(I 4- Afi'o) 

1 - < tJ J 


及使0点不变的变换 


所组成.由此推出 


1 - v^l - aa* 
aa f \/l — aa f 


!/ = xr , rr = 


f (1 — aa^)(l — xx f ) 


(1 — ax r )^ 


( 5 ) 

⑹ 

(7) 

⑻ 

⑼ 

(3，) 

(40 

(50 




微分不变量是 


( 6 ，) 


dy{I — y , y)~ l dy f dx(I — 


1 - yy f 

由不变二阶偏微分算子所得出的方程是 


1 — X,/' 


^ d 2 <P ^ d 2 ^ 

r~f dx^ XlJ：i dx.dxj 

i=i 1 tj=i j 




i — I 


在 （2) 上体积函数的变化规律是 


' _ (1 - ⑽0 士 (7t_1 ) 

v ~ (1 -傭。 n_1 

因此解决 （70 的边界值问题的 Poisson 公式是 


#(: r ) 


} n—l 


(1 - xx f )^ n ~ l} - v , 

(咖 ■ 


(r) 


(80 


(90 


(3) 在 （1) 中所讨论的几何学为第 3 讲的球 A 何共形映照作了准备.而在 （2) 
中所讨论的几何学则为混合型偏微分方程作准备 .（7') 的二次型是 

I — x * x ^ 

当 z〆 < 1时，这方阵是定 正的; 而> 1时，它是一负 （n - 1) 正的，由于 （2) _ 
变形是一次的，因此在反演下不是不变的. 

⑷ Laplace 算子虽然经过 （3) 而改变，但如果考虑其被作用的函数也变化，我 
们仍能得出共变形式 ：当: Tj 经过 （3) 变化时 7 我们有 


⑽ j: 丄 . 


1 一⑽ J 


( 10 ) 


(1— ⑯ =( 卜娜 )^ 

1 = 1 i = 1 


(7") 


■ 12 节中给出了 Laplace 方程的 Poisson 公式 


X(x) 


—XX 


- 1 


{1 2xv r + XJ J ) S 


X (uyu. 


(5) 单位圆推广到单位球是开始的第一步，关于部分的发展可以参阅《多复变 
函数论中典型域的调和分析》 




第 2 讲 Fourier 分析与调和函数 M 展开式 

2.1 超球函数的一些性质 


为了便于了解起见，我们从头起叙述超球多项式的一些 性质: 
当 A > - 叾 时， 超球多项式由 



= E (-” f 


f(m - 1 + X) f^rn 
r { X ) n ( m -2 l ) l { 


- 2 ( 


来定义,它是一 m 次的多项式，有时还定义 Pl A 1 ) (O = 0. 不难算出 


P^\0=u Pi X) (0 = 2 AC, 

P^(0 =2\(\ + l)e-K 

P^(0 -^A(A + 1KA + 2K 3 - 2A(A + 1 沁 


(1) 


一般可以从递归公式 


mP#)(0 =2(m + A- ⑹ —（m + 2A — 2)F^ 2 (0 


( 2 ) 


逐一推出， （2) 式右边等于 

(m + A 一 1) ， 





f — 1 V 尸 ( m _l 一 f + A) ( , m _2l 

V } 1 -20, ^ 


—(m + 2 A — 2) ^ 




(- 1 心 d ^ (f 2 


E (_” 


r(m - l - l + X)(m + A — 1) 
r{X)l\(m-l-2l)\ 


, 厂 (m — 1 - l 十 A)(m 十 2A - 2) , , m „ 2 / 

r(A) (/ - l)!(m - 2/)! J < 

( iy r( m -1 ^ ^ + A) 

6 ’ r(X)V.(m-2l)\ 

x [(m + A - + (m + 2A- 2)l](2^ m ~ 21 



超球函数的一些性质 


E 2i . 




即得所证+ 

从递归公式（2)，用归纳法立刻证得 


J：(A + m ) pW ( C ) = ^^ 

171=0 

乘 （2) 式以 p m -\ 而对 m 相加，得到 


l(n^2X)Pi X) (0- (n^l)P { n X MO 




E 肌广 _1 把 )(0 =2 艺 (m + A - 1)(PH) 广 - 1 


m =0 


m ;0 


-£(m + 2 A -2) Pi A 2 2 (^) p — 1 . 


m =0 


Hp) = £ 枚 )(0, 


0 


则此式可以写成为 


h \ p ) ^ p l - x [ p x h ( p)] f - p 2 - 2 ^!^ 

=2 少 Mp) + ph f (p)\ - \2Xph(p) + p 2 h f [p)] y 


h f ip ) 

Hp) 


2A(f - p)/(l — + 〆)• 


运用 ft (0) = Pi X) (0 = 1, 积分此式立得 


h(p) = (i-2^p + p 2 y\ 


也就是我们有演出函数 


(i-2^p+ P 7 r x = Y / pj n x) (Op m ^ 


微分公式⑴得 






r ( m 


I + A + 1) 


▽ 1 — 1 — I t ■八 T H /o r \m~ 1 _2i 

。上 0( 一 厂(“释- i -20!( 
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銳得微分递归公式 


£ 

dl 




(5) 


也不难 证明: 


(2A + l)e^P^)(0 + m(m + 2A)F^(0 - 0. 


如命 




( 6 ) 


Wh ] 适合于微分方程 


(1 — + (2A 3 ) 《窘 + (m + 1)( 爪 + 2A — l)rf = 0. 


⑺ 


今往证明 Rodrique 公式 i 


(i-^ 2 ) A -ipi A) (0 


-2) m 厂(爪 + A) 厂 (m + 2A) 


m! r(A)r(2m + 2A) 


㈤ 


(lO 


2 \ 771 +A — 


2 


⑻ 


在证明此公式之前，先由 （1) 推得恒等式 


mF^^CO = (m + 2A — -2A(1 


⑼ 


再行归 纳法， 此式之右边等于 


㈣ 以- 叫 ;^/ 卜 1 + A) 


x 


r(m-1 + 2A) (d 


厂 (2m + 2 入 — 2) V 负 


( 


m — 1 


r{\) 


(1 - ^ 2 ) m + A_ i 


- 2 入 (1 _ (一 2 ) m_2 r{m-\ + A) 


X 


厂 (m + 2A) 




(ri 一 2)! 厂 (A+l) 

th — 2 

(1 — ( 2 广*+入_ i 


d 


r( 2 m + 2 A - 2) \成 
(— 2 )m-i r ( m — i + X)r(m + 2X) 
(m — l)!r(A)r(2m + 2A —2) 

m —1 


(i - e 2 ) 


—入十 ^ 




X 


(I) 


(1 -( 2 ) m+A — + ( m - 1) 


d 

di 


-2 


( 1 - 


p 2 ^ 


(_ 2 )--ir(m-l + X)f{m + 2X) 


(1 一 《 2 ) 


■A+ 


2 


(m-iy.r(X)r(2m + 2X-2) 

m— i 

X [ — i Ul — d 广 +A_ hy ( 由 Leibnitz 公式) 





2.2 正交性质 


35 * 


(-2 严 - 

~ l T(m 一 1 + A)f'(m + 2A), 

f ) 

(m — 

l)!f(A)r(2m + 2A -2) 1 

^2m + 2A - 1 / 


x (1 — ( 2 )- A+ - ( 羞 ）（1 — p 广 + 入 H 

_ ( _ 2) 171- * r (tti _ 1 + A) f (/fi + 2A)(2/n + 2A 一 2) 

=(m — 1)! 厂 (A) 厂 (2 爪 + 2A - 2) ， (2m + 2A - 2)(2/n + 2 入- 1) 

x (i — e 2 ) _A+ * ( 羞) （ i —《 2 ) m + 入-士 


_ (一 2 严 r(m + A)r(m + 2A) 
二 (m-l)\r{\)f(2m + 2X) 



(1 - 乏 2)m + A_i 


2.2 正交性质 


假定 /(€) 是一个在 ^-1, +1] 之间 A m 次连续微商的函数，由 Rodrique 公式 

可知 



/( ⑹ (1 一 


(-2) m T(m + A)T(m +2A) 
m!r{A)/"(2m + 2A) 



(1 - 成 . 


⑴ 


用分部积分可知 


no ( 去 ) "V- 

( j \ m ~ i I 

-/X 羞） ( i -^) ,u+a_ ^- 


由于 a > 所以 


因此得出 
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续行此法,最后得出 




X 


(1 o 


m+A — 


2 


(I) 


m 


/ m . (2) 


如果/(幻是一 m 次多项式，其最高方次的系数等于 a ， 则得 




2 m r(m + X)r(m -h 2X) 
^ r(X)r(2m + 2X) 


a 


( i-a 


m+A — 


2 


狀 


2 m r(m + A)T(m-h 2 A)T m +A + 


0 r G) 


r(X)r(2m + 2\)r(m + A + 1) 

2^ m - 2A+1 7rr(m + 2A} 


a 


尸⑷厂 (m +A + 1) 


a ， 


此处用了公式 


r{x)r[x + 


2 1 一 2i tt 金 r( 2 ;r) 


2 


特别取/⑹ = p / A ) (0, 由 (1.1) 可知 


a 


0, 若 i < m , 

r(m + A) 


2 m 


r(A)m! 


, 若 i = m ， 


则得 


(3) 


pt x) (0PL X) (m-e) x ~ h ^ 


o , 

2 1 r(m + 2A) 

|，( A)] 2 (m + A ) 厂 (m + 1 )， 

这是超球函数的正交性质. 

再在⑺ 式中取 /⑹=夂则当 I > m 时， 


若 I ♦ m ， 
若 I = m * 


⑷ 




m 


2 m r{m + \)r{m-^2X) 
~ T{X)r( 2 m + 2 X) 


(1 _p)m+A - 善犮 


(5) 






2.2 正交性质 


+ 37 


当/- m 是奇数时，这积分等 T ( t ， 名 ：I — m = 2 k 是偶数时，则由 


.1 

-1 




厂 U + 


0 


f [ 771 + A + — 


F(k + m + A H - 1) 


得出 


^F^(0(i-€ 2 ) A " 4 rfe 


0, 


7 T 


n 


r(l-2k + 2X) 


若 Z < m 或 / - m 的奇数， 
若 Z - m = 2 左， 


⑹ 


2 f+2A-i k ^i _ 2k)\ r(\)r(i -k + x + iy 

由 j - P / A ) (^) 是 一 I 次多项式，因此任一 m 次多项式可以表成为 

m 

/(0 = 

i=o 

乘以 /f )(0(1 — f ) A _ l ， 井由 _1 到+1求积分，得 


⑺ 


ai 




( 8 ) 


由此立即推出 

定理1 一 m 次多项式 /( C ) 的 MO ^ l < m - l ) 都等于0,则与 Pi A) ⑹相 
差一常数因子. 

联合⑹ “7) ， （ 8) 得展开式 

_ m\r(\) 


E 


m ~ 2 免+入 


2 m ^ fc ! T{m - k + X + 


yy 尸^⑹ 


⑼ 


2 


根据此式今证明恒 等式： 当 I ； > A > 时，有 


PlnHO 


r(v) 




此处 


m 


Ck 


- 2 fc + A r{k + - A ) 


P^2k(0, 

(10) 

r(m + v — k) 
r*{in + A + 1 — fe) 

(11) 


" fc! r(v - X) 

在证明此式之前,先叙述有关尸函数的差分公式,定义 A /( x ) - f ( x + l )^ f ( x ) 
为函数 f{x) 的一级差分， A^f{x) = —- 是 /( a :) 的 g 阶差分，不难证明 


-3 


<1 


△V ⑻ = ; \ f(x + Q-ll 

1^0 \ 1 


38 - 




2.3 边界值问题 
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则函数 

00 

/( 〆 )= t + E ( a n cos?i9 + b t} sin nff)p n (3) 

2 n=l 

是以 （1) 为边界值的调和函数 ， 要看出这点是十分容易的.首先，因为 p n cosnfl , 
p Ti sinnB 是以 cos 喊 sinntf 为边界值的调和函数，而 Laplace 方程是线性的+因此， 
可以如此希望，这也是在某种条件下所证明了的事实. 

我们现在的目的是：把这种 想法推 到单位球上.但先指出，把 （2) 代入 （3) 得 


/(〆 ） = 




'2 貫 °° ^71广2兀 

/(e ， + SU /( 一 


2 斤 jo 

x (cos cos n 9 + sin mp sin n 9 )dw 

2w c?o 广 

f(e 成 ） cosn (0 — 岭 ) <hp 


1 0/0 r 

rj 0 綠卷 I 


⑷ 


^2 w 


oc 


5 乂 /(^) [ l+2^p n cosn(0-^l^ 


一 P 2 


-2 霄 

+ /?2 


d 也 


(5) 


这样又得出 Poisson 公式 * 

从 （4) 建议，我们能否把球内的任一调和函数 f { pu ) 表为 


f ( pu ) = ^2 p n ^~ / …/ f ( v )^( u ， v)v 



的形式，如果可以，则可以希望 f ( pu ) 是以 


^2 f … f f { v ) 杳 n {u ， v)i) (7) 

“ — Tl _ 1 n/ i/ 


为边界值的调和函数.本来应当从单位球上的调和分析出发，先找出球面上的正交 
完整系.然后再研究（6)，但这条途径较长，而且还要用到一定的群表示的知识，我 
们现在取一条相反的但较方便的途径：先把 Poi ^ aii 核展开然后再涉及其他. 

Lapiace 方程的 Poisson 核有以下的展开式：由 （2.14), (2.2,10), (2.2.11) 可知: 
当 a ' = n in / = 1 时， 


1 - xx f 

(1 — 2 xvf + xx 1 ) n ^ 2 


m=Q 


=(1 I 2 ) 




n 

2 





n 

2 



E E 
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是否有 


lim — 


1 OC 


21 n - 2 2pl / …/ ')/( 咖 = 外 

vv f = 1 


这就是普通幂鈒数的 Abel 定理，_然正确 
反之，如果 （12) 式成立而且 


| … //f 卜 1 W ) 肿=0 ⑷， 

vv* = l 

则 （11) 式也成立. 


( 12 ) 


2.4 球面上的广义函数 


现在指出球面上定义广义函数的一个方法.在边界上（即球面上）给了一个连 
续 函数， 我们有一个球内前调和函数以之为边羿值，反之，一个球内无处不调和的 
函数的边界函数不一定连续，甚至于可能不成其为函数+但我们可以抽象地 定义: 
球上的一个广义函数可以理解为球内一个调和函数的边界值. 

具体地说；如果有一展开式 


f ( p ^) 


^ n — 1 


又 ，21 + 71 — 2 I 

2 ^— — —p 


1=0 


n — 2 


W 




2 


_直） 


(uv f )f(v)v. 


⑴ 


而 


lim 

l—*oo 



(uv f )f{v)v 




则鈒数 （1) 在单位球内收敛，而且定义一调和函数 
形式 Laplace 级数 



2l + n-2 


n — 




Pl^ n ^(uv^f^v 


作为一个广义函数的定义. 

即以圆而论，这样定义的广义函数的范围就比 Schwartz 所定义的广义函数的 
范围为宽，而且处理起来也比较方便. 


2.5 球面上的调和分析 

Laplace 级数不是 Fourier 级数的最确切的推广.因为它并没有根据球面上的 
完整正交系出发. 
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2.6 不变方程的 Poisson 核的展开 


* 43 ■ 


并且定义 ⑽ 

y^cm(u), Ci - — J - ^ J f(v)^i(v)v 

i=0 n ^ 1 W f = ] 

是函数 /(u) 的 Fourier 级数 * 

具体地给出才是 Fourier 级数的最好推广.但要达到这目的必需要较多 
的预备知识（详见《典型域的调和分析》、第七章，彳 7.2) .而 Laplace 级数仅是把一 
个不可约表示的支量不加区别地加在一起的情况而己.也就是 Laplace 级数中的 
P^ n ~ [ \uv f ) 是从 


。册 ㈤= 

t =0 




f{v)ipi(u)ipi(v)v 


中若 f : 个 < p t ( u ) ip t ( v ) 加在一起 [ fll 得來的+ 


2,6不变方程的 Poisson 核的展开 


再看 


,l：X 


t} - 1 


的展升式 . 命1 = / W ， 


VV 


1 - 2 ti 〆 + XX 1 
T 由 （ 2 丄 4) ， （ 2.2+10). (2.2.11 ) 推得 


1 — xx f 


n- 1 


1 -P 


2 


n- 1 


1 — 2xu f + XX f 


1 — 2puv f + p 2 


oc 


(1- " 2 广 】 E 






2 U 


m^=() 


r ( n ^ l ) 


5] 




这里 




( i - p 2 r 




2 


n 


DC. 


Y ^ nn ( p ) P ^ n ~ l \ uv f ), 


厂 (n — 1) 


i=o 


⑴ 


Mp) Ck P 2k 


fe=G 


^ l + -n 

— E - 2 

Jt -0 


k + 




k ! 


Fl r 


厂 (/ + 厂 + n . — 1) 2 k 
/ + At + ~r7i 
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+ 71 — 1) „ / 1 , t f a 2 I 

:〆 ~ -j — ^ - y 2 Uy z + n — i; ’ + 2 n \ p 1 ’ 

F I I + -n — 1 


其中 F ( a 7 p ； r , x ) 是超几何级数. 
由超几何级数的性质： 


F{a,(5\ 7 ；^) = (1 - -a^ - p; 7 ； x) 


及当 tt + /3- 7 <0 时， 


F ( a ,/3,7； 1) 


r^j-a- /?) 尸 ( 7 ) 
厂(7 — o ) r(y - 0) 


可得 


-P 2 




— 2fmv r + p 2 


r [ 2 U 


r ( n - l ) 


E ■7 + r~ 1 \^ F U -\ n + ^ + Up ^ 


^ J n -1) 




^ = 0 J 1 [ / + ^Yl ~ 


ri 会 n — 1J ^ r(l + n-l)r(n- l)r [l + ^n 

~~ 、 2 / *)作 


( h-l 


厂 (n —1) 


o i" 1 f / H - 9^ — 1 1 尸 


⑹ 


( tit /) 


r(i + n — 1) 


E 

(=0 


21 + Tl — .% 

n —2 


乃 ( P ) 〆 片卜 ” ㈣ ), 


这里 


n ( p ) 


2 


s ) 


Tl r(^l ~h H 一 1) 


/^(ri _ 1)/^ [ ( Hr —71 


X F 


l -^ n + 1;/ 4 - - n;p 


2 


适合于 


I™ Tl{p) 


P - 


因此， Poisson 公式可以写成为 


1 


UJ 


n 


/( T ^ 


n — 


+ P 2 


f(v)v 


VV l 

oo 


-E 


H 1- n — 2 


n — 2 


ti ( f ) p 1 jj p ,( 卜 _ ”( ut /)/(+ 


( 2 ) 


( 3 ) 


⑷ 


(5) 


vv = ■ 
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也就是如果给了一个函数 /( v ) 具有收敛的 Laplace 级数 


1 y. 2 U 


2 i H - Ti — 


2 




2 


Tl — 1 ) 


{ uv f ) f ( v ) v : 


⑹ 


VV" 


则在球内不变方程有解 


n ~ l 1=0 vv^l 

它以 /(!/) 为其边界值. 

附记现在的处理方法是希望保持旧有的球面上的调和分祈，不惜把 〆 改为 
P ; r ] E ( p ), 另 一 方面 T 可以保持因子 〆 而改变所对应的 Legendre 函数.例如把 （1) 
改为 

(1 - P 2 r- x 4"- 1 w ， = v, 


m~0 


=0 


这里 


< M 0 = E 




然后再继续做下去. 


2.7 完备性 


前已证明，球上任一连续函数 < p ( u ) 常有 


2/ 一 ti + 2 ^ 


< p ( u ) = lira - 

1 uj n -i ~i n — 2 
£=0 


由此 推得： 给 予任一 e > 0,我们有 p 使 


P 




vv* = \ 


咖)-士 £ 


2 i — fi H - 2 I 

~P 


u / r 一 i 二 n -2 

f=u 


J P ^ n ~ l \ uv f )< p ( v)v 


vv* 




又有 N 使 


V ? ⑻ 


1 N 


21 一 fi + 2 
ti — 2 


〆 


J Pj Lin ~ 1 \uv , )^p(v)v 


VV f 


< £, 


⑴ 


我们现在 证明： 如果球上一个连续函数适合于 


J ¥?⑻ if 卜 _1 )(—’) 公 = 0 ， f = 0,1,2. 


( 2 ) 


uu f 
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则 ip(n) = 0. 

这是极易证明的事实，由 （1) 可知 


'n — 1 


v ( u ) 


1 十 21- 

^ n -] ~ n 


2 Z - H - 2 I 


UM 1 


X 




i =0 
2 


- 1 


uv f )ip(v)i? it < e . 


(3) 




乘开积分，由 （2) 可知左边等于 


Mti ) 作 


it ) 


n 


uu 1 


^ n-l 


ul 


n 


uw 


N 

L 

i=o 


2 


2/ - n + 2 £ 


P^ n ~ l \uv f )(fi(v)v I u 


VV f 


> 


1 


j If ⑻ 1 、 


UU" 


由 （3) 推出：给任一 e>0 , 常有 


^n—l 


j [p(u)\ z v 


n < £. 


uu 1 


除 ^(u) = 0 ^ 这是不可能的. 


2.8 解偏微分方程筅# = ；\少 

考虑球面上的偏微分方程 

祀少= A 步， ⑴ 

使此式有解的 A 称为特征值.今往证 i 

定理1除 A = -|(/ + h -2)( / = 0, 1. 2,…）外无其他的特征值，而 
是对应此特征值的解+ 

dlP! ： ^ l \uv f ) = ^1(1 + n- 2)P^ 1 \uv t ). (2) 

取 r = (1，0,…，0)，贝 lj (2) 简化为 

(桊 + (n - 贏 ) 片卜 1 

= — 十 n — 2)/^ u — U (<x)sA )， (3) 



2+8 解偏微分方程祀步 =入伞 
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换变数，命 cost = $则⑶等价于 

(1- € 2 ) 募 -(n - 1K 备 + n- 2) 片 *"- ”⑹， 

这就是公式（1.6)，因此当 v = (1，0,…， 0) 时， （2) 式是正确的. 

假定 w 是任一单位矢量，有正交方 阵厂使 1^ = (1, 0,…，0)，引进球坐标 


uf — (cos 0 \, sin 9i cos 02 , …）， 


则问题化为与上面所讲的完全一样. 
再证如果 


d 2 u 0 = X^ 入 ― A 


则 


•(v) ^(v)v = 0 . 


vv f =1 


由于 


n- 


步⑻龙 ^( v)v ^ E ‘ 


vv' 


V- 


此处 


J P 


企 ㈦ 4 卜’十、 


W p 


vir 


sin 71 ^ r ' ■ sin 0 仆 —.2(10]… ， df^n — 


x 




sin 2 * ■ *sin^ & p _i sin 


2 




当 p < - 1 时， J p 中有一单积分 


'9 

0 ^ 1 sm 




^ sm >l_pT_1 0 p 


dyp 


06 p 


p 


0 




sm 


rt -p—\ 


P 


0p W v d0v 


' T T d 

W-r— I Sill 


da 


P 




(4) 

(5) 


即麥与⑥易地而处.当；> = n - 1时,方法也相仿，但需注意函数乳对〜^的 
周期性.因此得到 

f … f ^{v)dl ^^v)v = I f ^(v)d^(v)i). ( 6 ) 


(A — f.i) j … j <?(u) *(17 )£， = 0 3 

vv f ^\ 


由此及⑷可知 
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即得⑸式 _ 
现在证明除 


A = - 1(1 + 71 - 2 ) 

外，⑴式无其他的特征根 . 同时也将 证明， 当 A = - 叩 + n- 2 ) 时，除 
外无其他的特征函数 . 注意，这里并不仅仅是一个特征函数，给予任一球面上的一 
点 V ，有一特征函数 P^- l) (uv f l 这些特征函数成一线性空间（这空间的维数等于 

( 71 + 1 — 1 \ ( 71 + 1 _ 3 、 


现在不去证明). 

如果 A 是另一特征根，而步㈤是对应的特征函数，则 

= I = 0,1，2,…. 

由完备性可知 #0) = CL 由完备性易知，当 A = 一川 + „ —2) 时， ff in ^ 1} (W) 表示 
了对应于此特征根的所有的特征函数. 

2.9 附 记 


我们也可以从 Poisson 核的性质推出超球函数的整套结果来 . 例如 : 
( 1) 首先 


丑(工， y ) = 


1 一 xx f yy f 

(1 — 2 xy f + xx r yy f ) n ^ 7 


xx f < 1 , yy f < 1 


是 ,x n ) 的调和函数 . 直接证明之 如次： 

d ( ) = _ ~ 2 xjyy f _ n(l — xx’yy f )(yi — Xjyy r ) 

dx% (1 — 2xy r + xx f yy f ) n ^ 2 (1 — 2xy f + xx^yy^^^ 1 


⑴ 


及 


9 工 f 


H(x,y) 


2 yy ; 


(1 — 2 xy f + xx^yy , ) n ^ 2 
Anxiyy^yi - x^y 1 ) 


_ n(l - xx f yy r )yy f 

(1 — 2 xy f + xx f yy f )i + l (1 — 2 xy f + xx f yy r ) 


n{ 7 i + 2 ) 


(1 一 xx'yy^jyj - Xjpy') 
(l - 2 xy f + xx f yy f )2 +2 


2 


fl 

2 


因此 



t &^=- 


_ 2 nyy f 

(1 — 2 xy f + xx f yy f )^ 

4 nyy f ( xy f — xx f yy f ) _ n 2 (l — x ^ yy ^ yy * 

(1 — + xx f yy f )^^~ l (1 — 2 xy f + xx f yy f )^ +1 

n(n + 2)(1 - xx f yy f )[ yy f - 2 xy f yy f + xx f ( yy f ) 2 ] 

(1 — 2 xy / + xx ’ yy ’) 夸 + 2 


(2) 我们有等式 


H [ x ， y ) : 


H { x , v ) H { v , y ) v , 


f n— 


vv r =l 


xx f < 1, yy f < L 


( 2 ) 


这结果的证明是十分简单的，其原因是 H ( x , v ) 就是 Poisson 核，而 H ( v ， y ) 是调和 
函数的边界値. 


(3) 命 ; r = pu^y — ru 3 lib 


H ( pu , rv ) 


1 - p 2 r 


(1 — 2 pruv f + p 2 r 2 ) n ^ 2 




⑶ 


i=Q 


是幂级数展开式，代入 （2) 中得 


Q0 1 疒 f OO OQ 

^Qiiuv^ipr) 1 = - … Qp(W)pP Qgjwv^^w, 

1=0 n 職 / = 1 P =0 户 G 


逐项求积分并比较系数得 


r n-l J 


Q p ( uw f ) Q q ( wv')w 




0， 若 P ^ 

Q p ( uv f ), 若 p = + 


⑷ 


(4) 取特例 u = v = (1，0,…，0)，如 = (cos sin 9 i cos ,♦*-)，li = sin 
心_ 2 游 1 … d^n-i 得 


n—2 


Q p ( cosB \) Q q ( cos ) sin r; ~ 2 d\dd 


r n-l Jo 


x / sin n_3 ^2^2 I sii}& n -2d& n -2 I 
Jo Jo Jo 


0 ， 若 p # 9 , 
Qp ⑴，若 P = 9 - 
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(6) 如前证明 Q t ( uv f ) 在球上的完整性, 及 Qi 在 (-1，+1)中的完整性等等- 
总之，重用 Poisson 公式可以推出超球函数的重要性质，这样的推导方法，把超 
球函数的研究和 Laplace 方程的研究更打成一片了. 

习麗试证 


f Qm(^ + \/l -^ 2 V 7 W 2 cos <9) sin 7J ^ 3 
o 


Bde = cQ m (0Q^(O^ 


并定出 c 来 + 




第 3 讲扩充空间与球几何 

3.1 二次变形与扩充空间 


以上我们把单位圆推广到单位球，现在我们把整个平面 ( Gauss 平面连 00 点) 
及在这平面上起怍用的 M 6 biu S 群都推广到 n 维空间.我们现在讲得抽象些,但读 
者可以与第1讲相仿，或通过使单位球不变的变形的形式而思考这些群是怎样想 
出来的. 

我们从一个二次型 

+ - - + - y ^ y 2 =0 (1) 

出发，它的方阵是 n + 2行列的方阵 

/ J ㈨ 0 0 \ 

J = 0 0 - - (2) 



我们考虑射影变换 

( r ，” 『，沿 ^ ( 3 ) 

这里维实矢量， J } um ^ lV 2 是实数 I Af 是 

MJM f 二丄 ( 4 ) 


显然，变换 （3) 保持关系 


^ = mv 2. 



则得 



r C = + 7}lVl +7/2 妁}， 

ni = pii^i + ma + me), 

, nl = p{i v k + m* + md)- 


(5) 


⑹ 


⑺ 



3,1 二次变形与扩充空间 
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研究非齐次坐标；命 a : = CA ?2( 是-矢量 )，y = H 由关系 （5) 可知 


—== yy \ 
m V2 


(7) 变成为变形 


y 


yy 




xT + XX J V\ + V 2 
xu f 2 + xx ! b + d 

_ xu[ + xx f a + a 

XU 2 -H XX f b + d' 


注意 （8) 的第二式可由第一式 推出. 
由 


M _1 = JMV 一 1 


r 




2 




2 


u 2 


Ul 


—2 x ^ 


d 


c 


可以算得 （8) 的逆变换是 


■2^ 


a 


x 


xx 




yT f - 2 即 ^2 — -U\ 
—2yv\ + yy f b + a J 

_ -2 yv f 2 + yy f d + c 
-2 yv [ + yy f b + a 


( 8 ) 


⑼ 


所有的形如⑻的变换成一群，以 G 表之. 

对应于7^=0的点称为无穷远点,添进这无穷远点，所得出的空间称为扩充空 
间，当如= 0 t 则 C = 0, 因之 4 = 0, 而 (C^i) %) = 7,1(0, 1， 0) 唯 一 决定 + 

注 意：由 

xu^ + xx f b + d = 0 (10) 

仅得一点，首先由 M- 1 的性质，可知 


4 


ii 2 U 2 + M = 0. 


如果6 = a 则= 0, (10> 式无解 ，即 （8) 把 oo 变为 DO . 如果6 # 0,则 （10) 式可 


以改写成为 



即⑻把 : r = 变为^ 






3.2 微分度量，共形映照 
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(6) 式的直接证明是容易的，因为由 （1) 可知 

1 = p ( xu f 2 + xo /6 + d )， 

又由 ( y ^ yy f i 1) M _1 = p { x , xx \ l ) 可知 


P = -2〆 + yy f b + a. 


现在来证明 






du 

dxi 


^ 2 E 


^ d 2 u 


+ 


(2- n ) A ^ 


d \ du 
dxi dxi 


这里 A = XU2 + xx f b + d . 
由⑷可知 


n 


E 


dyt dyj 
dx 有 dx 




乘以而对 t 相加得 


% 


dx 


dyj =—— 
dx s X 2 dy / 


因此 


du _ f du dxj 
dyi ^ dxj dyi 


dx } i)：r 


v d2u V 

dx A〜h 如 ” 、 U Xj t d 沿 


^ du ^ d 2 x } 


n *\ m 2 " i\ 打 r% n t-%'2 

x i y- o u ^ (Jjh_ oy^ sr^ ou^ ^ ^ r 3 

乙 dxjdxk ^ Oxj dxk dxj ^ Oyf 

—— I 2 i. }■ 1 


⑺ 


⑻ 


⑼ 


j,^=l 


2 ^ 0 2 u ^ du Q 2 Xj 

: h ^ + h ^ h ^ T ' 


与 cn 相比较,我们看出所待证者是 


n 


E 


r % 2 


(2 — n ) A 


OX 


( 10 ) 


由⑻及⑼可知 


E 


dx 7 dx 


入 2 ‘ 


^ dy p dy q 
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微分之得 


d 2 Xi dxi dXi d 2 Xi 5A 2 

^ Qyl dy q + ^ dy p dy v dy q ~ 9y p 


^ d 2 Xi dxi 


i a /dxi\ 2 \ dx 2 £ 


d 2 Xi dxi ^ d\ 2 1 d\ 2 

^ dyl dy q ^ dy p pq 2 dy q 


乘以 # 而对 g 相加，得到 

CJOCy 

d 2 x r _ d\ 2 dy v 
dyl 9y v dx T 

对 p 相加，即得 （10) 式，因而得出⑺式. 
更深入些，我们利用恒等式 


iax 2 

2 dx r 


盖 ( r2 聶 


由 （7) 可以推命 


Y(y)=X(x)\^~\ 


( 11 ) 


m * 1 


2 d (\^- J X ) 
1 d^ t ~ 


^ d 2 x 


❿ 1 Eg-nE 

i=i 1 


i=\ 


dx } 


不难直接证明 A -? +1 是调和函数，因而第二项等于0,因此得出 


E 


, d T1 Y 


^ d 2 x 

^ dx ? 


( 12 ) 


3.3 球变为球 


球可以写成为 


m yv + v^! + V2 = 0 - 


( i ) 




3,3 球变为球 


它可以用一个 n + 2维的矢量 (^ rfi ,7] 2 ) 表之- 
经变形（1.8)，球 （1) 变为 

r}i (xtii + xx r a + c 〕 + (xT + xx r v\ + V 2 W + V 2(^2 + xx ^ + d) = 0, 

这也是 一球， 这球以 ( n 祐)表之，则得 

f ^ \ I T tx ； W ^ \ 

r}i = Vi a b f)i 

\ V^y I \ ^2 c d } \ m } 


即得 




凑方 （ 1 ) 可以改写成为 


y ~ id( y 


2i?i 


4 ?ii m 


H 4 ㈣ 2 


因此，视 


(€> vum)J =技 — 4_ 2 _ o 


而球 （ 1 ) 表实球、点球或虚球. 

不难证明变形 ( L 8) 可以把实球、点球与虚球各变为 


( 2 ) 


XX 


, xx f = 0, xx f 


实球成一可递集,注意平面也是实球,特别^ = 0就是一实球. 
把上半空间 A > 0 变为单位球 y〆 < 1 内部的变换是 

— (xx j — I, 2 x 2 , … ， 2Xn) 

^ (:^ + I) 2 + X 產 + …+ X 》， 


要证明这点是容易的，因为 

,_ {xx* - I) 2 + 4(xoc f - r|) 
測 (1 + 2x\ + xx f ) 2 


(1 + - 4 xf 

(1 + xx f + ) 2 


1 + xx f — 2 工 1 
1 + xx f + 2x\ 


1 一 


所以把& > 0变为 yy ' < 1. 它把平面$ 


4x\ 

+ xx f + I 

= 0变为单位球面 mV 


1 ，即 


( 技 +… +C — 匕 … ,2^) 

1+益+…+6 




因此 


1 — 2 yv / + yy f 

2 1 + xx f 

1 + xx f + 2 x \ 


<1 一 0^0(1 -钱—…- + ^ (^2^2 H - - + 

(1 + XX * + 2 xi)(l + c | + …+ 技） 


XX f + ^ H - l-^n + 2 (^2 +- 1- ^n) 


(l + xx f + 2 xt ){ l +^+-^+^ l ) 
^1 + (^2 + x 2) 2 H - - + (€n + x n) 2 

(1 + xx f 4 - 2 x 1 ) (1 + d + " + + C 三） 


所以 


-i 等 \ 打一 l 

1 -岬 —) “ 
2 yv f + yy f ) 


$ i(l + 这 + … + 泛） 

x \ + (C2 + x 2) 2 + ■■‘ + ((« + x n) 2 

屯2…啦 n 




(1+这+…+邙) 


2 xi 


n— 1 


1 + (6 + ^) 2 + ■*■+(&+ ^ n ) 2 


礙2…炎 n . 


即得“上半”空间的 Poisson 公式 


少，… , x n ) 


^ n—l J — 


r (2x i r- 1 ^(0^2^- ^ n ) di 2 -^ n 

-oo RTT^T^TTTirT^Fp 1 ’ 


它所适合的偏微分方程是 


d 2 ^ 

应 + ( 2 -咖 w 


dx \ 


又从 Laplace 方程关于单位球的 Poisson 公式 


Hv ) 


Wn — 1 


(1 一 2 yv f + yy f ) nJ ^ 2 


^( v ) v , 


(3) 


(4) 


行变化 


少 ( y )= 史 GOA 号一 1 


^( x){l + xx f + 2 x \)^~ l , 


^( v ) = ■…，匕 )(1 + 这+ ." + 6)卜-、 

i - yy f 二 j](i + xx f + 2 x 1 ) 2 ~ 1 (j + 玆 + … + 6 ) 号 
(1 - 2 yv f + yy r ) 号 2 n ^ 2 { x \ + + ^) 2 + - ■ ■ + (& + x n ) 2 )^ 


(5) 



3.4 两球相切，球串 


n — 1 


59* 


2 


v 


十益十…十炫 


炎 2… 


由⑷及⑸得 


少(: c ) =(] + xx 1 + 2 x \) } ~^ 0{ y ) 




(1 + xx f + 2 忠 1 ) 1_ 夸 


hJ … f 


yy 


= 1 


(1 - 2 yv f - hyy f )^ 


0( v)v 




Wfi- 


X 


■oo 


oo 


a ： l(l + xx f + 2xi)^~ 1 (l + 《I + ’ ” + 少 ( 0 ，之 2 , …， Cn) 
2 n - 2 { x \ + (^2 + X 2 ) 2 + ..■ + (“+ x n ) 2 ) n / 2 


x (1+ 这 + … + g ) 卜 1 


2 


+ 玆 + ■■■ + $ 


2x ， (0 也 … D 



d ^2 * * * rffn 


f n— l J —oo 


■oo 


(^1+(^2 + X 2 ) 2 + - - + (^n + ^n) 2 ) 2 


成 2 … d ^ n . 


这是“上平”空间的 Laplace 方程的 Poisson 公 A 


3,4两球相切，球串 


两球 




相切的条件是什么？当然是 






)( 


r 


2叽 2^ ) \ 2^ 2甙 


2 


± /rr 一切冰 


47?? 


4 的 


2 


即 


(2^1^ +2^7?! - ) 2 = (er - - 切冰） 


也就是行列式 

I , 

€， vu m 

m 

这建议，我们应当研究二行二列的方阵 

€， Vu V2 

m 


1 1 ^屮，取 

m 


0 - 


⑴ 


(， m - m 

m 


s ， 


( 2 ) 
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3.6 保角映象 


本节开始讲些更一般的结果. 

如果有一变形 

y = y ⑷， 


使 


dydy f — 


—dxdx\ 

A* 


X = A ( x ), 


⑴ 


并且把域仄变为域仏，这个变形称为把仏变为％的保角映象.关于 Laplace 


算子，我们有以下的 性质： 

定理1 如果变换 j / = 适合于（1)，而 



Y ( y )^ X ( x ) X ^-\ 

(2) 

则 

Y ' d ^ Y _ 

k 秘 h 紀. 

(3) 

证 

⑴由⑴推得 



dpi dpi 1 dxi X 2 r 

2^ dx p dx q ^ ^ ^ dy p d y<i - ^ 

(4) 

而且有 

__ ^2 ^Vp 
dy p dxi r 

(5) 

⑵ 微分⑷式得 



V ' ^ 2 Vi 3 yi dyi d 2 y x dX ~ 2 

^ dxpdxg dx q ^ dx p dx q dx s 糾 dx s ， 

⑹ 


交换足码 s 与 g 得 


十 d 2 yj dyj dy ^ d 2 y t _ dX ~ 2 

dxpdx q dx s ^ dx p dx q dxs P$ dx q 

- m 車 ——lk 


⑹与⑺相加得 


長(自差聋 1+2 


n ^ 

<yyj 

4 -f dx p 


d 2 Vi 


dx q dx s 


6 


d \ 


-2 


PQ 


dx ， 


&ps 


d \ 


-2 


dx q 


即得 


n 


dyi d 2 yi . d \~ 2 


2 ^ yi 

^ dx p dx q dx $ 


— S 


PQ 


dx 




( 8 ) 
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乘以彰并财 p 求和得 


2 


d 2 Vi 


d \~ 2 dxa d \^ 2 dx 


B 


dx g dx s dx s dpj dx q dyj 


6 


dX 


2 






⑶命 f = & 并对 f 求和得 


⑷再求⑻式对的偏微商得 


2±^- = (2- n) 9X 


dyj 


p dy ^ 沪 Vi 


2 y^ ^y± 3 2 pi + 2 y^ 

^ dxpdxt dx q dx s ^ dx p dx g dx & dx t 

i = 1 1 ■口丄 

f d 2 \- 2 t x d 2 X ~ 2 s d 2 X ~ 2 


dxudxi 


dx q dx t q dxpdxt 


交换足码 P 与 f 得 


n 


2 E 


9 2 Vi d 2 m 


n 


2 E 


dyt d z pj 


^ dx p dxt dx q 9 x s ^ dx t dx q dx s dx p 

d 2 x ~ 2 d 2 x ~ 2 d 2 x ~ 2 

tq dx s dx p + ts dx p dx q sq dxpdxt 


两式相加得 


4 沪屮 3 2 yj 2 V ' 咖 ^Vi , ^ Vi _ 3 3 Vt 


丫 dxpdxt dx^dxs \ ^ dx p dx q dx s dx t ^ dx t dx q dx s dx ] 

i \ r — 1 i 二 i 


d 2 X 


pq dxJh't 




9 2 \ 


2 


d 2 X 


+ Otg 


dx q dx t dx^dxp 


f d 2 x ~ 2 d 2 x~ 

OtsT ： ^ - 2 〜 


dXpdXq 


iQ 


dxpdxt 


利用 


‘(I 


9 y 2 % 


d 2 \ 



dx Q dx s 


S p t 


⑼ 


( 10 ) 


( 11 ) 


( 12 ) 


(13) 


(14) 


色 _ (dUi dVi 


n 


dx q dx s \ ^ dx p dxi 


E 


dyi d 3 yi 


dyi 


o 3 m 


+ 


dx p dx q dx s dx t 9 x t dx q dx s dx l 
d 2 Ui d 2 Vi k d 2 yi 9 2 y t 


dx p dx q dx s dx t dx p dx s dx q dx t J ' 


( 15 ) 




由 （13), (14) 与 （15) 得 


d^Vi d 2 yi 


d 2 X~ 2 




4 『yi ^ Vi j 21 5 Y ' m 

dx p dxt dx g dx 3 \ dx 3 dx q pt 9 x p dx q 

9 2 Vi _ d 2 Vi 9 2 yj \ 
dx 3 dxt ^ dx p dx a dx q dxt ) 

d 2 \~ 2 d 2 \~ 2 d 2 x ~ 2 d 2 \~ 2 

pq dx s dxt ps dx q dxt ^ tq dx s dx p ts dx p dx q 


d 2 X~ 2 
dx p dx t 5 


i & 2 Vi d 2 m ^ d 2 Vi 9 2 Vi 2 Q 2 Vi d 2 Vi 
^ dxpdxt dx q dx s ^ dx p dx q dx s dxt ^ dx p dx s dx q 8 x t 

d 2 X~ 2 d 2 \~ 2 9 2 A~ 2 d 2 A 一 2 

pq dxpdxt + ps dx q dxt tq dx A dx p ^ ts dx p dx q 

_ 7 c 护疒 2 g, 沪入 _2 

9q dx p dx t pi dx s dx q 


(16) 


(5) 在 （16) 中取 得 

\ 2 _ 沪 A - 2 的 -2 护 A 』 

^ dxl dx ^ ^ \ dx p dx q J vq dx p dx q dxl dx \ • 


对 p , g 求和得 


EE 


i=l 


Q 2 Vi 

^ x l 


V ( 92 Vi 、 2 - n - 92 广 2 

5 \ dx p dx q ) - —打 § dxf 


(17) 


(6) 由 （9) 可知 


9 2 yi 

dxpdx q 


dX ^ 2 dx q | d \- 2 dx p 
dx p dyi dx q dyi 


d \- 

dyi 


2\2 


由此 


4 EE (衾 )、EE 

I p,q x F H P，q % 


d 2 y x 

(3 ^o p (h q 


2 


sr \-\( dx ~ 2 \ 2 ( dx A 

^tiW dx p / V%/ 


2 


d \- 

dx q 


2 \ 2 / 几 『 \ 2 


dx p 

dyi 
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这里用了 


i=l 


d\~ 2 

dyi 


2 


5 押 


d\~ 2 d\~ l dx q dx p 
dx p dx q dyi dyi 


5A -2 d\~ 2 dx p ' 
dx q dyi ^ dyi ■ 




dX~ 2 
dx p 


2 


幻妥) 2 ⑼彿 2 E ( C ) 


2 


(打一 4) 


?( 


d\ 


2\ 2 


dyi 




{3 n 


- 2 m 2 ^2 ( 

p 、 


a \~ 2 

dx p 


2 


(18) 


E(^V=EIE 


2 


dX~ 2 dxj 

dxj dyi 


^ dX ^ 2 


—.^ r\ 


(19) 


(7) 将 （ 10) 与 （ 18) 代进 （ 17) 得 （并且 (19}} 


n 




3 


n 

2 


dX - 2 


2 



IP 


即 

也就是 






⑻ 由 

及 

由 （10) 可知 



d 2 Y 

^yf 


， u I 


d 2 Y dxj dxk 


9yi dyi 


+ E 


dY d 2 Xj 




(9) 利用恒等式 



推得 


A ( X 2-n9Q^Xl\ 

d Vi hi dXi ^ dxi ) 



由 （20) 可知最后一项等于 a 因此得出 


^ d 2 Y 

h 硕 



这就是本定理的结论. 
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附记在定理的证明中也带便地证明了 


都是调和函数. 

问题1 任何一个把单位球变为其内部的保角变换是否把两点间的非欧距离 
愈变愈短？ 

阔理2如果一个把单位球变为其内部而且把原点变为原点的保角变换是否 
把同心球也变为其内部？ 



-\-b — c — d) 


而研究适合于 


的 M 所成的群 
由于 


Mji\r 


关于式 <3)可以写得更 具体: 



Vi + -(a - b + c — d) - (a H-1? + c + d) 


第 4 讲 Lorentz 群 

4.1 换基本方阵 


以往我们定义 


j ■⑷ 0 0 



1-2 


o 


o 


2 


o o 




+ 

/ 1 

J.I2 


U;) 

1 

1 -2 


MT 1 


/ 



其中 
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在今后相当长的一段时期内,我们研究适合于 (4) 的 P 所成的群,这群以 L(n + 
1,1) 表之，称为 （n + 1, 1) 型 Lorentz 群. 

由⑷式可知 

(det 尸) 2 = 1， 

即 P 之行列式之值等于士 1,行列式之值等于1的 P 成一子群，以 L + +1?1} 表之，行 
列式之值等于 -1 的 P 构成一子集合，以表之+特别如 [1,---, l/-ll 就是一 
个行列式等于一1的 L ( n + U 1 ) 方阵，且 L - +u) * L + + u ) 中方阵乘以[ V .. H 
构成，即 T 

L (n^l,l) = …， I - W 

所以群 L ( „ + ia ) 是由添加任一行列式等于 -1 的方阵而生成的，而且 

^(n+l f l) = U^Cti+I,!) = U l 1 ， …，工，-⑼ 

又如果把 P 的元素写成为 


则适合于 


的方阵也成一群，以 L 




^ n +2 p n +2 > ^ 


( 6 ) 


+{^+ i , i ) 


表之.今往证明适合 （6) 的方阵成一群，命 


B 二 {hij ) 1 ^ijXn+2? &n+2,n+2 > ()， 


及 


则 


C = AB , 


n+l 


^'n+2,n+2 — 〉〕 tt n+2,i^t T n+2 + fl n+2,n+2^n+2,n+2- 


i=l 


由关系⑷已知 


n+l 

E- 


n+l 


2 

n-l-2A 


« n +2^+2 = 


- 1 ， 


4 鄭 +2 , 


n+l 


n ,+1 


fi+2 


及? t+2 ，《 + 2 = 


- 1 


n+2< 兄 +2, 奸 2, 


由 Schwarz 不等式 


«+i 


〉 : 〜+2* 九, n +2 


i=l 




rt+1 


n+l 


S a n +2 ,t X ! 續 tj +2 < a rt +2 + n +2^^+2,+2^ 




4.2 演出元素 
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即得所证. 
适合于 


a » t +2， n +2 < 0 


⑺ 


的兀素构成 一 子集合，以 L -^+ u ) 表之，也显然有[1 ， U — I ; 1 G 且 


厶 一 (n+l,l) = |1 ， … . ， 1 ， ~1]^ + (« + 1,1) 


而且 


i{n+l a l) = ^+(n+lj) U^-(^+U) = L + (it+M) [Jt 1, ，…， ^ _1 l^+(^+M) 


即属于 L + +11) 又属于 L +( n +14) 的元素成一群，以 Ll (n+l l ) 表之，即 


^( n + M ) = ^+1,1)0 L Mn + Ul )- 


不难证明 


■^(n+ 1 , 1 ) =i + (n+l,l) U^-tn+Ul) 


而 


^(n+1,1) = ^+(n+l,l) U 允土 (n+l t l) U & 


+ (n + M 


)U^ 


(n+M) 


其中 


^-(n+1,1) 


一1， 1 T …，1， - l]£t 


+ (rt+l > l) 1 


L 


+ ( n +1,1) 一 [1，..、1，- l ， l ] L : (n+u ). 


=[1， …， l，+l - l ] i+ (n+ i ir 


注意： 条件 （6) 反映在原符号上是 


d 、+ c + d > 


4 , 2 演出元素 

置换变换：固定 i , j ( i 笋1 < i，j 4 n + 1)，由 

Vi — 7 Vj — Vk ~ 工 fc ， 灸 ？ ^，J ;1 ^ k ^ Tl 2 

的变形称为置换变形，以 

Pij(l ^ ij ^： n + l ) 


( 1 ) 



4.2 演出元素 
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由计算可知 

如果 d /0, | c | < | d |， 贝!) 由 


c ’ = c cos h^t + dsinh ^\ 


亦即由 

可以解出也即有分使 〆 = 


ccos hip + d sin _ = 


tan — 


c 

d 



(2) 命 4 是 L + (7 i +11) 中任一方阵，记 


A 


4 


(n + l) 


a 


0 

a n +2, n +2 


则由4[1广 [1, … , l s - l ] 可知 


aa， + 1 = °n+2,Ti+2i 

因此 

On+2,n+2 _ 0 ， \d n ^-2 i j I ^ | 知 +2 ，《 +2 |， 3 ~ It 2, * " * , Tl + !♦ 

所以有的 (如） 使 

AH ^) 

的 （n + 2 ， l) 元素为 0, AH ^) 仍旧属于 Ll (n ^ x iy 再乘以合适的 馬⑽ 2 ) 使 
(n-h2,2) 元素为 0, 等等，即可以乘以双曲旋转方阵使 4 变为 

( 把 +1) p ^ 

\ 0 ^n+2,n+2 / 

的形式，由于它适合 (1.4) 式，因此3 = 0 T 即 


所以>1变为 



^ l t n +2 — f 

B [ n ^ l) 0 \ 
0 a ) 


' ~ ^ti + Lti+2 = 


B l B[ = / (n+1) , 






由于 S 属于 L ^ ti + u 1 v 所以 a = 1, det Bi = L 因而氏是一行列式等 T 1 的正交 
方阵，可知它是旋转 i 积（读者如不知此结果，仍可由上法逐步得出之). 



说得更深刻些 ，L+ (n+1J) 可由置换 RMB ), H 摘 而演出之，置换共有 
n(n+ 1) 个，但注意它们仍然可以用 


10 0 ". 0 
0 1 0 … 0 


Ql2 及 


0 0 0 ". 


\ (-1 广0 0 0 … 0 / 

演出之，但 q 12 = /? 12 (0 7 因此一共有三种元素即可演出 L： (R . Liir 
问题演出元素还能再减少否？ 

定理2 L(n+l ( l) 的兀素司以由 Qij, (机，1，—1，[1， 

— 1, — 1] 演出之 ■ 

回到原来的形式，对应于 H 12 有 

yi — cos 0 xi + sin 0^2, 


其次对应于 


Vi =冗, 


sinftri + cos 0 X 2 , 

， i = 3,4, - - ■ , n + 2, 


1 0 … 0 

0 1 … 0 


我们有 


0 0 0 
(一 l) n 0 0 


(一 1广 

― , U2 = 一 2e n ， ~ 2 


(一1广 


1 a 


c = d 


(一 ir 


XX 


1 -l 


— 4 x ^1 H ~ xx f 1 

2x^-1 , 

—4x n + XX f + 1 1 


2,3, 


而对应于 轉 )， 我们有 


yi = 


(cos hii]x\ 


(sinh^xi + -(1 — cosh j tp)xx f + - (I + cos hip) 



4.3 正交相似 


Xi 


识 = I I ， 

(sin h^)xi + -(1 — cos htl }) xx f 十 s(l + cos hip ) 

X n 

Vn ~ ~ —~1 I 

(sin hip ) x \ + -(1 — cos h < ip ) xx f + -(1 + cos hij )) 

4.3 正交相似 


为了便于引进和解决 Lorentz 相似的问题,我们重复一下正交相似的概念和处 
理方法， 

我们现在考虑 m 行列的正交方阵，也就是考虑适合于 

TT f = I (1) 

_实方阵 r . 

命 A s 是两个正交方阵，如果有一个正交方阵 r 存在使 


TAT- 1 = B, 


( 2 ) 


则 A S 称为正交相似. 

正交相似的几何意义是：在一个正交系统有一个正交变换 A 换为另一个正交 
系统,它和原系统关系为 r ， 则在新系统下，这正交变换的方阵是 TAT-K 

最熟悉的例子是 m = 3. 任何一个行列式等于1的正交变换一定可以选择系 
统使它变为绕 z 轴的旋转，也就是有 T 使 

^ cos 汐 sinff 0 
T AT~ 1 — — sin 0 cos 0 0 

l 0 0 1 

我们现在将证明，任何一个正交方阵一定正交相似于 



( COS 

_ sin 


sin 
cos 0 i 



cos 62 
— sin 02 


sin 82 
COS&2 



( cos 9^ 
— sin 九 


+ l + *^H-l+(-l)+-^+(-l), 


sin 

cost 


( 3 ) 


这里 0 < h d $ … 

这是熟知的结果，但我们依旧写下它的证明作为今后的楷模. 
(1) 先证： 有了几个互相正交的单位矢量 


幻 1 ，…，叫 (r < m ), 
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即 

我们一定还可以添上一个叫 +1 ，即 

+ — 0, IV+ 1 T； r + 1 = 1 - 

这证明是十分简单的+取一与 IV 线性无关的矢量仏命 

^V+l =技 一 ClUl — * ■ * — CrV r ^ c u = m / u ， 

则显然有 

— UV ^ ― € v = 0. 

由于 tir +1 非0矢量，所以 

u r + i 4 +1 = ^ > 0. 

而 tV+l = ^ Wr + l 即合所求. 

(2) 正交方阵的特征根的绝对值等于 L 

如果 A 是4的特征根则其对应的特征矢量是 I 即 

zA — Xz, 

由于 Z 是实方阵，所以 

zA = Xz . 

因此 

zz — zAPiz — | 入 | 2 之云 ’’ 

而 # 0,因此 | A | 2 = 1, 

(3) 如果4有一复特征根 〆 (# 士 1)，而 


zA = e i 0 z ^ 


把 r 分为虚实部分 s = ；r + yi , 则 


xA = <x>b &x — sindy , yA = sin Ox + cos & y ， 


即 


x 

y 


A 



x 

y 


行二列 的方阵 


X 

y 


X 

y 


xx xy 
yx f yy 1 


s 


u 





4+3 正交相似 


是定正的，而且 



(: 


AA f 


cosS - sin 9 
sind cm 9 


)(：)(：)( 


cos 9 — sind 

sinS cos 6 


cos 8 sin 沒 
- sin 沒 cos^ 



：) 


cosd — sin l 
sin 6 cos 6 


由此推得 f = 0, s •命 


Ts 


X, V2 — 




则得 


cos 沒 - sin.0 
sin 6 cos 6 


)， 


丽是互相正交的二单位矢量， 

由⑴可以作一方阵 r 以 m w 为其第一、二行，则 


TAT- 1 = TAT f 


co&9 

— sin 沒 

ai3 … 


sind 

costf 

Ci23 … 

^2m 

^31 

4 

a 32 

•e 

^33 … 

*■ 

®3m 

4 

k 

■ 

江 ml 

* 

&m2 

b 

d.m3 " 

h 


这里用了 I Vl \A[ Vl 


'=( 


cosd — sin 0 
sin 0 cos 6 


, 再由 TAT 的正交性可得 


Cil 3 


^lm — ^23 
a mi ^ a 32 


«2 m = 0, 
沒 m 2 = 0 - 


用归纳法即得所求证的结果 . 

(4) 如果 4 有 1 为特征根，命 z 是其对应的特征矢量，即 


xA = x . 
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不妨 假定; =1，作一以^为第一行的正交方阵 r ， 则 

( 1 0 … 0、 

0 a 22 . . ■ Ct 2 m 

TAT~ l = . 

* • ■ 

i i J 

■ ■ 

、 0 0 > m 2 ’… drum / 

同法处理 4 有 -1 为特征根的情况. 

附记 二正交方阵正交相似的必要且充分的条件是它们有相同的特征多项式. 

4.4 关于非定正二次型 

先证明与二次型 

4 + …+ xl l _ i -x^- xFx\ F = [1 ， … ， 1， -lj 

有关的几个容易_结果， 

(1) 不能有两个线性无关的矢量 y , z 对任何 A ， M 常使 

{Xy + fxz)F(Xy + f^zY — 0, 

即 

+ 2A/ij/PV 十 fj 2 zFz , = 0, 

即 

yFy / = 0, yFz f = 0, zFz f — 0 t 

即 

y ? + * T ， + ym-l = I / m . 

:? + •" + Z% f _ l — 

奶之 1 + …-十 ym—l z m~l = ym z m* 

由此推得 

(y? + … + ym-i)(4 十 … + 4—1) — (yi^i + … + y m -iz m -i) 2 = o, 


即 


> : (Vi 乞 j 一 Vj z i)^ = 
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送与 y，z 的独立性矛盾. 

( 2 ) 命 P 是一 f 行 m 列的矩阵 （/ < m ), 则 

PFF" 


的标签中最多只有一个负号. 

PFP 是一〖行 I 列的方阵,如果标签中有两个负号，即有 Q(= 使 


QPFP*^ = 



1 




命 QP 的第一，第二行是则 

yFy f = — 1 , zFz* — — 1 , yFz f — 0 » 


即 



^2vi =vli - ! 5 ^2 z f = z h- yiZi = 


即 



1 


同法这是不可能的， 

( 3 ) 以上的证明方法实质上给出了以下的结果. 
如果 P 的秩等于 l t 则 


PFP f 


的标签只有以下三种可能性： 

⑴定正，即 i 个+ 1 ; 

( ii ) 半定正，即/- I 个+ 1 , —个 0 ; 

( iii ) 非定正，即 1 个+ 1 ，一个 — 1 ; 
丽无其他的可能性. 


4-5 Lorentz 相似 


在以下几节中命 


F 


,(n+l) q 
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适合于 

TFT f = F 

的方阵简称为 Lorentz 方阵 . 

命 /I, B 是两个 Lorentz 方阵，如果有 一 Lorentz 方阵 I 1 使 

TAT— 1 =B ， (2) 


则 A ， B 称为 Lorentz 相似 . 

我们将证明：任何一个 Lorentz 方阵一定 Lorentz 等价 P 以下六种类型的方阵 
的直和： 

cos 0 ， sin 9 

— sin 0, cos @ 

^ 0 3 

-1 0 
^ 0 2y/2 

但最后三种总共只能出现一次. 

(1) 在证明这结果之前先 证明： 

如果 Vu …, V r 适合于 



1 +1， -1, 


2^/2 \ 
0 
3 


0 


0 


cos sin 

sin cos h^f) 

- 3 2%/2 ' 

0 0 

2\/2 -3 


ViFvj = 8ij } i y j = l f - ,r, 

则可以添一 tV +1 使 

Vr + iFv ^ =0 ， j = 1，… 

及 

Vr -^ iFv^Y = —1- 

命 

^ ^Ti — ^ 1 ^1 — * ' * •""" AyWr ， ^ 

则 ， 

u r 十 iFv f v = e n Fv f v — X v —0. 

再看 

r 

奴 r+l 尸十 1 ^ri 一 2 〉 = : XjXjVjl*'Vj 

v=l i,j 

=-1 - 2 y Ag : -l - v m < o , 

V=1 v=l V — \ 

而 _ 

tV+i = u r + \/\ J \ + Ai + *' - -I- 
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即合所求. 

如果 r + 1 < n, 则还可以添上 叫 +2 使 

v r+ 2 Fvl = 0, = 1 ， 2,… T r + 1 

及 

tV +2 i^ +2 = L 

取一与巧，…, v r + i 线性无关的矢量 ti , 作 


r+l 

Ur +2 =u — ^ = uFvl y A r +i = -uFv f r+l ( i / = 1, * - t r ) 


则 


如果 


u r+2 FK = 0 ， " = 1，…， r + 1 


u r +2 Ful +2 ^ 0 7 


则 


Ul 

U2 


F 


ui 

U2 


Wr+2 j 、 公 r+2 

由 4.4 节可知这是不可能的 + 取 


[仫 … m 


^ V +2 = + 


2 /yJu r ^2^U 


7, + 2. 


即得所证. 

(2) / I 不能有绝对值/ 1的复特征根， 

如果 pe 气 p 声 h” 0或均是一特征根，而2是对应的特征矢量，则 

zA = pe 7 °z. 


由于 

及所以 
记$ = r 十则得 


zFz! — zAF A f z r — frzFz\ 
z'Fz = 0 + 

xFx / 4 - yJFy’ = 0, xFy — 0, 


又由于 


A = FA ^ F , 


(3) 
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所以也是特征根，它的特征矢量是 w w 即 
P ^ 


同样有 


再由 


所以 


tiFV 十 vFv f — 0, uFv f = 0. 
zFw f = zAFA f w ( - e 2l$ zFw f t 
zFw f — 0, 


即 

总之，得到 


xFu 1 + yFv f — 0, xPv F — yFu f = 0. 



⑷ 


(5) 


如果 a # 0,则 

a 0 c d 、 

0 ~ ■q d ~ c 

c d b 0 

d - c 0 一 b J 

a 0 0 0 \ 

0 —a 0 0 

0 0 p ^ 5 

0 0 * -p / 

L c 2 -d 2 
P = b 一―^ 

它是一个有两个负号的对称方阵 + 当 a = 0时，也 M 然可见它不是仅有一个负号或 
奇异的方阵 . 由 4.4 节的结果知道这是不可能 

(3) 如果4有一实特征根 A / 士1，由于 A - 1 = FAF , 所以^也是一个特征 

根，各对应一个特征矢量: r 与仏即 

iVl = h ， yA = \ y . 





4.5 Lorentz 相似 
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命 + 时，则 



cos hif ) 
sin hip 


sin tup 
cos tup 




及 



存在 一 Lorentz 方阵 J 7 , 以 t?i 、 为其最后二行,如此则得 



On 


ai 2 


Olm-2 0 


0 



TAT~ l = 


江 m_2,l 




0 


0 

0 


d>Ul — 2 t T7l — 2 0 0 

0 cos sin h ^ f ) 

0 sin hip cos ft V 7 / 


这里 ( aijh ^ ij ^ m - 2 是一正交方阵. 

(4) 如果3有一绝对值等于1的复根，则与 4.3 节同法可以证明存 在一个 
Loreotz 方阵 I 1 使 


/ cos 0 sin # 0 
sin 9 cosO 0 
TAT~ l ^ 0 0 a 3S 


0 、 
0 


\ 0 0 


^min 



这里 ( a z j ) 3 ^ ij ^ jn 是—个 m - 2 行列的 Lorentz 方阵. 



由上节的结果可知：所留待研究的情况是 A 仅以+〗与-1为特征根的情况+ 
假定1是』的特征根，而; r 是其对应的特征矢量 ，即 


xA = x. 


⑴ 



4.6 续 
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(1) 假定有一个适合于 （1) 的矢量使 

xFx > 0, 

不胁假定 xFx r = 1+取以; r 为第一行的 Lorentz 方阵则 

这里 A 是 m - 1行列的 Lorentz 方阵. 

(2) 假定有一个适合于（1>的矢量使 

xFx f < 0. 


不妨假定 xFx f — — 1,取一个以 o ： 为末行的 Lorentz 方阵则 


TAT - 1 



■^2 

0 



这里是一个 m - 1行列的正交方阵. 

(3) 主要难点在于处理所有使^ = 3： 的矢量 2 都使 xFx f 
如果有两个线性无关的: Tj 使 


xA — xFx ! — 0, 
yA - y , yFy f - 0 + 


由于 


所以也有 


即得 


而 


(Ax + fiy)A — Xx + " y ， 
{Xx + fAy ) F(Xx + _y 二0, 


xFy f — 0. 



由 4.4 节的结果知其不可能+ 

因此只有一个矢量（相差一常数倍): r 使 : r xFx f - 0. 
(旬如果4有一个特征根-1，假定 



1 


0的情况. 


( 2 ) 
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如果 zFz f ^ 0,则用⑴， （2) 的同法解决问题,如果 zFz f = 0 T m 


xFz f — xAFA f z = — xFz \ 


即 xFz f = 0. 因而 


X \ i X 
r 


z 


z 


0 0 
0 0 


这是不可能的， 

(5) 由⑶及 （4) 可知现在仅需研究的是 >1 仅以 +1( 或 -1) 为特征根，而且只 
有一个线性无关的矢置以1为特征根的（也就是它的 Jordan 标准形是 

’10 0-、 

1 1 0 … 

0 1 1 … 


的)，当 m > 2 ,还有矢量 y 使 


yA = y t 


(3) 


由 


yFy 1 = yAFA f y f — (x + y ) F(x + y ) / = yFy + 2 xFy ^ 


即得 


xFy f — 0. 


(4) 


由于 


x 


y 


F 



o o 

0 yFy f 


(5) 


因此 yFy ( = a / 0, 如果 m = 2,则⑼的左边非奇#的，因而也不可能，所以 
m ^ 3* 

即还有一矢量 s 使 

sA = 2 十 y+ (6) 

由 

/ A A t t 


可得 


zFy f — zAFA f y * = (z + y ) F(y + x) f 
= zFy f + yFy ^ + zFx \ 

xFz f = —yFy = — a , 


⑺ 




4+6 续 


.85. 


又由 


zFz = zAFA ' z J = (z + y ) F(z + y) f 




zFz * 4 - 2 yFz f + yFy \ 


可得 


因此得出 


yFz* = - -yFy 1 


2 


a. 


x 

y 

z 


F 


x 

y 

z 


0 


a 


CL 一 ― IL 


2 




~2 a 


b — zFz* 


如果还有矢量 w 使 


wA = w + z , 


则由 


xFw f — xAFA t ( w f — xP(w + z) f — xFw f + xFz \ 
即 xFz ! = 0. 这与 a ^ 0 相矛盾.因此 m = 3, ffij 

r x \ / 1 0 0 \ 


/ 


y 

z 


A 


0 


0 


x 

y 

z 


⑻ 


( 9 ) 


⑽ 


(6) 我们现在考虑对称方阵 （8), 它的行列式等于 - a 3 (# 0)，它是+1, +1, -1 
型的二次型，因此 a > 0.命 


x 


y/a 


X , y 


申 


\/H 


y 


z 


w 


w 


^ {xx + z ^ X= L 


x 4 Fx * =0， x * Fy * =0， x * Fz * = -1, 


V*Fy* = 1 , y^Pz* 


~2 


z * Fz * = ~( 2 \ xFz / + zFz / ) = -(-2 aA + &) =0, 
a a 


另一方面依然有 


x 




0 0 
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取消*号,不妨假定，我们原来的 a =1,6 = 0. 总之，我们有 




4.7 Lorentz 相似的标准型 


^ 87. 


而且 



即得所证（同法处理特征根等于 -1 的情况). 


4.7 Lorentz 相似的标准型 


总之. 任何一个 Lorentz 方阵一定相似 于以下 四种形式之一 


( a ) 


cos#] sin di 
_ sin cos 汐 i 


+ 




cos sin 0^ 
- sin 0 iy cos B t/ 



(b) 


( cos 
— sin 


sin 0 \ 
cos 0 \ 


+ 


cos 


l 个 s 个 


( 0 3 2v ^ 、 

+ -1 0 0 

^ 0 2 V 2 3 j 


(c) 


cos^i sin 6\ 

siu^i cos i9i 




ros B u sin Q u 
- sin B u cos 


+ 1+ > + *+1 + (—])+*■*+( — 1) 
、 w -— ^ ° - - -^ 


s 


个 



- 3 -2 s /2 \ 

0 0 
_2\/5 _3 J 
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( d ) 


( COS 0| 

— sin 0] 


ros 0\ 


― I — i 礓 + — ! 一 


cos 0^ 
一 sill 也 


+ 1 斗 …+1 + (― 1 )+ ^ ^ +( — 1 ) 




sin 



cos 0 t/ 



( co.s h v 7 
sill hij' 


sin hip 
ros 


注意，与正交方阵不同之处在于：正交方阵的相彳以性可以完全由特征方阵来决 
定，但 Lorentz 方阵则不能，不但不能由特征方阵来决定，而且不能由初等因子来决 
定，除去初等因子这外，还必须看其右下角元素的符号，即不难证明： Lorentz 方阵 
Lorentz 相似的必要且充分条件是它们有相同的初等因子 T 而且右下角的元素同号. 

也不难证明 Lorentz 方阵对应于非 士1 的特征根的初等因子都是单的，而等于 
±1时也仅有一次，三次两种可能性. 


4.8 对合变换 

定义一个 n +2 阶的 Lorentz 方阵 A 若适合 

- pL p = p ^0, ⑴ 

则称为对合. 

由于 det ^ = 1,所以 p n ^ 2 = 1,因此 p = I . 

从上节知对合 Lorentz 方阵 Lorentz 相似于标准型 

[1，…，1， - 1，…， -1 土 1]， （2) 

所以下面两类对合 Lorentz 方阵有其基本的重 要性： 

(1) Lorentz 相似于 

H 乂…， (3) 

的对合 Lorentz 方阵，称为照镜、空间对称； 

( ii ) Lorentz 相似于 

[1 .… .1,1, —1] (4) 

的对合 Lorentz 方阵，称为反演、时间对称， 

其基本重要性在于其他的对合都是由有限个相互可交换的属于⑴，（⑴的对合 
相乘而得到，同时形如⑴和 ( ii ) 的对合互不 Lorentz 相似， 

现在来定出照镜和反演的一般 形式： 




4,8 对合变换 
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( i ) 由子对任一照镜 A , 存在 Lorentz 方阵 P ， 使得 

PAP~ l = [一1，1，… ,1,14] = / -2[ M ，---，0 j . 

所以 

A ^ I -2 P ~ } [1,0^ - J )] P . 

然而由 P € 可知广 1 = FP f F , 代入有 

，1，一1]产11,..、1，一川1,0,... ，0] 尸 
=/-2[1， …， 1 ? - ljp ' p ， 

其中 p 是 P 的第一个行向量，由于 P G 故 PF〆 =1，所以照镜的一般形 

式为 

A = I — 2 Fpp ^ pFp f = 1, (5) 

( ii ) 由于对任一反演 A 存在 Lorentz 方阵 P , 使得 

- ,1, 一 1]=/ 一 2|0，…，0,1]， 

所以 

A = /-2P- 1 [0, - ， 0 ， ljP T 

由于 P l ^ FP f F , 代入可知 

A = I + 2 FP f \0 , …， CK 1 ]P = / + 2 Fq f q , 

其屮 <? 是尸的 n + 2 个行向量，由 j : />G 故奸 V = — 1，所以反演的一般 

形式为 

A = I 2 Fg r q ^ qF<i — — 1 1 (6) 

对任一对合 Lorentz 方阵 4 利用 （4,1,3) 得到方阵 



我们称变形 

{y.yy\ i) = p{x,xx\ i)M ⑻ 

为对合 + 当 A 是照镜时，对合 （8) 称为照镜，当 .4 是反演时，对合 （8) 称为反演. 

照镜的标准型为 

yi = -xi,y 2 = X2, …士 = J' n - ⑼ 




反演的标准型为 


X 


( 10 ) 


前者由于 
故 

后者由于 

故 

所以 


y 二 - r 

xx f 

A = 1 ， 1, ... ， 1]， 

A / = 1,1，…， 1], 


A 二[1，…，1，一 1]， 



y — pj\ yy f — 一 p ， —pxx f — 1, 


即 

1 

所以 

x 

y = - r ■ 

XX 




第 5 讲球几何的基本定理一兼论狭义 

相对论的基本定理 

5.1 引 言 

1946年作者研究矩阵几何学时，用了一个方法.这方法可以用来处理 n 维 
球空间的基本定理，也就是用球相切性可以推出球几何学的基本定理，也就是不 
必用变换的解析性，甚至连续性，就可以推导出其变换群是球几何学的 Lie 群、 
Laguerre 群* 

这里只讲三维空间的球几何学，其原因是一方面比较具体，易于接受，另一方 
面企图使这一成果能为一些物理工作者所注意.实质上三维的球几何学就是狭 
义相对论的另一表达形式，而这点往往未被认识.例如，1961年， B . A^oh 写的 
TeopMJi npDCTpaHCTsa , BpeMerm h TiirOTeHiM —书（有中译本，1965年科学出版社 
出版)，书中日用的是 Riemann 几何、解析群论的老路子.而中、英、德等文的译 
本中也都未注意到这一点，而加以应有的注记. 

对狭义相对论来说，原有两个 假设： 

( A ) 相对性原理中要求匀速直线运动还是匀速直线运动， 

( B ) 光速不变原理是假设光以常速 c 作直线运动. 

我们现在处理的方法是有了光速不变原理，就可以推出 Lorentz 群了，就是相 
对性原理中要求匀速直线运动还是匀速直线运动是推论而不是假设.这给我们提 
供了方便，如果要验证或推翻上述二点，只要用实验来检验光速不变性就够了.至 
于如何推到 n 维球几何学及一般 Hermite 方阵几何学上去、就更不是我们的着重 
点了 + 

我们讲的球是以 ( x , y y z ) 为球心， i ? 为半径的球，如果 i ? 是正的，则球带一个 
向外的箭头（图1)，如 R 是负的，则球带一向内的箭头（图 2). 



图1 图 2 
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兼论狭义相对论的基本定理 


两球相切的条^^是它们所带的箭头在切点须同向 I 
两球 ( x , y . z , R) y (xu Vu /? i ) 相切的条件是 

{ i ： ^ x \) 2 + (tj — yi ) 2 + {z — Z\Y — (R — R \ ) 2 . (1} 

当负是同号时是 内切， 异号时是外切，即如图 3. 我们的球几何学就是以球为 
元素所形成空间的几学+ 



圈3 



用二行二列的 Hermite 方阵 


(R + x 

\ y-iz 


y -\riz 
ft 一 X 


表示 ( x ， y , z ) 为中心， H 为半径的球，则相切条件 （1) 就是 


H _ _ ( R- + x-xi, y-y\+i{z- zi) \ 

\ y — y\ — 一之 1 )， M — Hi — (x — Xi) J 

的行列式为 0. 相切就是我们矩阵几何里称为的粘切 + 我们的问題是找出使二行二 

列 Hermite 方阵-变为 Hermite 方阵保持粘切关系不变的最大的群来. 

改为相对途的®言，在地点为 ( x , y , z ), 时间为 f 的时空点，用 Hermite 方阵 


( ct + X , 

V — W 


y + iz 
ct — x 



来表示 + 粘切的条件就是两点的距离正好等于光行的时间乘光速， 
不像如 > K 那样，在这里仅需要二行二列方阵运算就够了. 


5.2 匀速直线运动 


一件事的发生必有时间 f 、 必有地点 { x ^ z ), 勻速直线运动可以表成为 


^ — 抑 二 V x (t - t{\). y - yi) = v y (t - t 0 ) : z - z 0 = v z {t - / 七） ■ 


(1) 



5.3 Hemiite 方阵的几何学 
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这是沿方向 V X : V〆V 。 依速度 U + Vl^r Vi 前进的直线勻速运动，而当时间 

f = *1) 时 1 通过（$0, 1/0,邱). 

将⑴改写成为 


X — XQ — i'kT^ 
y - m 二 丁， 

< 一 OO < 7~ < OC* 

^ - Zq - 7 T ， 

^ t — tQ — St. 


( 2 ) 


由此可以看到三维空间的勻速直线运动 （ i ) 与四维空间的直线 （2) —一 对应， 

由四维空间的仿射几何的基本定理（参阅华罗庚、万哲先《典型群》.上海科 
技出版社，1962)，可以知道把四维空间 一一 地变为其自己 ， 把直线变为直线的变形 
一定是仿射变换+ 

如果引进无穷远点使仿射空间扩充成为射影空间，则由射影几何的基本定理 
(参阅《典型 群》） 可知所定出的变换就是射影变換.这就是书中附录一的第一 
个结论.这里我们不但没有要求变换有三阶偏微商的条件，连连续性都未假定. 


5.3 Hermite 方阵的几何学 

以下如不特殊声明，大写字母 A , 氐 c , ^表二行二列的复数方阵.适合于 
P = F 的方阵称为 Hermite 方阵或简称//方阵.显然变换 

义 + = + 為， K = X U (1) 

把 Hermite 方阵 X 变为 Hermite 方阵 X '这里乂是可逆方阵*除此之外，还有变 
换 

- - X T (2) 

= X ', (3) 

两个丑方阵义 2 ,如果 - x 2 之秩等于1，则；^称为粘切.这样定义是 
为了更方便地把这章的结果推到 n 行列的 H 方阵.现在实际上就是 

X x - X 2 \ =0, (4) 

我们基本定理就是：把//方阵变为 / f 方阵的 一一 对应，且保持粘切关系不变 
的变形，就是由 （1), (2)，⑶所演成的群. 
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COS -0, 


tsm 



HA ) 


w 


即绕 z 轴的旋转 

00 


A 


cos-6, —sin-^ 

2 2 


0 


0 0 


i ⑷ 


0 cos^ sind 0 


0 —sind (：.os& 0 


\ 0 0 0 1 / 


A 


㈣ 


0 


0 


e~^ iB 


\ 


/ 


( 


L ⑷ 


1 0 0 


0 


0 


0 


\ 


0 0 cos0 si n0 


0 0 —sin^ cos0 


即绕； r 轴的旋转. 

(iii) 


0 cos@ 0 sin0 

0 0 10 




2 


s 


0 


2 


0 


2 


即绕 y 轴的旋转. 


\ 0 -Bin@ 0 cosfi 1 / 
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5,4三维空间中使单位球不变的仿射变换 


引理1 一个使单位球不变_仿射变换一定是正交变换（参阅 3，1 节). 

证假定 

y = xA + b ( 1 ) 

是一个这样的变换，这里: fe 是三维矢量， A 是三行三列的非奇异方阵， （1) 把单 
位球 X〆 =1变为 y〆 = L 

可知有两个正交方阵 r 2 使 


^ Ai 0 0 、 

厂 ij4jT 2 = 0 Aa 0 1 入 r > 0. 

、0 0 X 3 J 


因此不失普遍性可以假定 



A = 



0 0 
a 2 0 

0 A : , 



特别取单位球上的点 


fl-t 2 2t \ 


则得 


i = y 2 !+V2 + yl = ( Al }^ 




21X2 
1 + 1 2 



+砧， 


即 


(1 +* 2 ) 2 = (V(l —f 2 )+fc,(l 十 P)) 2 + (2M 2 + i> 2 (l +f 2 )) 2 + f^(l + f 2 ) 2 . 


比较/的系数，得 X 2 b 2 = 0,即得 b 2 = 0. 同法证明 b ,= b 3 = 0* 代入后再比较 M 
的系数，得 V = 1，即得 Ai = 1，同法得 A 2 = A :; = 1,即⑴是一恒等变换. 

为了将来引用 方便， 我们把三维空间及刚体运动群写成为二行二列的方阵形 


式: 


X = (Xi ， X 2， X 3 ) X = 



* r 2 ， ih 



即三维空间的一点 ( x 1? x 2 , x 3 ) 可用二行二列 f 为 U 的 H 方阵表出来. 





直线 

x = a + Xb <==> X = A XB ( —cc < A < oo). 

平面 

似 ’ 二# tT ( AX ) — 2化 

两点的距离的平方 

(x- u)(x- uy « -\X - Ul 

由上一节可知，刚体运动群 

y^xr + b 1 ^ J y = UXTf + B, B f = B, 

厂 r = / ， |r| = l J ^ j uu j ^ i, |J7| = i. 

注意右边 u 与 - u 代表同一变换， 

欧几里得群是刚体运动群再添上一反射 

yi = xuV2 = x 2 、 y3 二 -X3 Y = X 1 , 

所以欧几里得群可以用 

r = uxu f + b 

添加 r = 来表达出来. 


5.5 粘切子空间 

我们现在回来考虑 5.3 节中所提出的问题.我们所讨论的空间是四维时空空间, 
也就是所有的二行二列的//方阵所成的空间，这空间的点就是指一二行二列的// 
方阵，变换指5+3节中所定义的仿射变换.我们将用粘切关系来定义一些几何图形. 

定义1 命未 B 是两个粘切的点.与 A B 都粘切的点所成的集合称为粘切 
子空间. 

定理1 任一粘切子空间可以变为标准型 

/ a 0 ) ,、 

n —oc < a < oo. f 1) 

{ 0 0 J 

也就是说，在仿射变换下，粘切子空间成一可递集合. 

证经仿射变换，不妨假定 



粘切子 空_ 
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ocn 实数 t 


由粘切关系 


\A-X\^ \B- X 


可得 


cry — |/3| 2 = 0 ， (a — l)"y — \f3\ 2 = 0 


所以 7 = 0,/? = Ck 即得所证 * 

定理 2 两个不同的粘切子空间 A , &最多只能有一个公共点 I 如果有一个 
公共点，它们可同时变成为 


A : 


a 0 
0 0 


< a < oo, 




0 0 
0 b 


oq < b < 


证由定义，不同的粘切子空间不可能有两个公共点. 

假定公共点是0,并不妨假定其一已经是标准型 及 的元素的形成一定是 


\s\ 2 st 
st \t\ 2 


t / 0, d / 0. 


( 2 ) 


变换 


r = 


使不变,但把⑵变为 



这和0获得 r 2 . 

定理3 仅有一公共点的三个粘切子空间可以同时变为 
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—oo < a < oo, 


—oo < b < oq 7 


—00 < d < 00, 


证假定其中的两个已经变成标准型及，了.在 r 3 中有一元素如 （ 2 ) 形， 
其 a f 都不能为 0 ,不然它就属于&或 r 2 了. 

变换 



使 r l7 r 2 不变，而把 （2) 变为 



即得定亂 


5.6 空相平面（或二维空相子空间） 

定义1 命及与 r 2 是两个仅有一公共点的粘切子空间，所有既不 与及粘 
切，又不与及粘切的点所成的集合定义为二维空相子空间（或空相平面). 

定理1 空相平面是可递的，其标准型是 


这里/3过所有的复数. 

证不妨假定及是5+5节定理2的形式.命 



是空相平面中的一点.由于没有 a , 能使 



5.7 空相直线 
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所以 = 即得所证. 

二维空相子空间的一般形式是 


X 





这里 T 过所有的复数. 


5.7 空相直线 


定义两个不同的空相平面如果有一个以上的交点，则交点的集合称为一条 
空相直线（或一维空相子空间). 

定理1 空相直线有以下的标 准型： 



— OO < /> < CO. 


证不妨假定其一空相平面就是 



?为复数. 


另一由5+6节 （2) 给出，其两个公共点是仿射变换 



( 2 ) 


Y 



€ 


i0 


0 



把仏6 变为 S = 0 及€ = /n (实数 )(6 -心= ㈣ _),由 5.6 节⑵得 





(3) 



) 才 + B. 


对任一实数^ (3) 乘以 



加上⑷乘以■^得 

P\ 


⑷ 





T 0 + —Ty 

Pi 


0 


A + B , 
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即可知 （1) 是两空相平面的相交部分. 

再证明⑴之外无其他的点，如还有一 M 非实数)，即 



对任-觀，可以取实数沐使 w 遵数 . m 乘以！十 M 口上⑷ 
乘以 a/pu 再加上⑸乘以汉得 





0 




T() H - T\ + iiT2 

Pi 



a 


r 0 H —— n +0r 2 
P \ 


T + B, 


0 



即与空相平面 （2) 全同. 


5.8 点 对 


依 M - S | _ 0把点对 a s 分为三个 类型： 能有因果关系的点对（或称双曲 

对)； 粘切对（或称抛物 对)； 不能有因果关系的点对（或称椭圆 对). 

定理1 空相平面上任意二点都无因果关系. 

定理2 在仿射变换下，任一双曲对可变为标准型 



任一抛物对可变为标准型 



任一椭圆对可变为标准型 



定理2的证明是显然的，从略.由定理2可立即推出定理 1. 由于任何两个有 
因果关系的点都可以同时变到0 : 如有同一空相平面上，即有 


0 = >1 



0 
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相减取行列 式得 ： i = m 2 , 这不可能. 

定理3在保持粘切关系的 一一 对应之下，任一点对的型不变. 

证抛物对显然变为抛物对.故只要证明任一椭圆对变为椭圆对即可，不妨认 

为这椭圆对就是标准型 °Y (° iY 这二点的连线是空相直线 f ^ pi Y 

\o o ； V 1 °/ \Pi o ； 

-oo <： P1 < oo . 由空相平面变为空相平面 ， 故空相直线变为空相直线，而由 5.7 节 
定理1得到空相直线的一般形式是 

/ 0 p \ — 

A I 丨 + S, _co < p < oo, 

\ ^ 0 / 

其上任意两点显然都是椭圆对,所以椭圆对变为椭圆对.因而，双曲对也一定变为 
双曲对 + 


5.9 三维空相子空间 


定义1在空相平面 &外， 存在一点 p 与私上任何一点都不能有因果关系 . 
作 p 与 s 2 的所有点的直线（空相)，这些线上的点的集合称为三维空相子空间， 
定理1 三维空相子空间的标准型是 



X2 + ^3 



-oo < X\yX2yX3 < 00, 


( 1 ) 


证不妨假定空相平面5 2 就是 



( 2 ) 


命 _P = 




是为外之一点.变形 


Y - 




使 （2) 不变，而把变为 

P= (^ I ) 

由于与0无因果关系，所以 p 0 r 0 < 0,再由变换 


(o 


0 

A " 1 



Pq 

0 



(: 


0 

A — 1 







51 D 基本定理的证明 
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在77 3 上得到一个普通的三维空间 ( X !^ 2 , X 3), 不难证明，其中的平面是二维空 
相平面 T 直线必是一维空相子空间.由仿射空间的基本定理,有把直线变为直线性 
质的变换就是三维空间的彷射变换.不仅如此，由子粘切关系 


Xi 

X 2 — 


X 2 + 


工 1 


— + X2 + — 0, 


这仿射变换还要保持单位球不变. 

由 5.3 节和 5.4 节的结果知道，当久 ， y € M 时.则 


Y = UXW ， 


uij' 


3 . 因此不妨假定 




f 


《2+沁 

《2 — 圮3， 一 Cl 


心， $2 +圮3 

^2 - 如 ~ i \ 


一 般的点 


^0 + Xu X 2 + ^^3 

工2 — i $3, x O - 


X 0 / 0 


与 7 T 3 中的点粘切的条件是 


^0 = (*^1 — € l ) 2 + (心 _ 十(丄3 - 《3) 

由 （3) 可知凡适合 i : (6) 的&, 也一定适合于 


2 


Vo = (yi - 6) 2 + (^2 - 6) 2 + (y：i - 6) 


2 


反 Z 亦真‘ 

兀3中有两点芒1 = 工1 士利，《2 = $2, 6 ❿适介（6)，代入 （7), 得到 

Vo = (^1 " J； 1 i ^o) 2 + {y2 — ^2) 2 + (y3 — ^3) 2 - 


由于对土号都对.所以 


{Vi - ^[)^0 = 0. 


即得 yi = ^ 1 * 同法证明 a =此 a =奶及■% = 士如+ 因此得出结论 


# 


Xq + X i T X 2 + / 

工 2 — & 3 , ^0 - 工 1 


± Xq + X } X 2 + 

巧一 ±Xq - X] 


(5) 


⑹ 


⑺ 


⑻ 


(9) 


离恒等变换只差一 士号了 + 
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4. 我们已经知道 ^(/) = L 我们再证0也使 







后者本来不变，前者不变为其自己，则变为/，这不可能.因此也是不变的. 



5-11 时空几何的基本定理 
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5. 现在已知形如 

/A 0 \ y 0 + 0 \ 

\ 0 m / \ 0 vo - yi } 

的方阵不变 ， 考虑一般的情况⑼，由于对任一方阵，可取_充分大，使 ( X 0 - ^0) 2 
-xl - xl > 0 , 因此有 yi 使 

(忑 o - yo ) 2 = (^i - yi ) 2 + 4+4. 

这样的 yo , y \ 不能使 

(一补— yo ) 2 = (^1 - yi ) 2 + + 

成立.因此 （9) 中的+号只能取+号，因此每一元素都不变. 

到此为止,我们多次用了仿射变换,最后化0为恒等变换，也就是原来的少是 
仿射变换， 

5.11 时空几何的基本定理 

定理1 一个把时空点变为时空点的 一一 对应，而且使行列式 

!^1 - x 2 | (1) 

不变，一定是 Poincare 变换，即 

Y ^± AXW + B y = W 二 B、Y = 

证即使 （1) 不变 7 当然就是粘切关系不变+因此 

Y = pAXTi! + B, 

或 

Y = pAX'A 7 + B. 

但 

1^ - n | = p 2 \Xi - - [ A ] 2 = p 2 \ X , — X 2 |. 

因此，得 p = 士1. 

定理2 在定理1的假定下，再加以时光不能倒流，左旋、右旋的旋向不变， 
则一定是如下的 形式： 

r = AX A 7 + B. 

显然还可有：因果关系不变是光速不变的推论. 




兼论狭义相对论的基本定理 



球几何的基本定理 


5,12 //方阵的射影几何学 

在上面的处 理中， 我们实际上有一个无言的 约定： “把一个有限的开方阵变为 
一个有限的 h 方阵”.如果我们允许有无穷远的//方阵，则我们有以下的“丑方 
阵射影几何学' 

首先，对一个//方阵，我们引进“齐性 坐标' 也就是把 x 表成为 

x = d (1) 

这里 u 2 都是二行二列的方阵.这一对方阵 


(久1，义 2) 

称为 X 的齐性坐标，由于 

X 


所以 

X^ l Xi = BP X x x f 2 = x 2 x\. 


或可写成为 

{ x u x 2 ) j ( x 1 , x 2 y = o ， 而 J = ( 二： ). 

以上处理中，我们当然假定了 x 2 是非奇异的，同时，对所有的 Q , IQI ^ 0, 


( 2 ) 

(3) 

⑷ 


Q ( X l . X 2 ) = ( QX u QX 2 ) (5) 

代表同一个 X . 我们现在扩充这一概念，如果二行四列方阵 （2) 的秩等于2,而且 
适合于⑷，则 ( X U X 2 ) 称为一 Hermite 对，或简称 开对. 如果两个//对相差一 
因子（如（5))，则称为等价.由等价关系把//对分类，一类定义一点 T 所有这样定义 
出来的点称为形成一 / f 方阵的射影空间. 

命 r 是一适合于 

TjT f = J (6) 

的4 x 4方阵，则 

( X ；, X ；)^ Q ( X u X 2 )T (7) 


称为射影空间的一个变换，命 


T 


A B 
C D 


( 8 ) 



则 


5 J 2 /r 方阵的射影几何学 
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AW = BA 7 , CW = DC 7 , AW - BO^L (9) 

表成非齐次形式，则变换 （7) 可以写成为 

JT = X ； ~ l X ； = (X x B + X 2 D)~\X 1 A + X 2 C) 

=(XB + D)~ l (XA+ C) = (A I X + C } ){B t X 十及广 1 * (10) 

这可由 （9) 直接验证.而 | Jt 2 | = 0 的点称为无穷远处的点+由 （10) 可知 

X* -Y* ={XB + D)- x {XA + C) 

- (^F + C 7 )^^ + D 7 )- 1 
={XB + D)- l [[XA^- C)(WY + W) 

— {xb + d)(Wy + a)}(WY + Wy 1 

^(XB + D)~\X - Y)(WY + W)~K (11) 

因此，粘切关系还是不变的 (如果 w ， xm 都是有限点) + 

对齐性 坐标， 粘切条件可以写成为 

Kx 1} x 2 ) jm 7 ^) / i = (i (12) 

我们可以证明 

定理1把 F 方阵的射影空间 一一 对应地变为自己，而且使粘切关系 （12) 不 
变的变换一定是 （7) 的形式所成的群, r 适合⑹，再添上适合于 

TJT = - J 


的乃还有变形 

( XIX ^)^( X U X 2 ). 

这定理的证明从略，读者在了解了仿射几何的基本定理后，不难自己补出， 

4> ok 在较强的假定下，不必要地运用偏微分方程（波前方程)，用了较高深的数 
学工具.获得同样的结论,他称之为 Mobius 变换， 即除去 i / 方阵的仿射变换外，还 
有 

X* = [x-i - ai(xl - x\ - xl - 4)]/[1 — 2 ( 00^0 - ttl^l - 0!23：2 - OC3^s) 

Hocl - a \- al - a^)(xl - : rf ~ A ~ ：4)\ 


运用 


aa H- ai a2 + ic^ 
a*2 — ioc^ ao — ctL 




a 


2 


<^2-^1 


不难推出 Mobius 变换可以写成（叫的形式 + 


CtQ ― Qi 
— OL 2 + 


— q 2 — ia 3 
+ 
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5.13 射影变换与因果关系 


值得注意的是以下的特例：射影变换 （M 碰 ns 变换) 


X * = X 



0 

-2 


)H 


这变换把0变为0,把/变为 j, 即把因果关系的原则破坏了.更深刻些 
有以下的结果 ： 

任何一个带有分母的变换 （10), —定破坏因果关系，先证明一个引理. 

引理 命 H 是一给定的 if 方阵，如果对任一适合于 |X| > 0的 /f 方阵，常 


有 \HX + A > 0,贝 ij H = 0. 

证 不失去普遍性，可取// 





a 0 

0/3 


则可以 找到一 个X = 



0 

n 


，^? > 0,使 


(a^/3,a>0). 我们说如果 if ^0, 


\XH + =㈣ + 1)(御 + 1) < 0. 

若 （1) < 0 T 则取 C 为充分小正数, rj >~ 就行了 . 

(2) /? = 0,则取 f < -1/a, V <0 即得. 

(3) 如果 a ^/9>0, 则可取 e > 0, 


1 + e 



Of 


1 



使 

而 


Cv = 



aP 


>0, 


+ 1)(07}+1) ^ [一 {1 +f) + 1]|-(1 一幻 + 1] = 一 < 0, 


现在我们证明 

定理 1 非仿射变换的射影变换一定破坏因果关系 + 
证 假定这一变换把又、 F 变为X' 则 

X* -y* = ( XB ^- Dy\X - Y)(WY 



5.14 附 记 
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仿射变换可以把任一点变为 CL 我们不妨假定 Y = Y ^ =0. 因此 C = 0+因而 
| D | 卢 0. 上式变为 

X + = {XB + 

于是 

|X"| - |^B + £>r 1 |i5 7 r 1 |^l = \XBD~ l +I\^ 1 \DD J \- 1 \X\. 

由于 5.12 节⑼可知 B / T 1 是一开方阵 T 由引理即推出定理. 


5.14 附 记 


1 . 共形变换的度量.在 5.12 节 （11) 中命 r — X ，则得微分方阵逆变式 

dX^ = (XS + DridXf^X+P 7 )- 1 ， 

取行列式，得 

2 2 2 2 .. . 

dxQ - dx^ - dx^ - dxl — p(xo,xy, x 2 , 13) 々 drg — dx^ — dxj — dxg )、 


这里 P = \XB + Dl 这是“共形”名称的来源. 

2 ,如果用假定 （ A )， 但把假定 （ B ) 减弱为 

( B ') 通过任一观察点的光速不变，也就是光速不变的局部性.也可以得出同样 
的结论来. 

命仿射空间的速度矢量为 ( vuv 2 , v ^ 其变换规律是 

3 

j — ci；j i'j f / — (J , 1 ， 2 ， 3. 

j=o 


于是 




dfl 

dx ^ 


<Hq 4- ^ dijVj 


3 


1,2,3, 


a oo + ^2 <1{) j v j 


即成一三维的射影空间.任一观察点，观察到光速不变也就是使 


V\-{- V 2 '*-*3 = 1 

不变（光速为1)，使⑴不变也就是对所有的适合于⑴的％ m 常有 


3 


2 


3 


3 


2 


a 00 


+ ^ a 0j v j = 


(^0 


E 


u j 


⑴ 


(2) 
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第 5 讲球几何的基本定理 


兼论狭义相对论的基本定理 


取竹=±1 ， t?2 = ^3 = 0,则得 

3 

(«00 ± Ooi } 2 = ^(0^0 士 d t i) 2 . 

i =^ 

取土号相加减得 

3 

^00^01 = 

i = 1 

3 

a m + rt oi — y^( a io + )* 

l = 1 

同法可得 

^OO^Oj ~ 〉: ' j ~ 2| 3* 

i = 1 

3 


a oo ^ a 0 j ^ )i J = 2, 3* 

因之，得到 




( 

3 

3 




~ a 0 ) — 

■ ^ Q ^° 

- E 4) = a j ■: 

i= i 

= 1,2,3. 


i 

\ 

| 

i — 1 

3 




aooaoj 

—〉: diQUij — 

0 ， j = 

=1,2,3. 



1 

i= 1 



即得 



X* 

= XL , 


而 i = 

L (4 , 4) 适合于 





L[l，— 1， — 1， — 1]L’ = p[l ， —1, —1, —1]- 
3, 所有小于光速的矢量 ( vi , v 2 , v 3 ) 成一空间 

V\ Hh Vq 1. 

它的变换群就是 2 中所提到的群.在第7讲中将讲二维的相仿的空间. 




第 6 讲非欧几何学 

6.1 扩充空间的几何性质 

前已说明我们所讨论的群 G 是由以下的变换所形 成的： 

xT 4- xx f V\ -h V 2 

y — --- 

xu 2 + xx f b + d 

(同时有 

f xu[ + xx* a + c 
抑 xui 2 + xx f b + d 

记 

(T u [ u f 2 
M = vi a b 
y V2 c d 

适合于 

MJM f = X (4) 

则齐次坐标就是 

(C (5) 

这里 M 是使 

戌 - V\V2 = o 

不变的变形，命 T/i = ~ + S2 ， 他= -$1 +的，则得 

^ + si - s 2 2 = Q . 

以巧除之 t 则得一个 n +1 维的单位球.因此，我们所研究的经过 G 群而扩充的 n 
维的空间的研究与使 n + 1维空间的单位球不变的球面几何学是等价的,这种几何 
我们将来研究混合型偏微分方程再谈. 

送就是把复平面与球面作对应的球面投影法的推广， 

我们也己知在变形 G 下球分三类：实、点、虚，而且它们可以各变为以下 W 标 
准型： 




由 （4) 取逆,得到 




J 


/ 0 0 
0 0—2 
0-2 0 


即得 


rT-2(v[v 2 +v t 2 v l ) = I, 

(12) 

T’u\ — c + t'^o) — 0, 

(13) 

1 f u f 2 — 2(i?[d + v^b) — 0, 

(14) 

uni; — 4 ac — 0, 

(15) 

u i u:2 — ~h t^c) — 一 

(16) 

U 2 U 2 — 4hd — 0, 

(17) 


6.2 抛物几何学 

这是使一个点球不变的群下所定义出来的几何学，不妨假定这点是 : r = oo , 由 
(1.1) 可知& = 0, 再由 （1.9) 与 （1.17) 可知 
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( i ) xx r = 1 (实球)； 

( ii ) ( 点 球)； 

( iii ) xx * — — 1 (虚球). 

固定一个球称为绝对，使这球不变的诸变换成一群以表之，//群下的几何 
学称为非欧几何学，对应于 ⑴， （ ii )， （ iii ) 分为三类几 何学： 双曲、抛物与椭圆. 

为了引用 （4) 式方便起见，我们把它所包含的关系具体写出来： 



= 0 , U2 = 0 . 


⑴ 



6.2 抛物几何学 


+ 115 + 


再由 （ L 6) 得 

TT = L 

(2) 

由 （1.16)，1， 即 

1 



a= d^ 


再由 （ L 8) 可知 

U\ = —V2l f 

d 

(3) 

最后由 （1.15) 得 

4 f 

C = — V 2 lh ' 
a 

⑷ 


(1), (2). (3), (4) 完全决定了变形的形式 ，即 



即得抛物几何学中变形的一般形式 


y = a{xl' -f ?，). 

这是由旋转（及反演） 

V = JrT, 

平移 

y — X -*r V, 

及放大（及缩小） 

所组成的_ 

抛物几何学的确定定义是； 

空间：所有的有限点. 

群： 由旋转、反演、平移与放大所演出的群， 

如果除去放大不论，这几何 就是〃 维的欧几里得几何. 
我们不深入讨论这种几何学. 


(5) 
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第 6 讲非欧几何学 


6.3 椭圆几何学 


虚球可以用矢量 

(0;M) 

表之.我们的群是由适合于 

(0 丄 1) 

的方阵 M 所组成的. 

换变数 

m = h 十幻， V2 = -S} + 82 , 

我们把 M 换成为 iV 它使 


rfu 矢量(0；1 } 1) 变为 （si = 0, S2 — ^) 

(0 ； 0 T I), 


即 


(0,0，〜，0，1)7V = ^0,0，，- - A1). 


因此 



由 （1) 得叫= 0, 土1，及 

NiN[ = 广 1+1 )， 

这爪就是 n +1 行列的正交方阵. 

因此，椭圆几何就是 n + 1维球面上的几何学，它是在旋转、反演所造成的群 
T 的几何学. 


6.4 双曲几何学 


矢量 


(0^ ■ ,0丄一 1) 



6.4 双曲几何学 
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代表单位球，我们的群是由适合于 

(Or“1 ) 二 … .O.L-ljAf 

的方阵 M 所组成的.也就是由适合于 


及 


“1 = ^2 



的变形所组成的，这也可以从 (1-2) 中取 W - 1而推出, 
命 Ui — U 2 — Uy ^ (1.6) 可知 

TT = I M + 〆"+ 


即了非竒异的 ， 再由 （ 1.7), (1.8 ) 得出 

| Vi = i(a + b)uT f ~ [ , 

\ ㊇= ^(c + d)uT’_ l . 

再由 (1.9) 及 （ 3 ) 可知 

^(a + b) 2 uT , ~ l T~ r[ tt = ah. 

即 

(a + b) 2 u(I + uu)~ Xi u f — 4ab, 

(a H- b) 2 uu\l + un f )~ l = 4ab. 

即得 

(a - b) 2 uu — 4ab, 

同法从 （ L10) 与 （ 1,11 ) 得出 

[(a — b)(c 一 rf) + 2|ut/ = —2 + 2{ad + be), 

{c — d) 2 uu = 4aL 

从 （ 2)> (5). (6), (7 ) 解得 

{ a = d = 垂(土 1 土 + uu% 

b 二 c 二 !( 干 l 士 >/1 + nu f ). 


⑴ 


( 2 ) 


( 3 ) 


( 4 ) 


( 5 ) 


( 6 ) 

⑺ 


⑻ 
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^ = 0的情况是极易处理的，我们假定/ 0, 由于土 M 代表同一变换，不妨假定 
a > 0,即 


a — d ^ 土 1 十 v^l + 仙 ’), 




c = 2 ( 干 1 + >/1 +uu f ). 


再由 


1 - yy j 


(a 一 6)(1 — xx f ) 
xu f + xx f b + a 


可知把单位球内部变为内部 _ 变化是 


a = d = -(1 4- \/1 + uu% 


b = c = -(-1 + Vl + uu f ) } 


( 9 ) 


也就是 Af 中的元素必须适合 （3), 丽 W ，幻 2 ， a i b ， c，d 由⑷及⑼表出之. 

这也不但算出了这一群的参变量 u 有 n 个， u 固定了 T 有 | n(n - 1) 个，即 

一共有 \ n ( n ^ l ) 个参数 ( 正交方阵的参数等于 \ n ( n - l ) 

总之，群 G 内使单位球内部变为内部的变形可以写成为 


y — 


xT + -(1 4- + u^uT 1-1 


xu f + - (1 + XX *) \/l+uii t + - (1 — xx f ) 


( 10 ) 


由于 


uT 


(I + u l u)~ l T^ (1 + 


故可以改写为 


y 


X + -(1 + xx f )(l + uu r )~^u 
XU 1 + ^(1 + xx f )(l + UU f )^ + i(l - xx f ) 


r. 


使 0 点不变的变形是 〃 = 0的变形，即 


y = xT. TV = /, 


(ID 


因此，一般的变形确是由第1讲中所讲到的变形所演出的.因为任何变换可能把 u 
变为0,由第1讲中的变换能把 a 变为 a 因此，只需考虑把0变为0的变换的一 
般形式即足，而它痛是 （10). 也是第1讲中所提起过的. 



6.5 测地线 

定理1 过任两点有一而且唯一的一条测地线，具体地讲，命 mj ; 是两点, 
则沿测地线的积分 



最短,其他的都大于它 + 

证不失普遍性，可取= 0及4 ，0),因为由可递性不妨假定 

^0 = 0, 又行一旋转可以假定以 = ⑷0, …， 0). 

命 

x = x(t), O^t 

是联这两点的曲线，即 

x(o) = 0 ， x{i) = (&a … ， o), 

则积分等于 



即得所证. 




第 7 讲混合型偏微分方程 

从二维出发，但熟悉线性代数的读者可以直接推到髙维. 


7.1 实射影平面 


还是从单位圓开始,先研究使单位圆不变的射影变换. 

我们所讨论的群是由使 

尤 2 + y 2 < 1 ⑴ 


变为其自己的射影变换 


a\x + hy 十 ci a 2 x + hy + ^2 

a 3 x + b 3 p + C 3 ’ o> 3 x + hy + C3 


所组成的，也就是方阵 


是满秩的，而且是适合于 


^4 = 




G ] &1 Cl 

U2 &2 C2 

(I 3 &3 C3 




( 2 ) 



A f 


1 0 
0 1 




(3) 


的，由于⑵的齐次性，不妨假定 p = 土1，再取⑶的行列式，易见 p = 1，今后我们 
常假定/? = 1 + 

这个群记作 r , 是由以下的一些元素所演成的： 




cos 沒 sin 0 0 ^ 

一 sin 0 cos0 0 




0 0、 
-1 0 

0 1 / 


( 1 0 0 ^ 
0 cos htj) sin hip 
\ 0 sin/i^ cos h^? j 


称为旋转、反射与双曲旋转.或者更具体些,它们可以写成为 


( X) — x cos 0 + y sinS, 
y\ — —x sin 0 + y cos 0 ， 


⑷ 



7,1 实射影 T 面 
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yi = 

及对实数 M_i < /i < 1), 

{ X\ = x / 1 ~ - tty), 

Vl^iv- P)/(l —仰夂 


( 5 ) 


⑹ 


或 


{ x \ = x/(ysinhA + coship )， 

j/i = (p cos h\p 4 - sin hip)/{y sin h^p + cos htp). 


现在来证明这一点，在 4 的左右各乘以一个类型 （4) 的方阵，可以使 b l = a 2 ^ 
0. 如此便不难推出4成为 

^10 0 ^ 

0 i>2 C2 , 

^0 i>3 J 

这显然是 （5) 与 （6) 的乘积 - 

在群 r 之下，圆内一点可以变为其中的任一点，要证明这点并不困难，首先经 
过旋转任一点可以变为 (0， A)(A > 0). 当 A < 1，可以由 （6) 变为(0,0)(实质上，圆 
外之点也成一可递集合 

我们现在研究群 r 下的微分+变量,联两点 ( x , |/), (x + dx , y + dy ) 的直线是 


(x + Xdx , y + \ dy ), 


这直线与单位圆的交点，可由 


(x + Ada :) 2 + {y + Xdy ) 2 — 1 


来决定，即 

\ 2 ( dx 2 + dy 2 ) + 2 X(xdx + ydy ) + x 2 + y 2 — 1 = 0. 

这式子的判别式是 


(xdx + ydy ) 2 - ( dx 2 + dy 2 ){ x 2 + y 2 — 1), 


即 


(1 — y 2 ) dx 2 + 2 xydxdy + (1 - x 2 ) dy 2 ^ 

这建议了这微分二次型可能是一个共变量，实际计算,这的确是一个共变量，丽且 
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(1 — y 2 ) dx 2 + 2 xydxdy + (1 — x 2 ) dy 2 

{1 — x 2 — y 2 ) 2 


㈧ 


是一个不变量. 

这一性质当然可以从交比推出（即由二点及与圆的二交点的交比推出)，但也 
可以直接证之 如下： 

(A) 的分子等于 

' + dy 2 - {ydx - xdy } 2 ^ 

这显然是经旋转与反射而不变的，现在进一步证明，它经 （6) 而共变， 


- \/l - ^ , flyJl - fl 2 . 

dxi = —- 十 - - --- xdy, 

1 — 即 (1 ~ fW 2 

j 1 — " 2 j 

咖 1 : - 

(1 — W ) 2 


显然可见 


dx \ + dy ] - (xidyy - y \ dxi ) 


2 


(1 一仲 ) 4 


[(1 - ^ 2 ){(1 - PV)dx + fixdy } 2 + (1 - ^) 2 dy 2 \ 




(1 - MV ) 6 
,2 


: x(l - “ A )dy - (y - m ){(1 - fiy)dx + jxxdy }] 


2 




[{(1 - f ^ y)dx + ftxdy } 2 + (1 — li 2 ) dy z - {xdy - (y - fi ) dx } 


2\j,.2 


(1 - W} 4 

( W ! l ! 

(i - f ^ y ) 4 


1(1 一 y 2 ) dx 2 + 2 xydxdy H- (1 — x 2 ) dy 2 ], 


2 


而另一方面， 


-- Vi 


(1 一 Ml /) 2 

(1 - x 2 - y 2 ). 


[(1 — ^ i 2 ) x 2 + (y - m ) 2 ] 




(1 一 fiy ) 2 


所以得到 


(1 - 2x\yidxidyi + (1 - x\)dx f 

(1 _ _ V \) 2 

(1 — y 2 )dx 2 + 2xydxdy + (1 — x 2 )dx 2 

( 1 — ； r 2 — y 2 ) 2 


这微分不变式作为我们的 Riemann 度量. 


( 7 ) 


⑻ 


(9) 




7+2 偏微分方程 


m . 



因此得出 


d 2 u d 2 u 1 — 

9x 2 dx\ (1 - f.iy) 2 * 

d 2 u _ d 2 u / i(l — ^i 2 )x 
dxdy dx\ (1 — fiy) 3 


d 2 u (1 一 " 2 ) 3 广 2 8u iis/l ― it 2 
dxydyx (1 - fiy) 3 + dxi (1 - fiy} 2 ' 


d 2 u 

dy 2 


因此 


d 2 u — }J 2 )x 2 
dx\ (1 - fty) 4 + 

. d 2 u ( l -^ 2 ) 2 

%? (i — "y ) 4 


d 2 u /u(l—/i 2 ) 3 〆 2 
dxidyx (1 - fjy) 4 

du ii 2 x^l - /j 2 c 
dxi (1 —抑 ) 3 + d 


1 — 〆 9u Ml - m 2 ) 

9 m {1 -仰 ) 3t 


(i-〆) 


2、心 


dx 2 


2 ^S + (1 - y2) 0 


du . du 

2 x d ^ r 2 y o ^ 


d^u 

dx ^ 


(1 - j ： 1 


1 一 

(卜⑽) 2 


2^{ l ^, i 2 ) x 2 y 

(i - " y ) 3 


(i 一沒） 


2 , fi 2 x 2 (l - / j 2 ) 


0 _ Ml/) 4 


7.2 偏微分方程 

与 （ A ) “对偶”的有以下的二阶偏微分算子 

△ u =(1 -^ 2 -/)[(!- X 2 )忌- 2 吨盖 

+ (1 1 2) |^_ 2j ^ _2y |；， (B) 

这也是经 r 而不变的+ 

要证明这一点有两种方法： 一 神是把 （ A ) 看成为 Riematm 度量，这一 Riemann 
空间的 Lame 算子（或 Bertrami 算子）就是 （ B ), 因而由一般性的 定理， 得出这 一 性 
质.计算也是冗长的，反而不如直接代入的简捷,我们现在用直接代入法，易证这算 
子是经 7.1 节的变换⑷， （5) 而不变的，现在证明，它也经 7.1 节的 （6) 而不变，现 
在有 


51tlc§ 加一办 
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+ 2 


d 2 u 


dxidyi 
d 2 u 


(l-fi 2 ) 3 ^xy , /x(1-m 2 ) 3/ 


2 




(i i ) 


(i - m) z 

2 (1 - m 2 ) 2 


(l 一邱 ) 4 


(i 一沪) 


2 


du 


(l - iiy) 4 dxi 


xy^^/l 




2 


( in /) 2 


JUX\/l - (JL 2 ] 




2 


du 

dyi 




(1 一滞 ) 3 


(1 - w ) 2 . 


1 — / i 2 f d 2 n 

(i - My ) 2 


y2) 

i -m 


p ? x l 


(1 一即 ) 2 


2 


d^u 


dxi dyi 


{1- fj, 2 )^ 2 x { _ - y 2 ) 


1 一 


y 


㈣ 


d 2 u (1 一 裂 2 )(1 - } jl 2 ) 
Qy \ (1 - to ) 2 


2 尝 ( H 1 〜 

du 


(1 ~^ y ) + 2/ j . y - 


^ 2 ( l - y 2 ) 


- W 


y 




(i - y 2 ) 


2 


一 2 

dyi 

(1 -^y) 2 \dxl (1 - W) 2 

d 2 u (1 — ^ 2 ) l ^ 2 x(y — 


d 2 u ( (1 — fi 2 )x 


1 


) 


2 dxidyi 
d 2 u 

dyl 

i - M 2 




(i - to ) 2 

y -^\ 2 


^yJ 


2 


(1 — fi 2 ) l ^ 2 x 


dx \ 


(1 - iiy ) 2 

+ ( i - y ?) 


( 1 - 

d 2 u 

5 y ? 


x 


2 


d 2 


u 


- 2 xiyi 


1， 

d 2 u 

dxidyi 


2 


du 

dyi 


\ 

i - i 


_ du _ cfe 1 

2 x ^ r 2 y Wri ^ 


⑴ 


又由 7.1 节⑻,可得 （ B ) 的不 变性. 
注意，这变形的 Jacobian 是 


<9( 工 1,1/1) = / V 1 - M 

9( x , y ) 


3 


1 - 


在单独考虑又带因子 （1 - P - J / 2 } 的⑻和 （ B) 时，我们必须注意，所写出的共变 
因子是 Jacobian 的非整数乘方指数,而偏微分方程 


(1 


x 


2 


d 2 u d 2 u 2\ ^ 2u 

Ox ^ " 2 xy d^dy + ( ~ y 


{ du du \ 

- 2 { X di + y dy ) 


0 


(C) 


是以 （ A) 为特征线的偏微分方程，其特征线是单位圆的切线. 



7.3 特征线 


■ 125 ■ 


这个方程是混合型的，在单位園内是椭圆型，在单位圆外是双曲型，单位圆是 
变形线. 

在射影变换之下，单位圆是等价于任何非奇异实二次曲线的，所以实际上我们 
处理了任何以非奇异二次曲线的变形线的一个问题. 

这方程极坐标形式是 



-P 2 ) 


d 2 u 

dp 2 


1 d 2 u 





= 0 , 


(D) 


也可以写成为 


命穿是射影平面上的一个域,如果一个函数 u = 在 ® 上适合于偏微 

分方程⑹或则 uix . y ) 可以称为颂上的调和函数.关于 u ( x iy ) 的一些应有 
的附加条件以后再说. 

Lame 算子的来源是求曲线坐标的位函数，因此 T 这样概念的引进是极自然的. 
如果货在单位圆内，即就得出通常的椭圆型方程.如果货全在圆外，那就是 
普通的双曲型偏微分方程 + 我们现在集中注意于贫的一部分在圆内另一部分在圆 
外的情况,也就是讨论混合型偏微分方程的问题+ 


7.3 特征线 

微分方程 

(1 — p 2 )dx 2 + 2xydxdy + (1 — x 2 )dy 2 = 0 (1) 

的解称为特征线，我们现在来解出这个微分方程式. 

x = i 显然是 （1) 的一个解，这是单位圆的一条 切线， 经过群 r 就得出单位國 
的所有的切线.因此，单位圆的所有齡切线都适合于微分方程⑴，它们也就是⑴ 
的通解，而单位圆是这方程的奇解. 

单位圆的切线是特征线，而这些特征线的包络线也就是这单位圆， 

特征线的一般形式是 


x cos a + y sin a = 1, 


即得 


p 2 (l — cos 2 a) = (1 — x cos a ) 2 , 

(x 2 + y 1 ) cos 2 a — 2x cos a + 1 - y 2 = 


所以 
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中换变如此则得 

du dn 、 d 2 u d 2 u . du . tn , 

恥=恧， ㈤ ， 矿 w f 、 p 〜 f ⑻， 

代入⑼式得 

/> 2 (i — p 2 )f ,2 (p)^^ + [p 2 (i - p 2 )f >l (p) + p(i — ^p 2 )/'(p)]^ + = 0- 

我们取 /( P ) 使 

P 2 |l 〜 P 2 \{f*{p)) 2 — 1 - ⑴ 

微分此式得 

2f(p)f f, (p)p 2 \l - p 2 \ + {2p\l - p 2 \ - 2p 2 sgn(l - p 2 )p)f 2 {p) = 0, 


即 


P 2 (l -〆) /"(/>)+Ml —2p 2 )/'(W=0, 


如果 /(/>) 适合于 （1), 则 （ D ) 式变为 


/(I _ P 2 ) f 2 ( p )^ + ^ 


即 


sgn(l - 〆 )楚 + |^ = 0 

因此 T 我们现在来解⑴式，即取$ = /⑻使 

di 1 

dp 


P \- P 2 yr ^ 


解得 


log 1 + v ^^ + C 当/ ><1， 




p 

arc cos - + C f 
P 


当/ >> 1. 


取 C = (T = 0,即得变形 




arc cosh 当 li < ( 

P 

—arc cos 当， ） 5 ： 1* 

P 


( 2 ) 



( E ) 
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这变形是连续的，而且变化的情况是 


P 

0 

1 

oo 


00 、 

、0 \ 

7T 

一 2 


经这样的变换后,所考虑的偏微分方程就变为 

.d 2 u d 2 u ^ 
Sgn ^0^ + 爾 = 0 , 


7 T 


此处一 g <(<00 及 一 7 T < 沒 
由 （ E ) 得 


P — 


coshf 


，当 O 0, 


当 




( E ，) 


cos 2 

这一变换是连续的，而且有一级连续微商,但是它的二级微商在0时不连续. 

这也指明了在研究 Jlasp 既 Tbw 方程的时候，在变形线上不能假定有二阶连续 
微商的道理. 

如果把 { p '&) A (^ 0 ) 都看成为垂直坐标，则得下图. 




❹ 


在0?， W 平面上所考虑的区域是 p > 0 , ~w <0 的半条形,适合于0 < p S 1 
的部分是椭圆区，而适合于 P > 1的部分是双曲匡，所画的 <7形曲线是一条特征线. 
其他的特征线可由此线水平移动得来.但需注意，我们把二直线0 = 7 T 与0二- 7 T 

等同起来，在 （ f ,0) 平面上，所考虑的区域点-^ < (及 -7 T < 6矣 7 T , 其中 C < 0 

的部分是双曲区,所画出的』形曲线是特征线 之一， 其他可由水平移动得来. 
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现在研究方程 




d 2 u 

w 


形如 u =中 [P) 娜 ) 的解，如此则 


沪 (1 - p^(p ) + ki - 2 P v( P ) rm 


^( p ) 


娜 ) 


由于 @ 的周期性可知 


r(e) 

Wf 


n % 


此处 n 是整数而得出 ^p( 0 ) — cosn 0 或 sinnS, 
由⑴及⑺得出 


p 2 (l — /? 2 )<p" + p(l — 2p 2 )<fi f - n 2 Lp - 0. 


命 cp = p1 ，得 


p 2 (l - p 2 )(p~ n ^ - 2np^ n ^ ¥ + n{n + l)p~"~ 2 #) 
+p(l -2p 2 )(p- n ^ -np~ n ~ l 0) - n 2 p~ n ^^0, 


即 


p(l — p 2 )#" — (2n — 1 — 2(n l)p 2 )^ n(n l)p# = 0* 


再命 




则得 


P 丁 


(v 


即 


色 2 巧 

dr 2 dr 


d 2 # 


)+ 2 P [1 


d0 


2{n — l)r]— - n(Ti — \)p^ — 0^ 

(It 


d 中 


4r(l — r)— + 2[1 + 2{n — l)r — r]— - n(n 一 1) 企 = 0, 


dr 2 


dr 


这是一个超几何微分 方程， 它的解一般用 


⑼ 


⑴ 


( 2 ) 


(3) 


⑷ 


( 5 ) 


( 6 ) 
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表之，但对这个特殊的方程，我们可以直接验算这方程有以下的两个解 

(1+^)' (1- “)' 

例如，前者的第一第二阶微商各为 


4(1 + “) n = $ n ( 1 + T 去广 —v —吾 
dr 2 

及 2 

矣 （1 +r^) n = \n(n - 1)(1 +r5} n - 2 r- 1 - \n(l +r^) n ~ l r~i y 

ar^ 4 4 

代入⑹式即得 

(1 — r)[n(n - 1)(1 + r^) n_2 - n(l + r^) n_1 r _ i] 

+ [1 + 2(n — l)r 一 r]n(l + r^} n-1 r - ^ - n[n — 1)(1 + r^) n 
=(1 + T^) n ~ 2 [n(n- 1)(1 -r) - n(l + r~^)(l -r) 

+ n(l +2(n — l)r — t )(1 + r_ 5 ) - n(n - 1)(1 + r + 2r^)] = 0, 


⑺ 


但 （7) 所给的两个解并不常是实的，为了研究实解答，我们用以下的两个 实解: 


阶卜伊(1 + 却+ (1—却 


及 


2 


Qn(r), 


此处 Q n ( r ) 


^7^((1+ dr -( l - d )% 我们取 


| r |( 若 t > 0, 

夂若 r < 0. 


2 


所以方程 （ D ) 有如下形式的一 些解: 


以 T K _ 沿， ^ sinnA 十^⑽喊 


p n 


p n 


P 


此处1，2,3,…， 

当 n = 0时，以上的处理方法必须补充，由 （1) 得 


⑻ 


⑼ 


p n 


p 2 (l — p 2 )ip /f (p) + p(l - 2 p 2 )ip f (p) — V s "( 沒 ） = 0 , 


前式即 


<p /f ( 9 ) 2 p 2 - 1 


+ - 


^(p) p(l - P 2 ) P + p 21 - p 
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所以 


即 


〆 {>) = - Ci 


2 




f ^ log 1 + ^ ^ + C 2t 

p(p ) =彳 j p 

C \ arc cos —— h C2 , 

I P 


当 P <1， 
当 P >1 


(假定了 V ㈤ 在连续)，同时少 W = CW + C 4 . 由于 u { pj ) 是6的以 2 tt 为 
周期的函数，所以 C 3 = ( X 命 


<^( p ) = i 


log 


\A - p 2 

p 


arc cos 


P 


当 /? < 1， 
当 h 


_ 此则 




^( p ) 

|t 妗 


这建议了微分方程 （ D ) 有以下形式的解答 


j p} 

u{p y 6) =-ao + y^(a„cosnfl + 6 打 sinrifl) x - 

2 P n 


十 


coa(p) + |t| 吾 x ^~^(c n cosi^ + d n siTm8) ^ n | T - 

n=i P 


(F) 


现在暂不讨论 （ F ) 的收敛问题及其是否适合于 （ D ) 的问题，而先虚瞰一下、由 
( F ) 建议出些什么来. 

首先我们应当肯定讨论那一类的函数，由 （ F ) 的形式可以看出，当 p = 1时，我 
们必须减弱条件，也就是我们不能假定 u ( P J ) 的微商在 p = 1处存在，但应当假定 


11 m 

p—* i — 0 


u{p,9) - u(l,9) 


=lim 

^J^l + O 


u ( p 』）一 u (1.9) 


( 10 ) 


存在， 

切实些说，我们所研究的函数类 如下： 

给一个区域 A 其中包有一段单位圆.当 p 〆 1时，函数 u ( pj ) 有二阶偏微商, 
但当 p = 1时，我们假定适合于 (10). 

如果我们限定所考虑的函数是实解析的，则 （ F ) 的第二部分不存在，因而也没 
有必要假定条件 （10) 了. 
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7.6 问题的提出（虚瞰) 

首先，在单位圆（变型线）上级数 （ F ) 的情况，我们有 


1 ^ 

tt ( l , 0) = -ao + y ^ ( a n cos n & + b n sin n &) 


m (定义). 


( i ) 


这建议了：如果仅仅给了单位圆上的数值（即 7 i ( i ,0) - 方程 （ d ) w 解答 

并不唯一，因为对任何的斤）在单位圆上都有相同的值，而且都是 （ D ) 的 
解答. 

这也建议了，我们应当考虑适合以下条件的函数：极限 


lim 


❹) -州) 
M 士 


( 2 ) 


存在，_ 


lim = lim ( c n cos nB + d n sin n ^)<3 n ( r ) + cq lim 乙(《) 

/ i |r|2 T —p — ± o |t-|2 

oo 

— ^2 n ( c n cos nd + d n sin n $) + Co ^ =XW (定义 h 

n= 1 

问腰 I 给了两个函数 w (0) 与 x ( 吖以 27 T 为 周期， 在什么条件下，有一个且 
仅有一个函数适合于 （ D ) (单位圆除外，但在单位圆上连续）而且 


( p ^) p=i = < p (0) 


⑶ 


lim 


,(p y 0)-ip(e) 




如果与 _ Fourier 级数各为 


1 

if ($) = -ao + cosnO 十 b n sin n 6) 


⑷ 


(5) 


1 00 

m = p + cosn $ + 5 n sin n 9 ), 


⑹ 




7.6 问题的提出 （虚矚 0 
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则解答就是 


I / jj - \ 

u(p^6) =-do + y^(an cosn^ 十 & n sin nd) — r - - 
^ «_i P 71 


+ ^lo<r(p) + |t|5 V] 丄 (7„ cosM 十 ‘ sin n0) — n ^— ■ 
2 n p n 


如果假定解答是实解析的，则条件⑶就有希望唯一决定（1>)的解了 
其次，考虑在特征线上的情况，取特征线 a : = 1，即 


7 T 


pcmd = 1^ |^| ^ 


现在 


Pn(r) 

p n 


2 


n 


tv 


1 

_ + — 
P P 


P 


P 


{(cos 9 + i sin0) n + (cos9 — isintf 广） 


2 

cos nd. 


⑺ 


同样，我们有 


1 


Qn(r) 

p n 


sin nd 


因此得到 


u 


cosd' 




1 

豆 Go 十乏二 {a n cos n0 十 b n sin n6) cos nd 


+ cod + ^^(c n cosn^ + d n sin n$) sin nd 


n- 


l I 00 

-o,o + + cos 2nd) + b n sin 2n0] 


n- 


j 00 

+ ^ + - y^[c n sin 2n$ + d n (l — cos 2n9)\ 


n- 


2 


a 。+ 


n: 


+ Cq 0 


1 °° 

+ - — d n ) cos2n9 H- (b n + c n ) sin 2nB] 


n- 



■ 134 ■ 


第 7 讲混合型偏微分方程 


^⑻（定 义). 


⑻ 


由 


t/(t.0)=w(0) = r(0 )， ⑼ 

可以推出以下的问题. 

问题 II 给了两个函数与 r (沒)，州）与 r (沒)各以 2 tt 及 7 T 为周期 T 而 
且 WO ) = T (0) + 在怎样的条件下，有函数 u ( p ^) 存在适合于 （ D ) (单位圆上仍有如 
前的假定）而且 

ti(p, 0) |y?— 1 = ip(9)^ ^)]t = 1 = T(0). 

如果 p ⑻的 Fourier 展开式 （6) 及 r ⑻有 Fourier 展幵式 


1 、 

t(6) = -ao + yo$ + ^(a n cos 2n0 -h j3 n sin 2nB) 

2 n^l 


( 10 ) 


j O0 1 oo 

— Qq 〉: = ~^0 〉: 


n- 


则解答应当是 


1 P (T) 

u(p, 0) =-ao + (On cos n0 H- b n sin n&) J 

« — i r 


Qn( r ) 


^oa(p) + |r|3 y^[(2ffn — bn) cosn6 - (2a n - a n )sin n&] . (11) 


n 


再考虑圆内的情况，我们引进新变数 


1 


-1 = 

1 — T2 

p 

p 

V p 2 

p ■ 

1 十 


X = 

在这变换下，把微分方程 （ D ) 变为 

d 2 u 1 du 1 d 2 u ^ 

-— ~~ 丄【) ■ 

d \ 2 xd\ X 2 de 2 

这恰好就是 Laplace 方程的极坐标形式，由于 

P 2 \/^ — 

当 p 由0变到1时， A 也由0变到 1. 并且对应是 1-1 的，这样便有 

Pn ( r ) ] 


( 12 ) 


p n 


2p fl 


[(1 +ri) n + (l -r^) n ] 
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及 <j{p) — log V 所以 


1 1 °° 

u(p, 8) —~ao + - (a n cos n0 + (^sin n0)(A Tt 十 A _n ) 


71: 


1 °° 

+ Co log 入 + 7y " y ^ ( c n COB ud + d n SUl 710)( —\ n - {- X ~ 7 ') 


n- 


1 1 

2^0+9 Etf^ + Cn)QosnB + (6^ + d n )sinn&]A 


'H 


n- 


1 °° 

十 cglogA + 豆 ^[(a n 一 c n )cosnd + (h^, - d n )mnud\\ n 


n- 


u (\ e ), 


(13) 


这里 U {\$) 是一个在环状域内的普通的单值调和函数，这也就是一个环状域的解 
析函数的实数部分，因而建议了 


问题 III 在变型线（单位圆）上及圆内一 

闭曲线 r 上给了 u { p ,9) 的函 数值： 

u(p^ S) |p=l — <P [&') ， 

u{p, 0)\r = 4)($), (14) 


则 （ D ) 的解是存在而且唯一的. 
特别 r 是同心圆有 
问题 IV 给了 



u(p,B)\ p= i = #( 6 )， 

^{P^)\p=p l} =欽 ( 沒 ）. （） < 仲 < 1 ， 


求 u { p , 0). 

有以下处理方法. 






7.6 问超的提出（虚瞰) 
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l ^{ p ) + ^[(«n - ^/ nK ) cosn 9 + {0 n - 5„ Ao ) sin 7 i @]- n ^-- .(20) 


打 =i 


如果 （14> 所给的函数的 Fourier 缓数是 


1 、 

( p (6) = -ao + y ^( a n cos n 9 + b n smnff )^ 


n- 


1 

il }(0) = -co + ^2 ( c n cos n 9 + d n sin n &) 


( 21 ) 


n ： 


与 (18), (19) 比较侧得 


ao + 70 = a 。 ， 十 A 。 TVi = ， Pn Ag 5^ = b n 

ao + 7o + 2*ylog A 0 = c 0> a n Ao + 7n = 


Pn^o + *5 n = d n . 

代入 (20), 我们可以希望问题 IV 的解的形式是 

1 00 

u { p ^0) —~ao + cos n 8 + b n sinn @) 


n 


Pn(r) 

p n 


Cq — ceq 
2 log A 0 


a(P) + M=£ O " — i -^Ag" Cn ) COS — 


- \ ^2 n ‘) Sitln0 


Qnij) 

p n 


1 oo 戶 (t) i 

-a 0 + y^(a n cosnd + & n sinn0)^^ + -(cq - ao) 

n = 1 只 . 


< P ) 

^( po ) 


T 

TO 


i oc 

E 

a —i 




QnM 

Pn ( ro ) b n + d n p ^ 


co^nd 


sinnfi 


Qn(r) 

p n 


Qn (^ o ) 

此处 Po ^ tq 是当 A = A Q 时 p 与 t 的值+ 

问趣 V ( Tricomi ) 命 r 的圆内的一条闭 曲线， 假定在 I 7 上及一条特征线（例 
Mx ^ l ) 上给了函数值，则 （ D ) 的解答是唯一的. 

我们还是取 r 是一个同心圆的情况，假定 


u { p ,6 )\r =娜)， U ( P > ^)1 


x= I 




潮. 


为了解决这问題，我们把问题 II 及 IV 的解等同起来,先假定有 


u ( p ,9 )\ p= i = ip {0). 
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比较 （11) 与 （22) 可知 


To 


^0 ^ ft o 0 j (1 + Ag n )a n — 2 AqC t 

— On = - 


21ogA 0 , 


一 2 o n + a n 


l-f 

(1 + Ao Tl )fe n — 2Apd n 




由此解出 a 0 , & n , 代入 （11) 式 SP 得所求 + 

问题 VI 假定了 


u ( p ， e )| 


p = f >\\ 


州 ) ， u(p,e)\ x 




而求解. 

在 （ F ) 中代入以上的条彳牛得出 


以0肩 I 




oo 

a 0 + + dn ) 

, ” =1 
oo 


+ Cq$ 


1 i 

+ 9 ^[(a n — d n ) cos 2nd + (b n + Cn) sin 2n8] 


n 


1 °° 

=-a 0 + CQa{p Q ) + ^ 


/ >o 

r I —瓜 

& „学 + | 表 寧 

Po Po . 

与 （10) 及 （21)( 把其中的 q d 改为 〆 . ㈧ 相比较得 


a n ^^ + \ r 0 \^ c n Qn{T0) 


PE 


sin nS >. 


oc 


a 0 = ao + + d n ), 7o = Q> ? On = -(a n - d n ) 


n 


fin 


= ^ (&n + C n ), C f (] = Oo + 2Cq(j{Pq), 

c ^ an ^l + ^ Cn ^ 

Po Po 

7.7 级数的收敛性 


现在我们考虑级数 


U 


1 X E > / \ 

(p, 6) =-ao + / (o n cos n$ + b n sinn^) x — ~ - 

2 ^ p n 

_ 1 1 


cos nQ 



7.7 级数的收敛性 
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+ 


coff(p) + t| 金互二 (Cn cos nO + d n sin nff ) 

TL "T 


的收敛性及是否适合于方程 （ D ) 的问题. 

我们先考虑单位圆外的情况，即1，命 


1 _ 7T 

P = 7—", 0 $ 7? < X , 


COST/ 


2 


则 





I 

丁 5 


n 


n 


2 


P 


P 


cos nr), 


H 


i 


Qn(r) 


p n 
CJ(P )= 屮 

如此， 级数 （ F ) 变为 


2 i 



n 


Tl' 


r ^ 


r 2 


P 


P 


smmj. 


1 oc 

u(p, 6) ( g n cos n0 + h n sin nd ) cosnq 

JLt 

n=l 

oo 

+ cqT ) + ^ cos nd + d n sin nO ) sin nr }. 


由于 


及 


OQ 


8 二治 ❹、 = 一 ^ n 2 ( a 7l cos u 6 + b n sin n 9) cos nrf 


oo 


一 n 2 ( c t} cos n 9 + d n sin nB ) sin m ). 


n- 


d ，2 u ( p , 0) 
dp 2 


y ^( fl n cosn ^ + b n sin nd ) ^ — n 2 cosn ?| (f ) 


2 


drf 


oc 


n sinn ?|— J + ^( c n cos n & + d n sin n &) 


x 


2 


— n 2 sin nr } (f ) + " con m / 


⑵ 


所以只要假定了 


y^(kn| + S&nl + k ?l | + lO 2 < DO , 


TX — 


(F) 


⑴ 


( 2 ) 


(3) 

(4) 
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则级数⑴，（2)， （3) 都一致收敛，因此， （ F ) 在单位圆外适合于方程式 （ D ). 

条件⑷当然可由假定 ^0) 有四阶连续微商， x 奶有三阶连续微商推出之.当 
然也可由 W 幻与 r ⑻都有四阶连续微商推出之（或用其他 Fourier 级数论中常见 
的更弱的条件). 

再论圆内的 情况： 我们将证明 两点： 


1。如果级数 （ F ) 当/> = Po , B = 0 O 收敛，则当 p > A ), 0 = fio 时也收敛* 

2°如果它当 p = po 及一个测度为正的0集合上收敛,则当 p ^ po 时收敛（并 
且在这区域中任何一个有限区域一致收敛). 

1°的证_十分容易，因为 P n { j )/ p ' Q n ( r )/ p n & />的递减函数，可以从 


lim 


( a n cos n $ + b n sinnfl ) 


Pn(r 0 ) 

PS 


n 




及 


lim 


(cn cos n 6 + dn sin nff ) 


QnOo) 


€ 


立刻推得 p W 时，有拜 < 1 存在使 


Mm 


( a n cos n 9 + b n sin nd ) 


Pn(r) 

p n 


n 




及 


lim 


{ c n cos n 9 + d n sin nO ) 


Qn(r) 

p n 


< :終 • 


要证明 2。， 我们需用引理：如果有一正测度的点集$其上任一点 6 有 


lim \ a n cos n 6 + b n sin n 0 



则 i 

这引理是已知的（或可以从数论中的一致分布概念推出 }( JIy 3 HH，Steinhaus 见 Zyg - 
mund f Trigonometrial Sereis , p .131 及 p ,269). 

有了这引理立刻可用前法推出2。来，并可知推出 


^ti» bn^ dji — O (pQ} * 

这条件如果适合，则条件 （4) 当然 成立- 

总之，如果在单位圆内以原点为中心的一个圆上，有一正测度的点集在它上 
(下）收敛，则在此圆之外无处不收敛，并且适合于微分方程 
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因此 


1 00 

E (〜 cos n$ + I3 n sin n$) (cos nO + sin n9) 

71 .= 1 

1 1 广' 

n (cos 2n6 + 1 + sin 2nd) 


n 


+ /? n (shi 2n$ — cos 2n$ + 1) 

1 00 

7 如十 cos 2nd + q n sin2n0) = r(0). 


n 


其次在圆外， （1) 处处收敛，而且适合于 （ D ). 在单位圆外命 


P 


COS T) 


, 丌 


则 


hi ⑽哪 | 七碰二_ ■ 


P n 


P n 


因而 （1) 变为 


1 、 

咖 0 = ； -ao + ^~^(a n cos n9 H- j3 n sin n0) (cos nr} + sin nrf) 


n —1 


oo 


由于 J](K| + \0n\) < OO. 这级数的收敛没有问题. 

n— 1 

如果假定了 


^ 2 ^ 2 (\ Pn \ + \ qn \) < OO, 


则 


^2 / 

———— = — n 2 (a n cos nd + j3 n sin n0)(cos nr\ + sin nr)) 


n 




oo 


y n (o n cos nd + f3 n sin n@) (— sinnri H- cos nrj) 


( 2 ) 


由此可知 （1) 适合于方程式 （ D )， 当然我们要添一些假定：例如 r ( d ) 有四阶 
连续微商.但如果不适合这个假定，我们也不妨把 （1) 看为方程 （ D ) 在双曲区的广 
义解. 




7.8 圆内无奇点的函数（对应于全纯函数) 
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最后，在单位圆内，我们引进新变数 


A 




1 


1 — 
P 


P 


1 + TJ 


由于 


dX 1 - \ J \ - p 4 


3 0 , 


dp p 2 sj\ - 十 

当 p 由 0 变到 1 时， A 也单调上升的由0变到 1. 这样便有 


Pn(r) 

P n 


1 


n 


2 


2 


P 


+ 


—T5 

P 




H 


3 


Qn ( r ) 

p n 


-{- x ^ + x-y 


因此级数 （i) 变为 


u{p,9) — -a^ + ^ {a n cos n$ + fi n sirm 沒 ) A 


它是 { X ~ n ,0) 的调和函数，并且圆内处处收敛，因而在國内 （1) 也适合于 （D) 
(2) 唯一性.我们证明，只有 u ( P ，0) 三 Q 才能适合于 


u ( p , 0 ) l x= i = 0, 

而且单位圆内无奇点. 

在圆外有通解 

u(p, 9) — F{ (沒 + cos -1 + F% ^ — cos -1 — 

F 2 (0) = 

即得 

= F [(20) = 0 + 

因此在圆外， 

u { P , e ) = f 2 (e - c^ 1 ^, f 2 ( o ) = o, 

由方程 （ d ) 可知 


du 

m P ^i 


_ d 2 u 

= w 
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=^2 cos_L 去 ) ~/4^t - 

V P} py/p 2 - 1 ^=1 

当 P = 1 时分母为0,因此巧=( X 命 

u(\e) = u( P ,e )， 

则得 

, im u(p,0)-u(h0) ^ Um i7(A T g) —£/(M> _ dU 

P ~^1—0 |^| \ A ― ►! —0 1 _ A X=l 

也就是 

du _ _au 

dX A =1 _ 96 A =1 

假定? / 是复变数解析函数 /U) 的实数部分，而 v 乃其虚数部分 ，则 

f(z)^U + iV 

把单位圆间=1变为一直线 

t /十 v = a 

运用 Schwarz 对称定理，在某些必须添加的条 件下， 函数 /(z) 的解析性可以扩展到 
全平面（包括无穷远点I因而证出 F = 0. 


7.9 圆内有对数奇点的函数 


先从 

log A 

出发+它是一个圆内以原点为对数奇点的调和函数+换为 ( p ^ e ) 符号，则得方程 （ D ) 
的一个基本解 


或 



当 p S 1 ， 
当 01 



当 P+y 2 以 
当 ; c 2 + y 2 > 1. 




7.9 圆内有对数奇点 W 函数 
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现在利用群的作用 >命 


x = f(x\y\a,b), y = g(x\y\a,b) 

代表一个把 （ a , b ) 变为原点的 变换， 这样 

<7(t ， j/) = y f ; a,b)^g(x\ y f ; a, b)) = a a ^{x f % y r ). 

由于偏微分方程的不变性可知 ^ hi ^ V ) 依然是 （ D ) 的解答 * 

命 fjL ( a t b) 是任一分布函数，则 


F[x ， y) = jj 

a 3 +6 2 ^l 


(工， 


依然是方程 （ D ) 的解答. 

问题 F(i,y) 是怎样的函数类，也便是从怎样的函数 My )} 类中，对每一个 
我们可以找到一个 Ma ，6) 使 


更具体些: 







xi — (x cos a + y sin CK - ^)/(1 - fix cos a — pysino ；)， 
yi = \/l - |i 2 (—xsincK + ycaso；)/(l - fix cos ot — fiy sin a) 

是一个厂内的变形,它把圆内的一点 (/. icoso ^ sina ) 变为 (0,0), 因而函数 

呼 cos a, ^ sin a(x y y) 

yj(x cos a + y sin a — /i) 2 + (1 — |i 2 )(—xsino + ycosa) 2 


a 


1 — fix cos a — jjiy sin a 


a 


a 


十 y 2 — 1) 十 （1 一 cos a 4- j / sino )) 2 
1 — ft(xcosa + y sin a) 

\/(i - ti 2 ){ p 2 一 l ) + (i — Mpcos(a — e )) 2 

1 — iifi cos{a — 6) 


(x = p cos 0, y = psin6). 


当 x = 1， y = tan 沒时 

广 1 产 2?r 

p ( tan @) 





cos 


cos 9 — ficos(a — Q) 


o JO 


y^(l — fi 2 ) sin 2 8 + (cos $ — 烊 cos(a — 0)) 2 


dg(o ：， |i) 


问题一变而为怎样瞻 f ( tan 卟我们可以解得变函数 q ( a,fiy 



-146 ■ 


混合型偏微分方程 


7,10 Poisson 公式 


从 r 的一般变形函数 


f a\x -h hiy + ci f a 2 3 ： 十 b 2 y + c 2 
a 3 x + b 3 y + c 3 5 a 3 x + b^y + cs 1 


⑴ 


x = cos 沒 ， y — sin 汐， x* = cos 9 \ y r — sin 9 f . 


如此则得 


cos $ } 


gin 9 r — 


a\ cos ^ + fci sin^ + cj 
as cos ^ + 63 sin ^ + C3' 
a，2 cos & + b2 sin 沒 + C2 
as cos ^ + 63 sin 0 + 


所以 


^ a2 cos 0 十 62 Bin 沒 + Q 

tan W = -- - : ~—： - 

ai cos 0 + &i sm y + cj 

因之，由 7.1 节的 a ~ c 的关系可得 


de f 


■((ai cos 9 + bj sm 6 + cj) (— ag sin0 + 62 cos 0 ) 

一 (a2 cos# + 62 sin0 + C2){—a\ sin$ H- 61 cos 沒 )） 

/ {(d2 cos 8 + b2 sin 8 + c。) 2 + (ai cos 0 + 6j sinff -h c!) 2 ) 

(aii > 2 - 02^1 + {-c\a2 4 - C2ai)sin$ + (ci&2 - C2b\) cost?) 

/((I + al) cos 2 9 + 2a 3 6 3 cos6sin0 + (1 + 的） sin 2 8 

+ 2aaC3 cos 8 + 2f>3C3 sinO + <^ — 1) 

1 

■ 

cos 0 + 63 sin 8 + C3 


因此得出 


d& = 


2tt Jo 2tt J q 1g3 cos 0 + 63 sin 沒 + C3 

假定变换⑴把点 (^ V ) 变为原点，即 

ai ^ + b \ T ] + c \ — 0, a 2 i + + ^2 = 0- 

此点在单位圆内.由（ 5 )可知 

i =—— ， n = 

cs q 


( 2 ) 


(3) 


⑷ 


( 5 ) 




7.10 Poisson 公式 
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1 - P 

i + p 


又由 


a i + 括 一 c l 


可知 


4 a 2 + " 2 -1) 


代入 （3) 式得 




yjl - $ 2 - Tj 2 

1 一 f cos 8 — 7) si]i 沒 


换 ㈣ 为 ( x . y ), 因此由⑷ 得出： 对圆内任一点 ( x 、 y ) 常有 


2 tt 


y/j- X 2 - y 2 

— x cos 8 — y sin 0 


(由厂 \ xcos 0 - ysin^l < L ) 如果有极坐标，则 


y /1 - p 2 

pcos(0 d') 


如果 ( x . y ) 在圆外，即当 p > 1 时， 


( 6 ) 


⑺ 


pcos (0 - 


⑻ 


要证明此点十分容易，因为-~~^的不定积分等于 

1 - p COS& 


log 


因此 


/ -- !im 

1 — p COS U eiO 


►arc cos y —e 


arc cos 士 / 1 _ P COS 0 


p^T th log 


^]^ log 


arc cos - - e 

P 2 ~ 1 tan — 1 — /? arc cos - + £ 

- P 

_ 1 / i \ 

■p 2 — 1 tan - f arc cos - e j + 1 — p 

yj)i 2 — 1 tan ▲air cos - + ^ + 1 — p 

i P 



= 0. 
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引进一个函数 


B -i?) ^ 


1 — pcos(S — 


r = l-p 2 . 


称为 Poisson 核.这函数有以下的一些 性质： 

(1) 把尸(以-的看成为极坐标 (pj) 的函数，不管圆内圆外，它适合于 （D). 

(2) 在圆周上除去一点0 =分外，处处为 0. 

(3) 在整个平面上，除去一条直线（特征线之一 T pcos(0 - 少）= 1) 外，处处有限， 
但在这特征线上，它变为无穷. 

(4) 我们有关系式 


•■ 27 T 


2 ?r 


P ( p , e)de 


0 


0，若 /? > 1， 
1，若 P<1. 


如果给了 


u(p,0)\ p= i = a ⑻， 


作函数 


> 2 貫 


U ( p ， 


2 tt J 0 


P{P，B -命)0£(命)抓 


在圆内这函数是适合于微分方程 （D) 的. 
在圆外，命 


7 T 


P 


costi 




则 


p (以 一V0 




smq 


cos" — cos(d — 


smr ? 


2 sin ~( t / + ^ — ^) sin - (f} — 9 + ♦、 

A j£ 

2 .tan -(i) + 0 — jp) + tan - ^ 0 + ^) 


⑻ 


由此可得 


此处 


u{p, B) - Fi ( t ) -\-9) + F 2 (t] — 0), 


^2it 


^ 1 ( 7 ) = -^― / tan -(7 -妙 ) q (必 )(#， 
4tt 九 I 




7.11 变型线上给了值的函数 
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巧(7 )= -石 j tan 2 (7 + 

这些奇异积分可能并不存在，即使存在也可能不能求微商+但我们可以把公式 （9) 
作为在双曲方程 （ D ) 的广义解来处理. 

在 咖) 上加上些条件使、朽存在而且有二阶微商，这样的 u ( p 、&) 就是方 
程⑼ 的解. 


假定给了 


及 


此处 F(e),G( 0 ) 在 a < 0 0间是实解析函数，由此条件定出适合于 （ D ) 的函数 

u ( p ,8). 

在圆内命 


7.11 变型线上给了值的函数 


Ap ， ❹) 


p - 


m 


⑴ 




( 2 ) 


u{p,e)^u{\,ei 


则 

U ( l 7 d ) = F(ei 芸-- - G ( e ), 

这就是一个 KoBaJiescKaa 问题,其解答如下：先考虑适合于 


的调和函数，函数 




dlh 

A=1 


u x (Ke) = J^(-ir 

n=Q 


( log\) 2n 

(2n)! 


F i 2 n) { 0 ) 


(3) 


(4) 


(5) 


就适合我们的要求，其理由是 
(0 [ M 1，0) = _ ; 

观 1 ^ ㈠ 广棠^， 


( ii ) A 


dx 


A^l 


n 


X 


d f'dUl 


( iii ) A — A 




d \ \ 9 X 




n =. 


(2n-2)! 


0 
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d 2 

W 


E(-n 


m 


由于 


,771 = 0 


( logA) 2m 
(2m)! 




吵岭 f ^， 

n=0 


可知 


F(9 ^ ilogX) ^ F(d - ilogX) 
g ^ W { .n + ( _ in(logA) n 


71=0 


n ! 


由⑻得出 


Ui(K9) = -(F(0 +Hog X) + F(9-ilogX)), 


同法得出适合于 


U 2 ( Uff )^0, 


du 2 




G(0) 


x=i 


的调和函数是 




fj = 0 


(2n + 1)! 


,(Gi(0 + zlogA) -Gi(0-Uog\)) 7 


o 


此处 （ ^(0)= / G{t)dt. 

Jo 

因此 


(7(A, $) =U l (X.e)-U 2 (XJ) 


- (F(ff + ilogX) + F(0- i log X)) 

- ^(G l ($ + i\ogX)-G l (9-i\og\)) 


回到原符号，在圆内 


<j{p) = log 


P V P 


V ~ l ) 


log 


P V P 


R 


log A, 


因此，当 1 时， 


⑹ 


u{p,0) =-{F{e^%a{p)) + F($ - ia(p))[ 




7,12 在一特征线上取零值的函数 
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2 i 


: C \{0 4- i < y { p )) — G [(9 — iff (/ >))J 


⑺ 


在圆外, 


■( M ) 


2 


F 0 + cos 


3 


+ F [ $ — cos 




+ 2 


G\ \ 0 -\- cos— ; 


P 


C\ 0 - con 


-l 


极易 证明: 


n(l 肩二 F(0), 


Inn 綱 ― 产灼 = 6^) 

土 1 [ t |2 


也就是⑺与⑻给了本问题的解答. 

再看这解答在圆外适用的范围，由于必须要 


P 


⑻ 


a ^0 — arc cos - <. 6 + arc rots - 大 

P P 


可知 


pcos(a — 8) ^ 1 ^ pcos{：^ - 9) 


即在单位圆二切线之间，其一是切于 


a 


. 它一是切 T @ 的直线 


a = 0 T 现在看这函数在= I 上的情况，即" 


COS 0 


:则 


咖 ZH F _ + F (0) )+ W ⑽— G 、 ⑼)， 


7.12 在一特征线上取零值的函数 


再考虑适合于 

的函 数类+ 

在圆外、由于 

u(p,e) = Fi ^ + ⑽叶土 ) + f 2 ( 以一 vos ~ l ~j ^ F ^ {] ) ^ °* 


即得 


咖，翊 i=i = 6(2") = 0 
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因此 


(P,0) = F 2 


cos -1 - ) , F 2 (0) =0+ 


由 


l\m 


ti(p ， 沒）一 u(l,&) 


l 0 — cos 


lira 


P 


命 u ( p , B ) 


| r | 2 p—1 | t |* 

U ( K 9 ), 则适合于 （ 1 ) 的函数常适合于 


6⑼， 


d 


u ( h 6)^ F 2 ( e ), ^ U (\, e)\x 


F ⑽ ■ 


(2) 


如果 u(p 7 0) 在圆内有一部分存在，丽且包有一段圆弧为边界，另一部分是一曲 
线，在 ( K 0) 平面上所对应的区域记之为 A 其边界也有一部分是单位圆的圆弧，记 
之为7,其他部分以尸记之. 

在 D 内 U ( XJ ) 是一个解析函数的实数部分，而且 
命之为 

f 2 ^ f ( z ) = U ( X 1 B ) + iV { X i 0). 



由于 


m u ^ = ¥e v ^ 


所以 


v(i,e) = - F 2 {0) + c, 

这里 c 是一常数.不妨假定它等于 a 保角变换 


^ = fi z ) 

把 D 变为 D' 把 D 的圆 弧边界7变为直线 

U + V ^0, 

假定保角变换是单叶的，则由 Schwarz 原理解析扩展可以把函数/(4的解析性推 
到圆外,假定广是由 r 依圆反演出来的曲线，则在 nr 所围成的区域内 /( z ) 
定义，在 r 上 f ( z ) 的实数部分己经有了，在 r 上 C / 也已定义了，由 r 与 r 上的 
tS , u 是存在的，而且是唯一的（详情与❿眼咖的工作相仿，用 Keji ^ aebim-CeiioB 
公式解决选问题)+ 





第 8 讲形式 Fourier 级数与广义函数 

8.1 形式 Fourier 级数 

已经不止一次地提到，给了一个收敛的 Fomwi 级数 

oo 

ao 4- ^ (a n cos 打沒 + siu nO), 

l 

有一个圆内的调和函数 


( 1 ) 


do 


4- ^ ( a n cos nB + b n sin nO ) p n , 0 ^ p 



但是反过来，如果 （2) 对任一适合于0 S i 的 p 收敛，如果 （2) 收敛，我们就 
说 （1) 定义一个广义函数.因为调和函数是无穷可微的，因而广义函数也是无穷可 
微的， 

虽然看来简单，这样定义出来的广义的函数比 Schwarz 的广义函数的范围还 
大，更宽广的考虑是从形式 Fourier 级数出发. 

一 个形式 Fourier 级数 


就定义为一个广义函数，我们不管它是不是收敛，是不是在某种意义下可求和.这 
一广义函数用来表示 . 

OQ 


今后常用 f 表示 E /而表示 E 中除去一项 n = CK 命 


n 


n 


oc 

v( 9 )= Y, 

n= — oc 

对任二复数 A T 形式 Fourier 级数 

OC 

\u(e) + tiv(6) - ( x ° -十 f 山 ny ne 

77 = — OO 


仍然是一广义函数 + 所以广义函数是一线性集合. 
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二广义函数的乘积一般不定义的，其原因在于 

〉: aibjji 

可能并不收敛. 

但如果 

r 

/ ^ a./? 力 n 

n. 

收敛（或在某种意义可求和)、则此值称为二广义函数 u (…与 W ) 的无向积或内积, 
以 ( u ( d ) y ^( e )) 表之. 

显然有 


( U (吖 _)) = ( 麟，) ， 

( Aui (^) + ^ u 2 {0). v (0)) = \( u } ( e ), v (0)) + } i ( u 2 {0), v ($)), 

而且有 

( w (0)， e in ^) — a n . 

定义 

[ u [0)， v(O - 4，])二 { u{d + f ), v ( Q )) = 

n 

为二函数 u (9), v (6) 的卷积 > 

最有趣的例子是 Dira ^ 函数 

S (6) 二 气 

n 

它使 

(u ⑻專 —0)) = J2 a ^ m，= 稱 

n 

有时我们也把 - 利记成为 8^{9). 

广义函数的微商的定义是 

iy^rm n e in9 , 

n 

以 u f ( e ) 记之，显然有 

{ u f (9), v ( d )) = i ^ na n b ri = -^ a n { inb 7t ) = - { tt (9), v f {0)). 




8,1 形式 Fourier 级数 
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故立得 

(u(0), 8 J {0 -Jp)} = - [u f (e),5{0 - 0 )) = 


( u ( e ). s ^( e -^)) = (一1)、/⑺(办 

但这样定义的广义函数太广泛了，不能推出很多有用 M 结论.我们现在先引进 
两类特殊的广义函数+ 

如果系数 a n 适合于 


max ( [im \ a 1t Inn a _^ ，^ ) ^ 1. 

\«—f OC Ji—cc / 

则所对应的广义函数称为 H 类的广义函数+或简称//型广义函数 + 

显然， H 类广义函数成一线性集合，而且 H 类广义函数的微商仍然是//类广 
义函数.二//型广义函数的卷积仍然是//型广义函数 

如果有一整数使& = 0(|/^),则所对应的广义函数称为 S 型的广义函数. 
这就是 Schwarz 的广义函数. 

显然，一个 S 型广义函数一定是一个//型广义函数，且 S 型广义函数也成为 
一线性集合且对微分运算及卷积而自封， 

附记 H 型广义函数之间定义了两个运算“加”和“卷积 '把 “卷积”看为 
“乘' 则所有的//型广义函数成一环. 

更明确些，定义 

u{&) ± v(0) — y^(a T , 土 b n )e iH °. 

n 

。= (u(V f )， !，(汐一 V，)）= [a, 九 e me , 

n 

交换、结合、分配等定律都不难直接证明.这环还有单位元 


而 

\ u { B ) = ( u {0), X 6(^ -())). 

e jn0 (n = 0 ,±L ±2,^-) 是幂等元， _ 这些幂等元是相互正交的. 

即 o = 0( 若 m # n ). 这些幂等元的和是单位元 6(9). 

S 型函数也有些性质. 
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8.2 对偶性 


两类广义函数 T 与+ 如适合以下的三条件则称为互相对 偶：⑴ 对诸 u e $ 
及诸 M r, {u,v) 常收敛 . （ ii) 若 (ti 7 v) 对所有的 UET 常收敛，则可以推出 v€T 
及 （ iii) 若 （ u ， 0) 对所有的 v ^ T 常收敛，则 ueT . 

例1所有广义函数成一类 K 和所有的由有限 Fourier 级数所成的类於之 
间是有对偶关 系的. 

例2 命 p > 1及〆= p/p - 1，则 L p 与 V 之间是有对偶关系的.这些 
表示适合于 

|〜| p < oo 

71 

的的函数类. 

例3 如果把 J 2 a ^ h n 的收敛性改为 (c ? l) 求和法，则还有以下_一些对偶 

类： （ a ) B 与 L (此处 S 表示囿函数的 Fourier 级数所成的类)， （b) (7 与说成 一 对 
偁类（此处 C 表示连续函数的 Fourier 级数所成的类， 5 t 表示 Fmirier-Stidtjes 级 
数所成的类). 

总起来，具有以下的关系 

CcL°° = BcL pf cL 2 c L^cLcSL 

容易证明，一类与其对偶数重合必然是 L 2 . 

定理1 命 < p ( n ) 表一递増正函数，当 n 趋向无穷时， if ( n ) 趋向无穷，并且假 
定对任一 5 > 0,级数 

oc 1 

5 ( 咖) 尸 

常收敛/命 T 代表适含于 

\og\a n \ = o(logp(H)) 

的广义函数所成的类，而 f 是适合于 

log^(|n|) = O (log 4 

的广义函数所成的类，则 r 与 f 之间有对偶关系- 
证 (i) 由定义，对任一 e > 0,当 n 充分大时常有 



j }' T 


又有一数 C > 0使 


l‘i < Mhi )) c " 

所以是收敛的. 

n 

(H) 假定 v 不属于 r, 贝！I有一数列^，使 

iim = oc. 

v—^oo , 1 

log ^j 

取 k = l/bn v 及其他 = 0, 如此所定义的广义函数 1X(0 属于 r 而 [ a n bn 

发散. " 

(iii) 假定 u + 属于 7 1 , 则有一数列 〜， 使 

log\on v \ ^ clog^dn^l), c> 0. 

取 k =丄及其他 h = 0,如此所定义的广义函数咖）属于 f 而 Ta n b n 发散. 

a n v ^ 

在定理1中取 P(n) = e' 则类 T 立刻变为类盖由 


可知 

又关系 

与次之关系等价 


Iog | a „| = o (\ n\) r 
Lim \a n \^ ^ 1* 

Tl—KX? 

和 o «) 

lim |6 n |W < L 


因此得 

定理 2 // 类的对偶类点是适合于以下条件的广义函数所 组成: 


max 


(lim |6„| 去 ， lim |6^^| 

\n—^oo n—oo 



取 ^{ n ) = e ^ P ( p > 1) 所得的类: T 以 G p 表之，由定理 1 可 推出: 
定理3 G p 是由适合于 


in ^ ri ^ i |nrP 

㈣ —CC 


^ 1 
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的广义函数所成的类，它的对偶类占 p 是由适合于 

•7i | ― ►OO 


的广义函数所成的， 

类 G p 是由 I ' eji ^ aH ^- LLXMJioB 所引进的， 

与定理1的证法相仿可得 

定理4 命 ^( n ) 表一递增正函数当 n 趋无穷，并且假定有一正数 A 使 

OC 1 

S (V>(n)) A 

收敛.命 r 表适合以下条件的广义函数类 


log|a n | = 0 (\og t/?(\n \)) , 


及+为适合于 


log0(|n|) = o 


的广义函数所成 的类， 则类 r 与类 f 是有对偶关系的. 

在定理 4 中取 i ；{ n ) = n ? 则类 r 就是类&故得 

定理5 S 类的对偶类 | 是由适合以下条件的广义函数所组成的，对任 
g >0 常有 

再在定理 4 中取 C 所得出的类 r 以/表之，由定理 4 可得 
定理 6 I 类的对偶类 ° j 是由适合于 


liiii 


n 





的函数所组成的. 

附记1类还可以分得更细致，例如，在定理4中把条件改为 


~y — lOg |^| 
log n \) 




并无任何困难可以找出这类的对偶类. 

附记2 极易证明， 务类(或备类) 也是线性集合而且对微分运算及卷积而自 
封的，它虽然成 一环， 但并不包有单位元 . A 是 I 的理想子，命表示//中的任 
一理想子 + 如果中所包有的广义函数都是普通函数，也就是这些广义函数的形 
式 Fourier 级数都是收敛的，则称为函数类的理想子，易见： k 是 H 的最大的 
函数类理想子. 




8.3 H 型广义函数的意义 
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8.3 好型广义函数的意义 

对应一个 H 型广义函数 u (9 h 我们有一个函数 

u(?\ 9) = y^a n f^ ne r^ l K 0 ^ r < 1 , 0 ^0 <2n, 

71 

此乃单位圆的调和函数. 

故一个 ff 型广义函数可以视为一个圆内调和函数的边界值函数. 

同法一个 i ) 型广义函数它是一个普通意义的函数）对应于一个在较大同 
心圆中的调和函数， 

又显然，对应于一个 P 型广义函数 v (6 ), 我们有一个处处调和的函数 

71 

这种函数也称为调和整函数，所以〗型函数是调和整函数在单位圆周上的数值. 

广义函数 

属于仏 但不属于这广义函数所对应的调和函数就是 

e in(0-^) r lnl = _ 1 - 广 2 _ 

乙^ 1—2, cos (6 , — ^ 1 ) + r 2 

这就是习知的 Poisson 核，以 P { r , 6) 表之， 

命則表一连续（或可积）函数 , 其 Fourier 系数为 b n ' 则对任一 u (0) 常 
有 

1 疒 2 tt _ 1 广 

^ 乂 u ( rJ ) W ) de ^- 1 ^ a n e ine r ^ W ) d 0 

= r Wy n6 do 

n 

如果 [ u { eyj { e )) 收敛，则由 Abel 定理可知 

( u ( eim ) = \im ^- r u ( r .0) W ) de . 

r-^i 2 it J 0 







8.5 致零集 
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如果 i^)- 勿是连续函数 m ⑻的 p 次微商，则由分部积分可知 


v) 


1 产 _ 

ao6o + lim — / (u(r, 8) — ao)v{8)d0 

r^i 2 tt J q 

o>oho + lim [ w ( j % 0) v ^ 

r -1 in J 0 

aoh + f w (9) v ^{ e ) d 9, 

Jq 


就是我们可以用普通的运算表达出来. 


8.5 致零集 

定义单位圆周上的一个开区间 a < e < b 称为一个 H 型广义函数的致零区 
间，如果在 a < d < b 中的任一闭区间中一致地 

lim u ( r , 6 ) = 0 + 

r—^l 

一点办称为 U (0) 的支点，如果没有包有％的致零区间存在. 

所有的 U (的 的致零区间的总集合称为函数 U(0) 的致零集.这是一个开集 T 其 
补集称为支点集.显然支点集的任一点都是支点. 

例 6^(0) 是一个以 0 =少 为唯一支点的广义函数.其理由是，当&铃沴时， 
当 r 4 1时 

P ( r , 8) = 


r 


2 


趋于 0， 

定理 


— 2r cos(^ — V0 + r2 


H 型的仅有一个支点 9二必 的广义函数可以表成为 


u (0 卜 ECU ? ㈤ [〜⑻]. 


：0 


此处 £^)[M 叫是砑 (叶屋 M 叶4⑼，… O) 的线性组合，而《)(0)是 曉 
的 v 阶微商，更确切些 7 对任一 ^ A 常有 


(u{9),v(0))M Y]c v p^(y(t)), 


■-Q 


这里 




v\ 


d v v {^ + sin ' x ) 


dx v 


： 0 
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以上的级数是收敛的+ 

定理2 S 型的仅有一个支点0 = ^的广义函数可以表成为 

I 


这里 Z 是一非负整数.更确切些，对任一 n §， 则有 

I 

( u ⑼爾 ) = 

^=0 

二定理的 证明： 

井不失其普遍性，我们可以假定 0 = 0. 我们把区间移成为 

对任一己与的 e > 0,当 r — 1时函 数在问 > e 的部分上一致趋近于0,故 

lira / u(r'&)v(&)d ❹= \im f u(r^ ff)v{0)d9^ 

当 e 充分小时,在 e 中，我们把函数以…展开成 


v{0) = D (v) {v{0))sm v e + R(6), 


u=0 


这里聊 ） = 0(s l+l ), 


D< v \v(0)) 


1 / ^^(sin -1 x) 


VI 


dx v 


： o 


在定理 1 的假定下，这级数可以展到无穷 T 而且当|0 $ e 时一致收敛. 
由于 




■ 7 T 


C T |, — lim / {s\i\d) v U\T^Q)d8 = lim / (Bin ff)”u(r ， 0)dd 


—e 


_霄 


lim 


^ / e i & _ e ~^\ V 


■育 


2i 


u{r 、 9)d9 




► 7 T 


e ii9 e~ 


i(v -^ 6 u(r, 0)d9 


(2i) 


1 11 


V 


^v — 2 t - 


t=0 


故得定理 1 (并且我们有了 的表达式)， 



8.6 其他类型的广义函数 
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在证明定理2时，我们命 


R *(9) ^ 



R (0), 

0. 


其他点. 


则 


^ R{0)u(r,9)de - 1 W{9)u{i\ 0)(W 

~£ J —7T 



ir{0)(u{r,d)- a o )d9-{-ao j R{6)dB. 


最后一项显然随 £ 而趋于0,又命 w (0) 表一连续函数其/次微商等于 u ( r ,9)- a 0 , 
如此则 

lim f R ~ (9){ u [ r , &) — a . i})dd = lim 

‘ 「 \R* {l \0)w{e)\de = 0(e), 

J — 7 T 

故得定理 2. 


3T 


— 7 T 


E ^ l ) { Q ) w { r ,0 )de 


8.6 其他类型的广义函数 

定义命 p > 0,如果 


lET^i 

7 i—log n 


1 

< 一， 
P 


n—oc 71 log Ti 


S’ 


则1/@；)称为 J p 类的广义函数，或 J p 型广义函数， 

显然， J p 型广义函数成 一线性集合， 其微商仍然是广义函数+但注意， 两个冬 
型广义函数的卷积不一定是广义函数. 

定理1 J p 的对偶类 j p 的广义函数适合以下条件 


n —oo n Log n 



Um 

n—►oo 



n log n 



证 


(1) 由 4 的定义，对一 6>0, 存在 n 0 ⑷使 n > n 0 ( S ) Bf , 


logja ^ 

n logn 



P 


-表 


即 


\ a n \< n { y s)n . 
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另一方面，由的定义，当 n 充分大时， 


\ b n \< u -^-^ n , 


因此是收敛的， 
W 假定 


则冇一数列~使 


A 

n—oonlogn p 


Um = 丄 ^ 

v -^ oon v log n v a p 


取 = l / a nw , 其他的 h = 0,则所得出的咖 ；)e 而且发散, 
(3) 假定 


log M 


Hm . ' Tt, < ' 

woo nlogn p 


则有一数列^使 


11 m 


l0g \^] 1 1 

n v log n v r p 


取 k = l / b nv 及其他 ~ = 0. 则定义 - t / ⑻ € J p > 而发散. 
对应于+类中的一个广义函数 u { d ) y 我们引进一个函数 


u p ( r ， e ) : ^2 a « e ^* 

m =0 | n|^m 


这里 


Pm — 1/ ㈣ ） 


由于有一 <5 > 0使 


Pm [ a 

I n -| 


n e in& K 


E w 

| n | (m 


m . m (卜外 






可知在平面上任一紧致集 u p ( r ^) 是一致（鉋对）收敛的级数. 
定理2 对任 一 a e J p 及任一?； e j p , 贝 ij 


( u , v ) = lim — / u p ( r ，0) v ( ff ) d &/ J p ( r )， 

r 一 oo iTT J 0 
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此处 

^ r m 
m=l s f 

证易知 

1 广2霄 _ _ 1 jp 2 tr 

2^ / u(r T Q)v{Q)dQ = ^ y^p m r m Y] a ft ^— / e ii7l ^d$ 

71 t n=0 \n\^m ^ 

oo 

— 〉: Pm ^ m 〉: “ n 占 n . 

m=0 |rj I ^.m 

由广义 Borel 求和定理（见本讲附录定理 3)， 可以推出本定理. 

同样我们可以定义致 零集， 即为在开区间 a <0< h 中的任一子闭区间中，当 

r — + oo 时， 

ii p ( r ， 0)/ J p { r ) 

一 致趋于 0. 这样开区间的总集合称为广义函数的致零集，而致零集的补集中 
的点称为支点 + 

附记由整 函数论的知识可知. °/ p 就是所有的阶< p 的调和整函数的集合， 
而七中所施行的求和法就是广义 Borel 求和法， 

前己提过两今心广义 函数的 卷积不一定是七广义函数，但如果考虑适合于 

log | a 7l | = 0(\ n \\ og \ n \) 

的广义函数所成的集 J ， 则 J 广义函数有以下的三 性质： 线 性集; 对微分运算 自封; 
卷积仍然是 J 广义函数，而^则由所有的零阶整函数所组成的 + 

8.7 继 续 

我们还可以摧得更广泛些.命 

OO 

Q(r) = [ g n r n , g ft ^ 0 

表一幂级数，对所有的 r 都收敛. 

以 / Q 表适合于以下条件的广义函数的集合 

^iog(|a,| 9 ,) <a -j— log(l._,| gn ) < Q 

n^OQ n log 71 n^oo n log n 


同法 可证: 
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定理1 类 Iq 的对偶类 / Q 是由适合于 


log 


lim 


( 






log 


Qn 


n log n 


^ 0, lim 


\b-n 


n 


n log n 


^0 


的广义函数所组成. 

又易证，对 w € Iq , v g } q 常有 


( u , v ) = lim 


: 2 tt 


uq{ 7\ 9)v(O)d0/Q[r), 


这里 


^710 


u q (7\0) = ^2 q m r yn a ' 

m =0 [n| 

随便你给了怎样的广义函数.总可以选得合适 的&使 

\ o %{\ a - n \ q n ) 


如） <0, lET 1 
n—^oo n log n n-*oo n logn 

换一句话说，任何复杂的广义函数，我们都有办法处理的. 


<a 


8+8极 限 


在一个广义函数类 r 中定义极限的方法 如下： 首先我们假定: r 尽由普通函数 
所组成的. 

〜1，2,…)是 r 中的一个函数贯. er 称为这贯的极限的定义是: 
对对偶类 f 中任一函数恒有 


liiti (//!，, tl) = [u, v), 

• ― * nr, " 


至于 T 的对 偶类+ 中的广义函数，通常是普通意义下的函数，我们在不同的 
情况下，分别给以普通函数的收敛作为其 极限. 

{]) 假定= lj ，.. ；) 是一个函数贯，在一个包有闭单位圆的域内都是 
调和的，且在这域内的任一紧致子集上一致收敛，则其极限函数 v ( r , e ) 显然在这域 
中是调和的，我们称邮）为 v r {0) 的极限，以 v v { d ) - v ( B )( H ) 表之， 

对任 一 G 我们取 〆 > 0) 充分小 ， 使所有的 v v { r y 6 ) 定义的域包含有以 

/ = 1 + 为半径的闭圆，由 8.3 节可知 


= 去 / 6)v v {r t ,Q)d9, 




{ u (0) 1 v v (0)) 
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类中函数的说明 _ 

有限和（调和多项式） 

零阶 p 型的调和整函数 
零阶调和整函数 
所有的调和整函数 

调和函 数的有则域是以闭单位圆的点为其内点者 


并且有关系 

k c:] a H C H c I c J d 

利用整函数的阶在 j 与 I 之间还可以插进七. 

在 k 与 H 之间还可以利用调和函数的边界函数的性质插入其他类，如8+2节 
例3所列. 


( iii ) 假定 v v ( rj)(v = 1，2「…）是一个整个平面上调和的函数贯.在任一紧致 
集上：这贯收敛于一个函数 iir , e ). 这样我们定义 

vAe )^ v ( e ) (h 

从 （ i ) 的证明中知道必然有 

lim (u, v v ) = (u, 0). 

r—►oo * 

( iv ) 假定 v v ( rj)，v = 1，2^是一个零阶整调和函数贯，在平面任一紧致集上 
一致收敛于一函数 v ( r ,6), 假定它也是零阶的，则定义 v v (6) ^ v ( e )( j ), 同样有 

Lim (i;, v v ) = (u, v). 

V^OQ 

由以上的这些例子 T 可以看出对应于任何一广义函数 r 的对偶类 f ， 我们总可 
以用相仿的方法适当地引进: f 中的极限概念，使得下面的关系成立 

lim ( u , tv ) = (^ v )^ 

r—+oc 

这里不 一一 列举，读者可试作之. 

8.9 附 记 

(1) 从复变函数论的眼光来看,我们之所以引进这些广义函数类是十分自 然的. 

因为 


类 


o 




P 

oc o J 


o/ 






8 + 9 附 记 


， im * 


另一方面从发散缀数的求和理论，我们的讨论也有它的系统性的意义. 

(2) 由 8.2 节的定理1与4可知，从系数的无穷大的阶来分类也是极自然的、 
有系统性的 7 主要的类是 


类 

log | a n | 的阶 

S 

O ( logn ) 

H 

o ( n ) 

I 

0( n ) 

J 

O ( niogn ) 

G P 

o { n^),p > 1 


(3) 由保角变换的基本定理，我们所讨论的类反实质上并不限于单位圆，我 
们可以考虑任何平面上的有一点以上边界的单连通域，特别是上半平面与实数轴. 


另一方 面，由于 Fourier 级数与 Fourier 积分的相似 性质， 我们可以直接考虑 
形式 Fourier 积分”： 


奴 (: c) 




a { t ) c ttx dL 


— oo 


如果 logja ⑴ I — o ( t ), M u ( x ) 称为腐 j - H 类，如果 log | a ( f )| = 0(1€_|)，则奴 ㈤ 称 
为属于 S 类， 其对应的调和函数是 


u ( x y y ) = 



y > o . 


(4) 更一般些，从推广8+2节的定理1与4入手： 命凡表 rt 维实 Euclid 空间， 
£ =⑷,…乂 J 表其中的一点，又命 

r = + 〜 + g_ 


与定理1相仿我们有以下的结果， 

命 p ( T ) 表一单变数 T (> 0) 的正递增函数，且对任一 d > 0积分 

厂以 ⑺) - V - ⑴ 

Jo 

常收敛. 

命4代表适合以下条件的函数 a ( t )： ( i ) 在任 一有限 区间中是平方可积及 
( ii ) 除一测度为零的集合外，当 r 充分大时 


logjn ⑴ | = o(logv?{r)) + 


( 2 ) 
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又命 B 代表适合以下条件的函数&川：⑴在任一有限区间中6⑷是平方可积及 
( ii ) 除一测度为零的集合外，当 r 充分大时 


log ^( r ) = O log 


m \ 


如此，则乂与 S 之间有以下的三性质：⑴如 果吣 ） e A , b ( t )€ B,m 


oo 

j … f a(t)b{t)dt 


’ * dt^n OOj 


— 00 


( ii ) 如果对 5 中任 一 6 ⑴， （4) 式常收敛，则 a ⑴ G A ( iii ) 如果对4中任 
(4) 式常收敛，则 &⑷ e S . 

证明从略,还有与定理4相仿的结果， 

命產表 


v ( x ) 


h(t)e~ ltx dt\ … dt' 


(\/27 r) n 


所成的广义函数，此处+…+ t n x n * 这积分是绝对收敛的. 
积分 


a{t)h(t)dt 


■00 


可以看成为 a ( i)(e 的一个线性泛函，因而定义了一个广义函数 


00 

(u{x 、， v(xY] = f … j a[t)(?{t)dh … dt 


这 u ( x ) 可以用形式 Fourier 积分 


(3) 


⑷ 


a ⑴， 


■ u ( x ) 


a(t)e~ itx dt x - • dt, 


( V 2^ r ) 


■00 


来表达.选样的可以用以下的方法实现 出来: 
(1) 若对任一 e > Q , a ( t ) = 0 { e s \% 则用 




( v 2? r ) 


I •一▲… d ‘ 
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这里叫 =…，叫)，而 


(^( x ), t ;( x )) = lim 



u [ x . y ) v ( x ) dx . 


(2) 其他的情况可引进 




r v dv 

沪 ㈤ 


而 


{ u ( x ), v ( x )) = 



u ( x , r ) v { x ) dx \ * ■ * dx n . 


这方法似乎比 Schwarz 的方法有显著的优点 + 

(3) 我们也可以用任一椭圆型偏微分方程来代替 Laplace 方程，如此对应一个 
域内的解，我们在边界上可以定义一广义函数理论、当然还可以推得更广些，如我 
们所研究过的典型域的调和函数与特征流形上的 Fourier 分析等等. 
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定理1 命 q v ( r ) 是一函数贯，在一以 r 0 为右端的区间内定义，并假定有以下 
W 性质： 

( i ) q v ( r ) > 0; 

OO 

( ii ) = 1 } r < r 0 ; 

v =0 

并对任一〃， 


( iii ) lim q v ( r ) = 0, 

. r—^ro 

则由 ■- ► s 可推得 



证并不失去普遍性可以假定 s = 0,对任与 e > 0,我们有 M 使当> M 
时， |〜| < 并可假定对所有的 I〜 I < 则 


〉: 

v=0 


M oo 

V=0 y= Af + 1 

M 

^ ^(r)+ 匕 

17 = 0 


当 r 4 r 0 时，右边 趋于匕 放得所证. 

现在取两个重要特例； 

(1) 取 r 0 = l , g v ( r ) = (1 — r ) r ' 则条件⑴， （ ii )，（ iii ) 都适合，所以当 r — ^ 1 时 


OO 

D 1 

v =0 


- r ) r v s v 


- s v - i ) r v 


s, 


v=0 


这就是 

定理 2 ( Abel ) 若 

OO 

v-Q 


收敛于 s ， 则当 r — 1 时 
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也趋于& 

(2) 假定 

0O 

PvT V t pv ^ 0 

u =0 

是一处处收敛的幂级数.命 


9u{r) = p v r v 



则 （ i ), ( ii ) 显然适合.由于 

am g ,(r) = lim - 

r—^oo r 一 oc ^ 

^^ Vp v T V ~ l 

v= 1 

由此得出 

定理3 ( Borel ) 若 

oo 

Pv ^ o 

v=0 

是一处处收敛的幂级数.如果~ ^则 


lim 





定理1还有其类似的积分定理+ 

定理4 命 g(r, 0 ) 是一函数在及 0$ r < l 中定义且有次之性 


( i ) q ( r , 0 ) > 0; 

f 2 贯 

( ii ) / q ( r , 9 )d 9 = 1 

Jo 

及对任一 £ > 0, 

lim / q(r, 8 )dd ---- ( J . 

如此，若当 0 — 士 0 时，/⑼ — £，贝 ！ J 



q { r y d ) md 6 



(此处假定式/(…是囿变函数). 
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On the Theory of Automorphic Functions of a 
Matrix Variable I - Geometrical Basis* 

(Dediented to Professor K, L, Hiong t Chancellor of National Yunnan University, 

on his fiftieth birthday) 

The present paper is a revised form of another manuscript which the author 
had previously submitted for publication. The revision was necessary because the 
original mannscript contained some results (found independently by the author in 
some research begun in 1941) that have been recently published ie Prof, C, L* Siegel’s 
paper on Symplectic Geometry.® It is the aim of this paper to give a brief account 
of those results which are interfluent with Siegel’s contributions. The remaining part 
of the author’s research will be given later separately* 

The paper is divided into two parts; the frst part (1-7] is algebraic in nature and 
gives a very brief description of the main theory with which the author deals. In the 
second part (8-10) the author proves that the spaces which play the important rales 
in the theory of analytic mappings have nonpositive Riemannian curvature. Thus 
the geometries under consideration are sufficiently regular，and the development (in 
broad-line) of the theory of automorphic functions presents no serious difficulties. 

The situation of the problem is well described by a statement due to Poincare:La 
geometrie non-euclidienne est la clef veritable du probleme qui nous occupe. Acta, 

Because of the poor mail service between the U. S. and China, a number of minor 
changes in this paper have been made bere T with the consent of the editors, by Prof, Hua’s friend 
Dr, H?sio-Fn Tuan and Prof C + L + SiegeU 

* Received September 10, 1943， Reprinted from the American Journal of Mathemaics^ 1944, 
66: 470-488. 

① Ci k Siegel. Symplectic Geometry. American Journal of Mathcmatic$ t 1043, 65 ： 1-86. 
Auother important reference is: 

C. L Siegel. Einfiirtmg in die Theorie der Modulfunktionen /i-ten Grades. Math Annalen t 1939, 
116: 617-657. 

The author is greatly indebted to l 3 rof H. Weyl for sending him a copy of Siegel’s paper on 
Symplectic Geometry. The author would like also to express his thanks to Prof, P, G. T^ng and 
Prof S- S + Chern, for each sent to him one of the following two important references: 

G, Giraud, Lecons foudions automophes, Paris ： Gautlrier-Viliars, 1920: 

E」Cart an. Sur les domaines born^s homog^nes de Fes pace de n variables complexes. Hamb 
Abh- 1935, 11: 116-162. 



- 1T8 - 


华罗庚文集 I 多复变函数论卷下部 


Math ， 1923, 39: 100. 

1. Groups 

Throughout the paper, capital Latin letters denote n x n matrices with complex 
elements unless the contrary is stated. A denotes the transposed matrix of A and A 
denotes the conjugate complex matrix of ,4. / denotes the unit matrix and O denotes 
the zero matrix. 

We use the flotations 


and 


Let 




O 







C 


B 

D 



We shall consider three types of matrices T: 

(i) Those I satisfying 

are called symplectic. The condition may be written as 


AB f = BA\ CD f - DC\ AD 1 - BC f = I: 


(ii) Those T satisfying 


TSiT' = 5 


are called orthogonal, or more 、 definitely, 衣 ： orthogonal- The condition may be written 


AB f - CD f = 一 DC 、 AD f + BC = I ‘ 


(iii) Those % satisfying 




are called conjunctive-symplcctic. The condition nmy be written as 


AB f = BA\ CD f = DC\ AD f - BC - L 
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Remark Apparently we have a fourth type of matrices % satisfying 


Since 3 and are conjunctive the fourth type coincides with (iii). 

Theorem 1 Each type of matrices form a group with respect to multiplication. 
Definition The group formed by symplcctic matrices is called the symplectic 
group. Similarly we define the 5 1 -orthogonal group and the conjunctive - symplectic 
group. 

2* Spaces analogous to the projective space (a detailed study will be given 
elsewhere later) 

Definition 1 A pair of matrices {Z\/Zi) ^ said to be symmetric or skew- 
symmetric if we havo 

(z u z 2 )^(z u z 2 y 

or 

(z l ,z 2 )^(z l .z 2 y = o 


respectively* 

(Certainly we might define Hermitian pairy, but this would be of no interest in 
the study of automorphic functions). 

Definition 2 A pair of matrices (Z^ Z 2 ) is said to be non-singular ， if the rank 
of tlK 1 n X 2n matrix (Z] ， Z 2 ) is equal to n. 

Defliiition 3 A symplectic transformation in defined by 

(w u w 2 ) = Q(z u z 2 yx, 

where Q is non-singular and T is symplectic. Similarly, we define ^ 1 -orthognal and 
( ： onjunctwe^symplectic iransformations. 

Theorem 2 A symplectic transformation carnes a non-smgular symmetric 
pair of matrices into a non-singular symmetric pair. An orthogonal transformation 
carries a non-singular skew-symmetric pair of matrices into a non-singular skeiv- 
syimnetric pair, 

Proof(fot the symplectic case) 


(w u w 2 )d(WuW 2 y ^Q(z l ,z 2 yxdr(z ll z 2 yQ f 

^Q(Z^Z 2 )d(Z u Z 2 YQ / = 0. 
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Thus we may take a non-singular symmetric pair (Z[, Z 2 )® as a point of the 
space and the symplectic group as the group of motions of the space. Then we obtain 
a geometry analogous to the projective geometry. A similar consideration holds for 
skew-symmetric pairs. A detailed treatment of Independent interest will be given 
elsewhere. 

We can also take a non-singular pair {Z \, Z 2 ) as a point of our space and the 
conjunctive-syniplectic group a,s the group of motions of the spacti. Then wc also 
obtain a type of geometry. 

We now indicate a gencTal treatment which will be described for the symplectic 
case oaly. 

Let ^ be a Hermitian matrix. We define the symmetric pairs making 


(Z^Z 2 )f)(Z u Z 2 y 


positive definite to be a space ^ . The group of motions of the space is the subgroup 
of the symplectic group leaving Sj invariant* Thus we establish a geometry analogous 
to noil-euclidean geometry. 

Thus the symplectic classification of Hermitian matrices is of the first importance. 
After the classification and tlie study of the structure of the group of automorphisms 
we arrive at the conclusion that there are three types of geometries of fundamental 
importance，namely those with 


= 




( 1 ) 


where if is a diagonal matrix 1, … —1, … ， — 1]; those with 


and those with 




(3) 


Correspondingly, we define the related geometries to be elliptic with signature H, 
parabolic with signature H and hyperbolic, respectively. 


② Identify (Zj , Z 2 ) with {QZ\.QZi) for any non-singular Q 

③ It is defined to be a hypercircle in the “projective” space. 
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In this paper’ we consider only the hyperbolic geometry. More definitely，all 
non-singular pairs {Z\^ Z 2 ) of matrices, making 




{z^z 2 y 


positive definite，form a hyperbolic space，The symplectic transformations with ma¬ 
trix X satisfying 


^ r = P 


.P = ±l 


form the group of motions of the space. 

Analogously, the oon*siogolar skew-symmetric pairs (Z\ y Z 2 ) of matrices making 


(ZuZ 2 ) 


(z u z 2 y 


positive definite form a space. The 5 1 -orthogonal transformations T satisfying 

0( 二） 

form the group of motions of the space. 

There is a distinction between the symplectic and the conjunctive-symplectic 
cases, since the introduction of a “hypercircle” is not necessary in the latter case. 
The non-singular pairs of matrices (Z\, Z 2 ) making 


(Z^Z；) 


I o 


(z^z 2 y 


positive definite form the space, and the conjunctive-symplectic group is the group of 
motions of the space* 

Notice that the transformation 


(W u W 2 )^Q(Z l ,Z 2 )^ 

carries the space of points Z 2 ) such that 


iI/V2 iI/V2 
-Uj^/2 iI/^/2 


(Z^) 


(Z\,Z 2 )* is positive definite 


into the space of points (iy lt W 2 ) such that 




(W \ } W 2 ) f is positive definite 
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3. An extension of the conjunctive-symplectic group 

We now consider the conjimctivc-symplectic case with 




0 


o 


It is clear that there is no essential reason to restrict f) to be a Hermitian matrix with 
signature (n, n), except to have an analogy with the symplectic case* Thus wc may 
extend the conjunctive-symplectic cum much further. The procedure is as follows: 

Let 


fi 


f ⑷ 0 

0 -/ ㈤ 


The points of the space are then given by matrices 

(Z〔 n ) ㈣ ) ④ 


such that 




Is positive definite The group of motious consists of the transformations 

{ Wi n \ ㈣ ” 1 " 0 ) = 对 … ㈣ 时爪)， 


where 


〒 (/ i+m) i … 

o 


o 

f (川 




/㈤ 

o 


o 


Writing 


T 


妙 0 


we have the conditions: 


AA f - - I, AC = BD\ CC f - DD f 


The group so obtained is called the conjunctive group of signature (n ， m) ‘ 


(J) denotes an n x n matrix: Z ii - n ■ rn ^ denotes an n x m matrix. 
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4. Non-homogeeeous coordinates 

Let (Wi, W 2 ) and Z 2 ) be two symmetric (or skew) pairs connected by 

(WuW 2 ) = Q(Z li Z 2 ) i X. 

If Wi and Z\ are both non-singular, let 

-W^ } W 2 , Z = -Zf 1 Z 2 ; 

then W and Z are symmetric (or skew) matrices connected by 

W = {-A + ZC)~ X (B - ZD), 
i.e M 

Z = {AW 7 4 - B)(CW + Dy\ 

Thus a non-singular symmetric pair of matrices {W[ t W 7 2 ) may be considered as the 
homogeneous coordinates of a symmetric (or skew} matrix W. 

Now in non-homogeneous coordinates, the geometries take the following forms: 
(i) The space is formed by the symmetric matric es Z satisfying ⑤ 

I -ZZ >0. 


The group of motions is given by 

W = {AZ-hB)(CZ + £))- J 

and 

is symplectic satisfying 



(ii) The space is formed by the skew-symmetric matrices Z satisfying 

I + zz >0, 

@ 0 T ' means H being positive definite 广 
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The group of motions is given by 

W = (AZ + B)(CZ + D)~\ 

where % is J-orthogonal leaving I H- ZZ > 0 invariant. 

(iii) The space Is formed by the n x m matrices Z satisfying 

I -ZZ* > 0. 

The group of motions is the conjunctive group of signature 

(I O \ ( O I \ 

As we transform I I into I , we find that the symplectic and 

{o 一 I ) \l O J 

the con j u net i ve-sy mplect ic cases have also the following equivalent expressions. 

For the symplectic case, the space is formed by the symmetric matrices 

Z = X + iY 

with Y positive definite，and the group of motions can be easily verified to be the real 
symplectic group. 

For the con j uncti ve-sy mplect i c case, we define 

z r + z z f ~~z 

^2^ 1 2 厂 

to be the virtual real and imaginary parts of Z, The space is formed by the matri¬ 
ces Z with positive definite virtual imaginary parts. The group of motions is the 
conj unct ive-sy mplect ic group. Both correspond to the Poincare half-plane. 

Remark After laying the foundation of the present theory, the author found 
io Cartan ? s paper thar there are four general types (and two special types} of bounded 
symmetric spaces for analytic mappings. They are the previous types (i), (ii) and (iii )， 
and a type studied by G. Giraud (In 1920) with the hyperabelian group. Thus the 
present treatment may be considered as complete in a certain sense. 

5. Metrication of the space 

Let 力 be a Hermitian matrix 




H x V 
L H 2 
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Let T = 




be a symplectic matrix satisfying 


= S3. 


and set 

H(Z) = ZH 2 Z + ZL + UZ + H X ; Z = (AW - B)(^CW + D)~K 


Then 

W = (D f Z + B f ){C f Z + ^) -1 = (ZC + A)~ l (ZD + B), 

Therefore 


H(W) =(ZC + Ay l {(ZD + B)H 2 {D f Z + B F ) 

+ (ZD + B)L(C f Z + A f ) + {ZC + A)L f (D f Z + B*) 
+ (ZC + A)H l (C , Z + A^iC'Z + ^) _1 
={ZC +A)- 1 H{Z){C f Z + AT 1 . 


Further 


dW = (ZC+ A)- l d2D- (ZC + A)^dZC{ZC + A)- l (ZD + B) 
二 (ZC + Ay l dZ(ZC + A) r -\ 

Therefore we have 

Theorem 3 The characteristic equation of the matrix 


dZ(H(Z))- l dZ(H{Z))~ l 


is invariant under the group of automorphisms of the hypercircle H(Z). In particular^ 
we have 

a{{H{Z)y l dZ(W{Z))- l dZ) 

as cm invariant quadratic differential form under the group f where a (X) denotes the 
trace of the matrix X, 

For the case corresponding to the Poincare half-plane^ we have that the quadratic 
differential form 

a(Y- l dZY- l dZ) 

is invariant under alt real symplectic transformations. 
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A similar result holds for the ^-orthogonal case. 

Theorem 4 For the conjunctive group with signature (n } m) } we have the in- 
variant quadratic differential form 


a((/- ZZ f Y l dZ{I - 


where 


z 二 z (n ' m K 


Proof Let 




be a matrix satisfying the condition 


This condition may also be written as 


J ㈤ O 

o 一 /㈣ 


j B 
C D 


A f -C f 
-B f D f 


j(m+n) 


Consequently 


A f -a 
-B f D r 


A B 
C D 




i.e .， 


A f A- C f C = L A'B - CD, -B'B + D f D = /. 


On setting 


W^ m} = {AZ (n ' m) + B)(CZ + D)~\ 


we have 


W = [ZB f + A f )- l {ZD f + C f ). 


Then 


I-WW f - {ZB t A f )~ l {ZD f + € ! ){0^ + C)(BZ f + A)~ l 
m{ZB f + AT 1 ((2^ + A f ){BZ f + A) 

— {ZD f + C r ){DZ f + C)){BZ f + A)~ [ 


=(ZB f ZZ f ){BZ^ + A)~K 
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Furthermore 

I - w f W = I-(CZ + Dy- l (AZ + BY(AZ + B){CZ + D }- 1 
= (CZT^Dy-^I - Z / Z)(CZ + D)-\ 


Finally, we have 

dW = AdZ(CZ + D 广 1 — (AZ + B)(CZ + D)~ J CdZ(CZ + D 广 1 
=(A - {ZB f + + C r )C)dZ{CZ + Z)) 一 1 

= (ZB f + AT l dZ(CZ + Z) 广 1 - 

Combining all these results，we have 


(/ - WW f Y l dW{I - W f W)~ l dW / 

=(BZ f + A)(I - ZZ r y l dZ{I - Z f Z)~ 1 dZ f (BZ , + A)~\ 

This completes the proof. 

6* Unitary equivalence 

Lemma Given a unitary matrix U t there exists a matrix V such that 

(a) V 2 = £/, V" : unitary 、 

and 

(b) if U f A = All then V f A = 

Proof There exists a unitary matrix V such that 

r~ l c/r = 

where D is a diagonal matrix e lin 叫 and 0 矣〜 < 2 冗 ， Let 

1/ = ro^r~\ 

2 

where ^ — ， e 去仏 1 * Now we shall verily that V possesses the required 

properties, (a) is evident* For (b): If U f A — AU. then 

T f ~ l DT f A = ArorK 


ue” 


or at = rMr/>, 
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Thus D is commutative with then so isZ^ ， i ， e ， 

D x T f AT = T f AVDi. 

2 2 

Consequently 

VM = AV. 

Theorem 5 Let Z be a non-singular symmetric matrix with complex elements; 
then there exists a unitary matrix U such that 

UZU f = [/^ir * * ,Mn]i 

where /ii,. ■. , /jt n uvg the positive square mots of the chamcteristic roots of ZZ. 

Proof Since ZZ is a positive definite Hermitian matrix, we have a unitary 
matrix V such that 

V2ZV t = … > 0; 

i.e -， 

(1) WW = [/i?， … where W = VZV f . Evidently, W 0 = \fi ir - , ti n ] is a 
solution of (1)* 

Now 

WW = W 0 W Q: Le M {W^ l W){W^ l W) f = I ， 

Le., Wq X W is unitary, say Uq ； then 

W = WqUq, 


Since W and H^o are both symmetric, we have 


WoUo^U^ 

By the lemma, we have a unitary matrbc U such that U 2 — Uq and W^V = VWb. 
Then 

W = W 0 U 0 = WoU 2 ^ U f W 0 U. 


Thus 


VZV' = U'WoU, 


and we have proved the theorem* 

Theorem 6 Let Z be a non-singular skew^symmetric matrix, then ZZ is a neg- 
atwe definite Hermitian matrix and it$ characteristic polynomial is a perfect square. 
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Proof Evidently, we have 


ZZ^-ZZ\ 


hence ZZ is negative definite* FYirther 

\ZZ-\I\ = \Z\\Z-XZ~ l l 


Since Z — XZ~ } is a skew-symmetric matrix，its determinant is a perfect square. 

Theorem 7 Lei Z be a non-singular skew- symmetric matrix; then me have a 
unitary matrix U such that 


UZlf 



o 

-rfi 



dn/2 

o 



7 


whew d|, d\^ 

Proof 


… are the characteristic roots of -ZZ* 

By Theorem 6, we have a unitary matrix V such that 


VZZ^^{dldl^^dl /2l d 2 n/2 ]. 


Let VZV f = W. Clearly 


Wo 



O 

-di 



satisfies 

WW f = W 0 W f 0 ^ 


The remaining part of the proof is the same as that of J'heorem 5. 

Remark Both Theorems 5 and 7 may be extended to the singular case without 
any essential difficulty- 

7 , Existence and uniquenese of the geodesic passing through two given 
points 


Theorem 8 Passing through any two points of the hyperbolic space with the 
symplectic group, there is one and only one geodesic. 

Before proceeding to prove this fundamental theorem 5 we shall require a theorem 
concerning the equivalence of point-pairs. 

Theorem 9 In the hyperbolic space with the symplectic group (in Poincare f s 
representation) any two points are equivalent to the two points il and iD t where D is 
a diagonal matrix 

[rfi ， … y dn\^ d v > 0 + 
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Proof 1 ) The group is evidently transitive* Thus we can let one of the two 
points be iL 

2 ) The transformations leaving tl fixed are all of the form 

Zi = [AZ + B)(-BZ + A)~\ 


i.e., 


Since 


Zj - il 
Z\ + il 


=(A + Bi) 


I ^ AA f ^ BB f = 


Z -%I\ 
Z-hilJ 




(A + Bi)(A - Bi)\ 


we have A+Bi unitary, and then the theorem follows from Theorem 5, 

Proof of Theorem 8 1) Without loss of generality, we may assume that the 

two points are 

Ii and Di, £> = [d! ， d n ]， d v > 0. 

Both points belong to the subspace X = O, Since 


a{Y- x dZY- x dZ) = a(Y~ l dXY- [ dX) + a(Y~ l dYY^ l dY) 

^ u{Y- l dYY~ l dY) 


and the equality holds only for dX — O, the geodesics connecting the two points all 
lie in the subspace X = O. 

2 )Further let 

y ^ hr AM 

where 

M = (?ij) (")ij=0 for i > j 7« = i)* 

and 

A 二[仍 ， 如 

are obtained according to Jacobi s reduction of positive definite quadratic forms. 

(Notice that the space with positive definite Y is mapped topologically into the 
space with ^ > 0 in the new variables (q, 7 )). 

Then we have 


Y = M f AM + M f kM + M r AM, 

Y~ l Y + M- 1 A- 1 M / - 1 M , AM + 
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and 


a{(Y- l Y} 2 ) =a((A~ l A) 2 ) + 2a({M~ l M) 2 ) 

+ 4^(A/- 1 A- 1 AM) + 2 < j(A/ ： j A- 1 j\/^ 1 A/ 7 AA/} 1 


since 


Further，let 


a{AB) ^ (t{BA) and <4') = a{A). 


— (n hk ), n hk = 0 for h > k 


then 


^({M _J A/) 2 ) - n i^}kn k irnn - ^ n tj m jk n ki mii = 


iJ.kJ 




since m t i — 0; and 




t=j 


Thus 


a{Y- l YY~ l Y) = a((A- l A){A- i A)) + 2a{{A^MM- l A-^){A^MM~ 1 A-^y 

甲 

and the equality holds for M = Therefore the geodesics connecting the two points 
lie in the subspace with M = O, Le” the subspace of real and diagonal Z. 

I he subspace of real and diagonal Z is Euclidean, since 

n 

cr((A _1 dA)(A _1 dA) y = log 讲 )' 

f= i 

and we have proved the theorem- 
Evidently, we may deduce 

Theorem 10 All geodesics are symplectic images of the curves 

2 = 狀 .… ,A^], A,, >n 

n 

and log 2 A v = 1, 

1；= i 

Theorem 11 The equations of tht geodesics of the space are given by 

d 2 Z/ds 2 + i(dZ/ds)Y- l dZ/ds = a 

The previous results give a sufficient indication of the algebraic treatment. We 
shall now give a general treatment which seems to be a direct attack* 
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S. A general type of Riemannian geometry 
Let 

S = = (s^); T = T^ n) ^ (tij). 

We consider the geometry with the Riemannian metric 


a((I (n) - 5T) _1 d5(/ (m) -TS)~ l dT). 


Let 

A,j = (d/9sij)S. 


Lemma If 


a(AijS f ) = 0 


for all i and % then S = 

The lemma is evident* 

Theorem 12 The equations of the geodesics of the space are given by 


d 2 T/ds 2 + 2{dT/ds){T- ST)~ l (S - STS){1 - TS)~ l {dT/ds) ^ O, 
d 2 S/ds 2 + 2(dS/ds)(I - TS)~\T^ TST)(I - ST)~ l (dS/ds) = O, 

where / denotes, under evident circumstances ? either 1^ or 
Proof We have 


da/dsij =a{(I - STy^AijTil- ST)- l (dS/ds)(I - TS)-\dT/ds) 

+ (I- ST)- l {dS/ds){I - TSj^TAi^I- TS)~ l (dT/ds)} 
=cj{ [T(I - STy l (dS/ds)(I - TS)- l (dTids){I - ST)- 1 
+ (J- TS)-\dT/ds){I - STy l (dS/ds){I - T5) _1 T]). 


{d/ds^a/dsij) =(d/ds)(a(A tj )(I - TS)- l (dT/ds)(I - ST)- 1 ) 

=a(A^[(/- TS)- l {TdS/ds+ (dT/ds)S) 
x {I -TSr 1 (dT/ds)(I - ST)~ l 

+ (J- TS)- l (dT/ds)(I - STy 1 (SdT/d&+ {dSfds)T){I - ST}- 1 
+ (/- TS)-\d 2 T/ds 2 )(I- ST)- 1 ]). 


Thus 


{dids){do/d$ i3 ) - da/ds.j = a(A is {I- TS)~ l M(I- ST)- 1 ), 
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where 

M = d 2 T/ds 2 + (dT/ds)(I - STy l SdT/ds+ (dT/ds)S(I - TS)- l (dT/ds), 
since 

^ T(I 一 ST)- 1 =(/- TSr l T, etc. 

The equations of the geodesics are 

(d/ds)(da/9sij) ― da/dsij = 0 

for all i and j. We have, then 

d 2 T/ds 2 + 2(dT/d$)(I- 5r) -1 (S - STS)(I - TS)- l (dT/ds) = 0, 

since 


(I -STy l S+S(I -TS)- 1 
=(J - ST)- l (S{I- TS) + (/- ST)S)(I- TS)- 1 
=2(J- ST)-、*? - -: ns) -1 . 


夏 nterchanging S and 1\ we have the other differential matrix-equation. 
Theorem 13 The Riemannian currature tensor of the space is given by 

a(K(U, Y)K(U, Y) - K(U, Y)K(X t V) - K{X, Y)K(U, V) + K(X, V)K(X, V)), 

where (U f V) and (X,Y) are two directions and 

K{X 、 Y) = {I- ST)~ l X(I- TS)~ l Y. 

Proof (The method is borrowed from Siegel's paper) We write 

R(S,T) = (/ - TS)~ l T = T[I - ST)~ l 

=(/- rsy^T- tst){i — sryK 


Then 

dR(S,T) = (I -TS)- l dT+(I-TS)~ 1 (TdS +dTS)(I -TSy l T 

=(I - TSy l TdS(l - TSy v T + (/- TSy x dT(I + S(I - TS^T) 
=(/ - TS)~ l (TdST + dT)(I - S7 1 ) -1 
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= R{S,T)dSR(S,r) {I - TSy l dT(I - ST)~\ (1) 

Now we define two covariant differentials by 

SiU = ~UR(S. T)8,S - 5iSR(S, T)U, i = 1.2, 

and SiV is defined similarly by interchanging S and T formally. Then 

S^U - - S^RiS, T)6 2 S- US^iS.^S 
— S 2 SS 1 R{S.T)U - S 2 SR(S,T)SiU 
^{UR(S, T)(5i5 + i5i SR(S, T)U)R(S, T)S 2 S 
一 u(R(s, t)6 } sr(s, r) + (/ - rsy^s^ii - ST)- l )S 2 S 
- 5 2 S(R[S 、 T 、 S'SR[S- r) + (/- TSy^jTil - 5T}- 1 )t/ 

+ 5 2 SR{S 、 T)(UR{S, T)6 { S + 6iSR{S, T)U) 

^SRiS. T)UB(S, T)S 2 S + S 2 SR(S, T)UR(S, T)S x S 
- U{I — TS)- ] S } T(I- ST)- l 6 2 S 
一 S 2 S(I - TS)- l S } T(I - ST)-'U. 

We have, then 

IT UOt ； 

=U(P(5 l SJ 2 T)- P(S 2 S.6 1 T)) + (Q(S l SJ 2 T)- Q(S 2 SJ l T))U. 

where 

P(A, S) = (/ - TS)- l B(I- sry l A, 

Q(A.B) - A(I -TS)~ l B{I -ST)~\ 

Similarly, interchanging S and 1\ we have 

V ， ={S x d 2 - d 2 h)V 

^V(P^(6 l TJ 2 S) - P^S^TJrS)) + (Q^(6 ： T ) 6 2 S) - Q V (6 2 TJ { S))V, 


where P* and Q* have obvious definitions. 

We Introdoce a further covariant vector (X, F), We have to evaluate 
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2R = a(P{U\Y) + P(X, IT ))， 

which is 

<j{(I - TS)~ l Y{I - ST^UiPiSiS, 6 Z T) - P(S 2 S, 5iT)] 

+ U(I - TSy l Y(I- STy l [Q(S l S.S 2 T) - Q(S 2 S, 6iT)} 

+ {I - ST)~ l X{I -TS)- l V[P^(S l TJ 2 S) - P*(S 2 TJ t S)] 

+ V(I- ST)- l X{I- TS)- l [Q*( 6 2 T, 6 2 S)~ Q*(S 2 T, S l S)] 
=a(P(U,Y)P( 6 l SJ 2 T) - P(U i Y)P( 6 2 S, 6 1 T) 

+ Y)P(U, S 2 T)~ P{S 2 S, Y)P(i\ 6 ,T) 

+ P( 6 2 S, V)P(X, 6 X T)- V)P(X, 5 2 T) 

十 P(S 2 SJ i T)P(X, V) - P(S l S,S 2 T)P(X^V)) i 

Putting 6 \(S 3 T) — (f / ? V) and 62 [S^T) — we obtain the Riemannian 

curvature tensor 

R =(t[P{U, Y)P(U y Y) - P{U, Y)P{X,V) 

- P(X Y)P(u, r) + p(x v)P{x,v)i 

Changing P into we obtain the result stated in tlie theorem 

9 - A specialization 
In particuiar, we put 

S = Z T T 二 Z f V = X = 

in the formula of Theorem 13. By the lemma below we then have 

Theorem 14 The Riemannian curvature tmsor of the space with the metric 

a{K{dZ. dZ ! )) 

is equal to 


where 


K(A t B) = (I - ZZ f )~ l Ml - 
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Lemma Under the hypothesis of the theorem 

a(K(U, lf f )K{X y X^) = U f )K(U, X f )), 

Proof I) The trace of the product of two Hermitian matrices A and B is real ， 

since 

r t s 

2) We have 

=a((i - Pz)- l x%i - zzt 1 u(i- z^zyW^i- zPy^x\ 

which is the trace of the product of two Hermitian matrices. Thus it is real. 

3) Since 

a((K(UM f )K(X,X f )y) - a(K(X,U f )K(U,X% 

we have the theorem. 

Theorem 15 The Riemannian curmtures of the three kinds of hyperbolic 
spaces are always non-positive. 

Proof We have 

K(U y X f ) - K{X, U f ) 

=( 厂一 zz f )- l {U{t - z^)- 1 ^ -x(i- z r zy l u f ) 

^{1 - ZZ f )- l M, 

where M is skew-Hermitian, Then the Riemanoiaii curvature tensor is 

R = -a((I - ZZ f y l M{I - ZZ f y l M f ). 

For those points making I — ZZ f positive definite, we have a matrix P such that 

{I-zzt 1 ^ pp% 

then 

H = -a(TT f ) 7 

where T = P f MP, Thus R is non-positive at all points for all directions of the space. 
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We conclude consequently that passing through two points there is one and only 
one geodesic and that from a point we can draw a geodesic perpendicular to a given 
geodesic, etc . ⑥ 

It may also be proved that the spaces are Einstein spaces ， i.e., their Ricci tensors 
are proportional to the fundamental tensors. According to a result due to Schouten 
and Struik, the spaces cannot be conformal to Euclidean spaces, 

10, A concluding remark 

Theorem 14 and its consequences and the properties of the groups given in Car- 
tan's paper lead to a neat generalization of the theory of automorphic functions. 

National Tsinghua Universiry, Institute of Mathematics, Acad Sinica 


⑥ E* Carl an* Lecons sur la geometrie des espaces de Riemann, Paris, 1925, Note 3. 



On the Theory of Automorphic Functions of a 

Matrix Variable II - the Classification of 

Hypercircles Under the Symplectic Groups 

1* Introduction 

The present paper is a continuation of the paper 1 with the same title 1 丄 、 which 
gives a brief account of the geometrical aspect of the theory. 

Throughout the paper, capital Latin letters denote nX n matrices with complex 
elements unless the contrary is stated . A f denotes the transposed matrix of A and 
j 4, the conjugate imaginary matrix of A. I denotes the unit matrix and O, the zero 
matrix. 

We define a hypercircle to be the set of points (symmetric matrices) Z for which 
the Hermitiau matrix 

-h LZ-h ZL' -h ff 2 

is positive definite, where Hj and H 2 are Hermitian matrices- 

The object of the present paper is to classify completely hypercircles under the 
(non-homogeneous) symplectic group which consists of all the syrnplectic trans¬ 
formations defined by ： 

Zi = {AZ + B){CZ + D)- [ , AB f = BA\ CD f ^ DC\ AD f - BC f = /. 

The letter & will be kept in this sense throughout the paper. 

Our classification of hypercircles depends on the theory of pairs of Hermitian 
matrices. Because all the available treatments (or at least all thje treatments available 
to the author in China, cf, 6) of the subject contain a mistake, we find it necessary 
to resume the theory. 

Note ： Because of the poor mail service between the U.S, and China, a number of minor changes 
in this paper have been made here, with the coiisGnt of the editors, by Prof* Hua’s friend Dr, Hsio-Fu 
Tuan. 

* Received April 21, 1943. Reprinted from the American Journal of Mathematics, 1944, 66: 
531-563. 

① This Journal, 1944, 66: 470 488. 
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2, Symmetric pairs of matrices 


Let 


5 



which is a 2n x 2n skew symmetric matrix. This notation will be kept throughout. 

Definition 1 A pair of matrices A and B is said to be symmetric to each 
others or to form a symmetric pair (4, j 3)， if AB f = BA\ 

Clearly (A ， B) is a symmetric pair if and only if 

(A bma^bY^o. 

since the left hand side is equal to 




BA + AB f 


Definition 2 A pair of matrices (C, D) is said to be conjugate to another pair 
of matrices (A, B) if AD r — BC r = L 

According to this definition, the conjugate relation is skew in the two pairs: if 
[C,D) is conjugate to (A^ B), then —{A, B) = {—A, —B) is conjugate to (C, D) t In 
the following we shall often speak of conjugate pairs’ when the order of the pairs is 
immaterial* 

Clearly (C, D) is conjugate to (A^ B) if Qnd only if 


(A,B)d(a oy = l 


since the left hand side is exactly AD f — BC 、 
Theorem 1 The transformation 

Zi =(AZ + B)(CZ + D)~ l 


with the matrix 

Hcl) 

(in the following we often speak of the transformation T) belongs to if and only if 

Proof Since the left hand side of the equation to be proved is 

AB f - BA\ AD f - BC f 
CB f - DA f CD f - DC 
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the result follows immediately. 

Putting this result in another form, we have ； 
Theorem 2 The transformation 

Zi = (AZ + B)(CZ + D )- 1 


with the matrix 



belongs to © if and only if {A, B) and (C, D) are two symmetric pairs such that (C.D) 


is conjugate to (j4 } B), 

Theorem 3 If (j4, B) is a symmetric pair，then 


(A,,B!) ^ Q(A,B)^Z 


is also a symmetric pair% where ^ is in 
Proof We have 


^Q(A,B)UABYQ f = 0. 

Theorem 4 If (A, B) is conjugate to (C, I ?)， and if 

( 山，历） = Q{A, B)% (01,0,) = Q f - l (C, D)% 7 

then is conjugate to where Q is non-singular and % is in 

Proof We have 

(A l7 BMC^ = Q(A, DYQ^ = L 

Definition 3 Two symmetric pairs of mairices aud (j4, D) wre soAd 

to be equivalent if we have a non，singular matrix Q and a transformation ^ of & such 
that 

(A l} B l ) = Q(A,B)^ 

This relation will be denoted by 

(糸, 负）〜 ( AS ). 

Theorem 5 The relation possesses the properties: determinalion, reflexir- 
ity f symmetry and transitivity. 
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Definition 4 A pair of matrices (A, B) is said to be non-singular if the matrix 
(A, B) is of rank n. 

Theorem 6 Any two non-singulaT symmetric pairs of matrices are equivalent 
Proof It is sufficient to prove that 


1) If A is non-singular^ then A~ l B = S is symmetric. Then 


(A,B)^A(I,S) = A(I,0) 


S 


O 


The result follows, since 


S 


o 


belongs to ©. 

2) If A is singular, then we have two non-singular matrices P and Q such that 


A 1 = PAQ 


j(r) o 

O 0 ( 打 - r ) 


Let 


(A u BO ^ PiA, B) 


Q 0 
O Q f ~ l 


where 


Si = PBQ r ~ x 


S( r ) Til 

I t^~ r ) 


i say 


Since 


Q 0 
O Q f 


-l 


belongs to (8, (Ai, Bj) is a non-singular and symmetric pair* Consequently is 
symmetric and l is a null matrix. 

Let 

J I -S 


(A 2 ,B 2 ) = (A u B 1 ) 


o 


where 


S 


s (r) O 

Q [(n-r) 
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Then 


A2 = Ai ， B2 = —A\S + B\ 


O m 
O t 


Since (^ 2 ,^ 2 ) is non-singular, so also is t. Let 


(^3. B 3 ) = (A 2 , B 2 ) 


O 


then 


A3 = A。+ 




f( r ) m 

O t 


which is non-singular. By 1), we have 


(A 3 為卜 （ LO). 

The result follows. 

Theorem 7 The subgroup which leaves a non-singular symmetric pair of ma¬ 
trices invariant is simply isomorphic to the group which consists of all transformations 
of the form 

Z { = Q f ZQ + 5, 

where Q is non-singular and S is symmetric. 

Proof It is sufficient to consider the group which leaves (O, I) invariant. In 
fact, we have Q and % such that 


Let Qo and To be such that 

Qo(O.I)<X 0 = (OJ). 


Then 

Q- l QoQ(A,B)T%oT：~ l =(A,B). 


The isomorphism of the group whose elements leave (0 } I) Invariant and the group 
whose elements leave (A, B) invariant is evident. 


Let 


Q(Ojn^(OJl 
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Then, we have 

(QC,QD)^(OJh 

i.e M C = O, D ~ Q~ l ^ Then A = Q f and B = SQ- 1 • 

The group is isomorphic to the group formed by the matrices 

(Q f SQ- 1 \ 

V O Q' 1 ) 

The result is now evident. 

Corollary The transformations leaving (O, /) invariant are of the form 

{ Q ! SQ- 1 \ 

{ O Q~ l ) 

where Q is nm-singular and S is symmetric- 

Theorem 8 Given a non-singular symmetric ： pair of matrices (A, B) } we have 
a non-singular symmetric pair of matrices (O, D) as its conjugate. The totality of all 
possible pairs (C, D) depends on n[n + 1) parameters. 

Proof 1) First we consider the case (A, B) — (O, I). Let (C ? D) be a pair 
satisfying our requirement, then 

I = AD 1 - BC f = - C\ 

Thus the conjugate pairs of (A^ B) are 

(-厂外 

where the S are symmetric. The theorem is true for (A y B) = (O, I). 

2) By Theorem 6, we have Q and T such that 

Q(A,B)^ = (OJY 

We define (C, D) by Q f [C ， D.yZ =■ (—/, S). Then (C\ D) satisfies our requirement. 
Further let Qi and Ti be matrices satisfying also 


Then，we have 


(c } D)^Q\(-r J so^ 1 - 
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We shall now prove that this is equal to Q'(— /， I Since 

by the corollary of Theorem 7, we have 

以 =f 秘弋 1 ) • 

V O QQi 1 ) 

Then , -i 

Q[^I,S 1 nT l = Q\(-I,S l )^ Q， ~^ Q[ H,/) 2-1 

= 0 , (-/,Q , - 1 0i5i0iQ- 1 +S 2 ) < r- 1 . 

Hence we have always the same collection of pairs of matrices conjugate to (A, B). 

3. Hypercircles 

Definition 1 The transformation of symmetric pairs 

(W 1 ,W 2 ) = Q(Z u Z 2 n 

for a non-singular matrix Q and a transformation % belonging to 0 is called a homo* 
geneous representation of 

W ^ (AZ + B)(CZ + D)~\ 

The group so obtained is called the group 

Defliutlon 2 A hypercircle is defined by the set of points corresponding to 
symmetric matrices Z such that the Hermitian matrix 

ZH l Z + LZ + ZL f + H 2 

is positive definite, where Hi and H 2 are Hermitian matrices. Or, in “homogeneous” 

% 

coordinates, a hypercircle is defined by the set of points corresponding to symmetric 
pairs (Wi y W 2 ) such that the Hermitian matrix 

+ W 2 LW( -h + W 2 H 2 W^ = (W,w 2 )f}{WuW 2 y 



is positive definite, where 


i/i V 
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为 is called the matrix of the hypercircle. 

Remark ^ is a general 2n x 2n Hermitian matrix. Thus the following results 
may be interpreted purely algebraically without reference to hypercircles. 

Theorem 9 The transformation (W \, W 2 ) = Q(Z^ Z 2 )% carries a kypercircle 
with the matrix^ to a'hypercircle with the matrix f)i — %Sy%\ 

Proof Since 

(W u W 2 )S}(W u W2y = Q{Z u Z 2 )%m\Z u Z^Q r , 

the theorem follows. 

Definition 3 If we have % belonging to © such that S)\ = %S)%\ we say that 
$)x and Sy are conjunctive under 

Evidently, 44 conjimctivity under possesses the properties: symmetry, reiex- 
ivity and transitivity. Naturally, this suggests the classification of hypercircles under 
This problem is by no means easy but it is solved completely. First of all，we 
introduce the following notion: 

Definition 4 For a hypercircle with the matrix 办 ， we define 

_ = ( H{L -UH u H[H 2 -UU \ 

\ -H^Hx + XL, LH 2 - H f 2 U ) 

to be the discriminantal matrix of the hypercircle. It will be denoted by 2)( 为 )- Evi¬ 
dently ©( 为 ）is skew-symmetric. 

Theorem 10 If ond f }2 (ire conjunctive under then ® ( 为 )i and 2 )(®)2 

are congruent under 0 - More precisely ? if = S) 2 ? then 

Proof Since 

©(化） = 珙蹄 2 = = X ® (办 皮， 


we have the result* 

4. The canonical form of the discriminantal matrix 

The problem of congruence of D(fii) and 0(^2) under & is equivalent to the 
problem of congruence of the pairs of skew symmetric matrices {©(ft i), ff) and {©(fti}? 
5)、The latter problem is solved in most treatises on elemeotray divisors* For the 
sake of completeness, the author quotes the following results: 
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Theorem 11 Let 95 and 33 1 fee two non-singular matrices. The pairs of skew 
symmetric matrices (5t,93) and (2li,S5i) are congruent if and only %f 21 + A® and 
21] + have the same invariant factors (or the same elementary divisors)^ 

(For the proof see, e. g” MacDuffee > Theory of Matrice$ f TheorerrLS 35.4 and 
30.1). 

Theorem 12 There exist pairs of skew symmetric matrices of degree 2n ? one of 
which is non-singular，having any given admissible mvariant factors. More precisely, 
let 

h2i — h2i^\ = (/； — (A - Ai)^ 1 … [X - , 


1 ^ ^ n, lij ^ 0, 1 ^ j ^ k 

be the given 2i-th invariant factors [since in a skew symmetric matrix, the 2i-th in¬ 
variant factor is equal to the {2i-l)-th invariant factor) } let gi divide g^i and let 
lij = n. We define 1 % to be the direct sum of matrices 


Ti = Til+7^2 H - \-Tik 


where 


/ Aj 1 

0 Xj 
nj = oo 




\ 0 0 0 … Aj / 

is of degree lij and 1 ^ j ^ h. Further we define T by the direct sum 


T ~ Tn-j-TVt—i-j- . - - T n . 


Then the pair of skew symmetric matrices (C,5) uMh 


(£ 


O T 

-T O 


5 


O l 
—I O 


possesses the preassigned invariant factors. 

Proof Let Si be the greatest common divisor of the i-rowed minors of T — XL 
Then, evidently, 


St 二 gi … gi- 




1 
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Further let di be the greates common divisor of the i-rowed minors of £ — 入 5 甲 
We need only fine the di for any even i. It is evident that d 2 i is the gx.d.of 
<5 4 2 , Ui+i ， 心 + 2 ,…， Since 

= 说 … 9h 谷 i-tSi+t — 9\^ ■ dht+i … 3i+ “ 



Consequently we have 

Theorem 13 Every discrtminantal matrix is congruent under 0 to a matrix 
of the form 

O T 
—T O 

where f has the same meaning as given in Theorem 12, Consequently t every hyper- 
circle is conjunctive under & to a hypercircle with its discHminantal matrix of the 
prescribed form. 

Proof By Theorems 11 and 12, we have % such that 

and 

兑 X ， = 丨 

Let % = 力 1 ; then 为 1 has its discriminantal matrix in the described form. 







5. Proof of the theorem that every hypcrcircle is conjunctive under <9 to 
a “binomial” hypercircle 

Theorem 14 Every hypercircle is conjunctive under & to a “binomiaV 〉 hyper- 
circie, or more precisely a hypercircle with the matrix 
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Proof 1) the theorem is well-known for n = 1. By Theorem 13, it is sufficient 
to consider a hypercircle with the matrix 



V > 

h 2 ) 


satisfying the condition 



i.e.， H[L^ and LH 2 = H^L\ 
If Hi is non-singular, then 


S - LHj 1 = H[- X V 


is symmetric. We have evidently that 

艺坧之 + LZ 十 ZL f + H 2 = (Z + 5)if!(Z + S)+H 2 - SHxS, 


which is “binoinial” in Z + S* A similar result holds when i /2 is non-singular. The 
theorem is thus true for these cases. 

2) Before going further, we require two lemmas. 

Lemma 1 Any symmetric matrix S may be expre$Bed a$ S = TT f where T is 
a matrix with zeros above the main diagonal (well-known). 

Lemma 2 For any given matrix Q f we have a non-singular symmetric matrix 
S such that QS is symmetric. 

In fact, it is sufficient to find a non*singular solution of the matrix equation 


QS= SQ\ 


where the symmetric matrix S is considered as an unknown. We have a non-Biagular 
matrix r such that 

Qi -r-^r 


is of the Jordan’s normal form，a direct sum of matrices of the form 


{ h 1 
0 \ 
4 i} =00 



0 

1 

Xi 

p 

li 

0 




0 


K / 



X 
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Then 

QiS^S.Q^ 

where r _1 Sr’ _1 = 5i. Therefore, it is sufficient to find a solution of the equation 
with Q = Evidently 

/ 0 0 ^ 0 1 

0 0 … 10 

= :: :: 

■ 明 M- * 

0 1 … 0 0 

\ 1 0…0 0 

is a solution, since S = S f and 




3) We now consider all conjunctive hypercirclee of under © with “binomial” 
discrinriinantal matrices* Let S) be one of them with H\ of the highest rank r. If 
r = n，this problem was solved in 1), 

We have a non-singular matrix Q such that 


Q'HtQ 



O 



det(ft) ^ 0. 


Since 



carries a hyperrircle with ^binomial 11 discrimiriantal matrix into one of the same 
natrue, we may assume, without loss of generality^ that 



det ⑻一 0, 



We shall now establish that r / 0 and that we may assume det (gn) / 0* 
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Let 




kl2 


then 


fcn — p 2 h p* + p 皁 + * + 


lor p large, fci] is non-singular, 

4) Now we may assume that 




O O 


T h 2 


9n 9\2 

921 922 


， L 


“2 

hi 1'22 


where det (") / 0, det (gn) ^ 0 and r ^ 0. Let 


■5i 2 5; 


which belongs to such that 


5 攸 


货 - 1 o\ (Hi L f \ / Rr v O 
O r)\l H 2 ) \ O IT 


h O 
O O 


9 O 
O go 


where g = gn^ in fact 


km 


h O 
O O 


RH 2 R f 


9\29n 


)\^ n \o O ) 

5i2 \ / i -9u9i2 

?2i 522 / l O I 


gu O 
O go 


Since the rank of H 2 cannot be higher than r, go = O. 
Now we may write 


H ,= 


h O 
O O 


ill ^12 


21 ^22 


H 2 = 


9 O 

o o 


where both h and g are 0011 -singular. Since H\L — L f H' and LH 2 二 WjJ 、 we have 


h r l 


^11 liiff = 9 1 11 ， 


hi — 
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As In 1 ), we may then assume that In — O and det (h) ^ 0 , but now g may be 
singular. By Induction, we have af - ' b\ n ~ r \ cj n_r) and d{ n ~ r) such that 


fli b\ 
Cl d\ 


O % 2 

h2 O 


a i 

Cl di 




~ r ) 


O 

ai n - r) 


a i 

ci di 


O 


)( 


cii bi 
ci d\ 


O i( n - r ) 

，…一 r ) Q 


and we may assume that the rank of h 2 is higher than that of 32 , for otherwise 


h 2 O 

O g2 


)( 


92 O 
O h 2 


Let 


O a\ 


, B 


O O 
O h 


o o 

O ci 


O di 


then 


A B 
C D 


belongs to @ and H\ of %Sy^ is equal to 


than r, we have h 2 
proved. 


% 

O. Consequently, 52 


.Since its rank cannot be higher 

^2 / 

O. Then I 22 = O. The result is now 


6 , A lemma 


For reasons explained in the Introduction, we fine it necessary first to discuss 
the theory of pairs of Hermitian matrices (6-9 ) ② as a basis for the classification of 
hyparcircles (10-16), 

Lemma If q(x) is a polynomial, with real coefficients t which has no negative 
or zero root, then we have a real polynomial x(x) such that \ 2 (^) ^ ^ ^ divisible by 

② Cf. Lliekson. Modern algebraic theories, p.l23 T Theorem 10; MacDufFee* Theory of matrices. 
p. 63, Theorem 36.5 ； Turnbull and Aitken, Theory of canonical matrices, p.131, Lemma III; and 
Logsdon, American Journal &f Mathematrics, 1922, 44 ： 247-260. An earlier paper of Muth, Joutti 
/fir Math” 1905, 128: 302-321 should be mentioned as one of importance in this connection. 
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Proof Let 


R 


q(x) = \ Yl(x -ai) li J|((x - Qf)(x - a { )). 


r 


where ai > 0 and a % is complex, 
1) The theorem is true for 


9(3;} = (x - a) 1 . 


In fact the theorem is true for i = 1, for then x( x ) — \/^ a solution. Suppose that 
we have a real polynomial xt-i( x ) such that 

X?-i ⑻ -x = {x- ay~ l \(x), l > 1, 

where A(x) is a polynomial with real coefficients* Evidently — 0* Then 


Xi(^) = - ^ 


A(a) 


2xi-i ⑷ 


(x — a) 1 


satisfies our requirement, since 


xf(x) -x= xf-i ㈤ 一 


A ⑷ 




Xt-i(x)(x - a)' 


0(mod (x ™ a/). 


2} The theorem is true for 


q{x) — ((x a)(x — d)) l f 


In fact 


xO)= 


I 


i/2jof| + a + a 
satisfies our requirement for / = 1， since 


(1 + M) 


x 2 {^) - 


x 


( j : 2 十 2\a\x + \a d ) — x 


2 


2\a + a + a 

9 i t , ^ 7^ ( x - 咖 - △) 

I\a\ -h a + q 
0(mod (x - a)(x — d)) 


and 2\a\ a + a > 0. 
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Let X(-i (^) be a real polynomial satisfying 

xLi ⑷ -((x- a)(x - a)) f_1 A(^) 3 l > L 
It may be verified directly that 

Xi(^) = Xi-iM + ((^ - - 

satisfies our requirement, where the real numbers s and t are given by 

A(d) + 2(sa + t)xi-i{fy) = 0 

(the existence of s and t is easily seen^ since a is not real and ^ 0), 

3) Let qi (x) and 92 (^) be two real polynomials without common divisor, and let 
Xi( x ) and X 2 ⑻ k two real polynomials satisfying 

Xi(^) ~^ = 0(mod q\{x)) 

and 

xiM - x = 0(mod 仍 (x)). 

It is well-known that we have two real polynomials h\(x) and ^ 2 ( 1 ) such that 

(工）+九2 ㈤ 啦(工 ）=1. 

Then on letting 

X ⑷ _ Xi([r)h 2 (z)(?2(z) + X 2 ⑷ M^)9i ㈤ ， 

we have 

X 2 {x) -x = 0(mod qi( 3 :) 92 (x)). 

Applying the process repeatedly, we have the theorem* 

7* A theorem on pairs of Hermitian forms 

Theorem 15 If H and K are two Hermitidn linear X^matrices having the 
same elementary divisors’ then we have two non-singular matrices I'i and l "2 such 
tha0 

T 2 Kr 2 =k[ ry) + k ( 2 r2 \ 


@ In case r\ — 0 S is left out. 


n + r 2 = h, ri ^ 0 T r 2 >0 
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and, we have two non-singular matrices p ^ x ' and ^ J such that 

Pihip[ = fei, 
p2^2p2 = — 

Proof 1) By the hypothesis we have two noo-siogular matrices P and Q such 

that 

PHQ - A ； 

Since PHQ = PHp f f/ L Q, we may assume that P = L 
Since H and K are both Hermitian we have 

HQ = Q f H = K. 

We have a non-singular matrix T such that 

r- 1 QT = ( ? S n ) +4 r ^， 

where 仍 hsa non-negative characteristic roots and q> has only negative characteristic 
roots. We may assume without ： loss of generality that 

Q - 仏+办 


Let 

H=( hli ’〆 、 

\ It \2 ^ l 22 ) 

Since HQ = Q r H. \\v liavc 1 h\2<}2 = f}[h i^. Smcv q\ * 
root. tlu'ii h \2 = O. Thus 


f /2 haw no coniinoii dmractoristk' 


Coiiseq\ieiitIy 


v v 4 e j 


and 


" i，/i = = Av h 2 Q 2 = ^2^2 — 


2) In the Lemma of G wc tako lo be tlie characteristic polynomial of f/i * Thou 
wo have a real polynomial x( x ) ^uch that 


\ 2 (9i) = 9i- 
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Then, letting pi = x(9i), we have 

ki = hiqi = hix 2 (qi) = x(Q\)hix(Qi) = Pi^iPi^ 


Next, in the lemma of 6, we take q{x) to be the characteristic polynomial of —q )、 
Then we have a polynomial x( x ) such that 

X 2 {-Q2) = 一 <12, 


Let p 2 = x(~92) s then 

^2 — — 一办 2\ 2 (— 92) ■ 一 — 0^2X( —? 2) = —p2^2P2* 


The theorem is then proved. 

8. Canonical form of pairs of Hermitian forms 

First of all, we introduce the following notations: Let 

/ 0 0 … 0 1 、 

0 0 … 10 

= :: :: 

0 1 … 0 0 

V 1 0…0 0/ 

be a f-rowed square matrix ( 叫 ）with 


f 1, for i j n + 1, 

[ 0, otherwise 

and let 

/ 0 0 0 A \ 

00.” A 1 

m w (A) ^ :: :: 

0 A “ . 0 0 

V A 1 …0 0 7 

be a t-rowed square matrix (bij) with 


I 



for i + j = n + 
for i + j = n + 2, 
otherwise 
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(in case n = 1, then in = 入)， 

Theorem 16 Lei (j4, B) and Bi) be two pairs of Hermitian matrices. Let 
det (AA + B) = 0 have no real root and let A and A\ be non*singular, A necessary 
and sufficient condition for the pairs to be conjunctive is that they have the same 
elementary dirisors^ More definitely) given 

9i = ((A - A,)(A - … （(A - 入 k )(A - 、 ) 产， 

where 1 ^ i ^ n and gi divides g^i and ^ ~ \ n - Lei 


EE 


O j ■⑴ 

7 也） O 


and 




1 1 


O 


where the denote direct sums and. fortij = 0^ the corresponding term is to be left 
out- Then XJ — M has the preassigned gi as its i-th elementary divisor. Farther every 
pair of Hermitian matrices ( 力， B) with gi as its i-th elementary divisor is conjunctive 
to (J, M), 

Proof It is not difficult to verify that XJ — M has as its i-th elementary 
divisor* 

1) In Theorem 15, we take 


H = \A-B, K = XJ - M, 

If r 2 = 0, the theorem is evident* If n =0, then we have a non-singular matrix P 
such that PHP f = —K. Let 




^ 3 


J(Uj) Q 

O 一 J ⑹） 


Then QJQ f = —J and QMQ* = —M. Thus QPHP l Q r = K and the theorem is true. 
2) Consider first the particular case where we have 

g n = ((x - a) ( 工 - ot )) n/2 


and g n -i ~ — = 9\ = XJ - M cannot be conjunctive to a direct sum of two 
Hermitian matrices. For otherwise we would have two ono-singular matrices P and 
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Q such that 


P(XJ - M)Q = 




and p\ and are Hermitian. Then either {x — a) njf，2 or (x — a) n/{，2 , and hence both, 
would divide det This is impossible. Then we have either ri = 0 or ^2 = 0 in 
this case, The result is then true for this particular case* 

3) If Tj ^ 0, V 2 7 ^ 0, then we have to consider h\ and h 】 in Theorem 15 
separately. Applying induction on the number of the distinct invariant factors, we 
have the theorem* 

Theorem 17 Every pair (A, B) f det (A) ^ 0 f of Henniiian matrices is con¬ 
junctive to the following pair (J, M), where 




3 




» 3 


O 

j(f'j) () 

m)(X t ) O 


the first ^ runs over all real roots of det (XA + B:) — 0 and the second ^ runs over 

i i 

all pairs of mmplex roots of det (XA H- B) — 0, and — ± 1 * 

The proof of this theorem is completely analogous to that of Theorem 16. 
Definition The pair of forms {J' M) obtained in Pheorem 17 is called the 
canonical form of all the pairs conjunctive to it* 

For a fixed c, we may arrange Sij as 


= + ’ + = SiQ > Sio + l = . * * = 

> 占 it ：： r+3+l ~ * * * ~ ^tcv+/3+7 

> 亡 + … + 巧， 

We set 


^[ l) - + … + 




- ^ia+1 十 … + 

The constants are called the system of signatures of the pairs of forms 

with respect to the real root c. 
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To each real root we have a system of signatures. The totality of all the ele¬ 
mentary divisors and all the systems of signatures is called the system of elementary 
divisors with signatures. 


9, Law of inertia 

Theorem 18 The system of elementary ditmors with signatures characterize 
the conjunctivity of pairs of Hermitian matrices completely. More exactly’ the elemen¬ 
tary divisors and the systems of signatures are the same for all conjunctive pairs of 
H^rmittan matrices (law of inertia); pairs with different elementary divisors or with 
the same, elementary divisors but different systems of signatures are not conjunctive. 

Proof 1) It is known that if two pairs of Hermitian matrices are conjunctive, 
then their elementary divisors are the same. FurthtT, it is evident that two canon¬ 
ical pairs with the same elemeiitary divisors and the rtfime system of signatures are 
conjunctive. 

Thus it is sufficient to establish the result by showing that any two canonical 


pairs of Hermitian matrices with the same elementary divisors but different systems 
of signatures are not conjunctive, 

2} Let ( M ) and 




3 


Mi 




O jdj) 
Q 

O 




川 


W) 


m " 叫 A t ) 

O 


be two canonical pairs of Hermitian matrices with the same elementary divisors. If 
(J, A/) and ) are conjunctive, then we have a non-singular nxn matrix F such 

that 


Then 


f(W_) = (A/J _ 1 )r, 


since A/J- 1 = MiJ^ 1 = Since J 2 = /, and 


a"— 1 = 味)严叫 EE 


O m)(AJj (…) 

⑹ )( 又 )，） O 


we have 


r = E r ^+E 


⑴ V U) 

11 1 12 

p ( ? ) 
1 22 
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and 


Me m (⑹⑹ j 


j( s ij) I f' i 


1 


Also 


fj f y^£tjm (Sij) (Ci)j r• = 

Thus it is sufficient to prove the theorem for the case with a unique real root c. 

3) We require a 

Lemma Let H A denote the adjoint matrix of H. 

(I) If H and K are two conjunctive non-singular Hermitian X-matrices } then H A 
and K A are conjunctive also; furthermore f if we arrange H A and K A m polynomials 
in Aj then their corresponding coefficients (which are matrices) are conjunctive■ 

(ii) //det (if) ^ 0 and 


then 


H A 矸 .W . hf 
d(H) = d(h 2 ) +M ^ + d(h t y 


(iii) 


* (—A) 1 


(m {t) {X)) A = (-1) 外 - 1 )"- 2 ) 


-A A 2 —A 3 


I (-A ) 1 

which is a t-rowed square matrix (atj) with 


(~X) i+j ~ 2 , for i + j S * + 1 ， 
0 . otherwise. 


All these results may be verified easily. 
4) Since 


r(j ， M))r = (JnAA )， 
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we have 

f ((A - c)J 4 - M)T f - (A - r) Ji -h M x 
for any A. We write, dropping the subscript i, 

M(A) = (X^c)J + M 

j 

and 

B 

M l (A) = (A - c)J x +M X Km ⑹ (A). 

j 

They are conjunctive for any A. Thus det (M(A)) and det (Mi(A)) have the same 

sign, Le., = 以 nce 

j i 

det ⑷ m ( 〜） (A)) = (―" ⑷ A”' 

Further，let 

J]4(-1) ㈣ 广 1 ) 


M{X) a = eX 


gj(m ⑷ j (A))d 

^ det (m ⑷ ） (A)) 


f J] 。 (- l)P 々 r”(m ( 〜 )(A ))〜 n ， 


The coefficient of X n ~ 31 is equal to 


e{-l)^- ! > Y1 ^ 


1 0 0 + + . 0 

0 0 0 +M 0 


0 0 0 


since ( —l)i 〜 〔 s > 2 ) = (-1)> 广 1 By ⑴ of the lemma, the signature of 

this matrix Is equal to that of the corresponding expression of Mi(A); hence 
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The coefficient of X n Sn+l is of the form 




£ I 


妆 (— 1 )( 


s a+1 — i) 




/ 1 0 0 
0 0 0 


0 


\ 0 0 0 


0 


The corresponding expression of Mi (A) may be written as 


0 0 


e I ^2 6 J P i I +e(-l) ( ^ +i '° X) ^ 

/ o+l<j^a+/3 


0 0 0 


- 0 、 
• 0 


\ 0 0 0 


0 


(by arranging the first part such that £f = £■ for 1 ^ i ^ a). Thus we have 


+ 0 


■^0 


5 ： E 






rv + l 


rrt +1 


The result follows by induction, 

10* Normal form of hypercircles 

Theorem 19 Every kypercircle is conjunctive under & to a hypercircle with 
the matrix 


//i O 

O H 2 


Hi 


h\ r} O 

O O 


(r) 


， h 2 


o 


f 2 

o o 


where hi and I 12 may be expressed as two direct sums 


h 






O j (⑴) 

o 


and 


iEE ⑽ 


o 


m 


Ck 




j 


mW) O 


where the ds are real and the. X f s are complex 7mmbers. 

Proof By Theorem 14, we have only to consider the case with 


Hj 


hi O 

O O 


丑 2 = I = = 1 ， det (h\) ^ 0* 



_ 
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Consider the pair of Hermitian matrices (h } 1 ， hy. 

By Theorem 17 T we have a non-singular matrix 7 such that 










"X belongs to ©* Then 



gives the required form 


^notice that 


a 士 j 


o 



Theorem 20 Every hypercircle with a matrix of the form given in Theorem 
19 has a canonical discriminantal matrix. Apart from all other quantities in the 
expression of the matrix of the hypercirde are completely determined by its discrimi- 
nantal matrix. 

The proof of the theorem needs only a direct verification* 

Thus for a given discriminaotai matrix we have only a finite number of hyper- 
circles, more exactly, the number of hypercicles is ^ 2n. We have to consider further 
whether the forms given in Theorem 19 are equivalent. The answer will be given in 
15. 


11 . Complete reducibility 

Definition A sub-set C of (S is said to \)Q completely reducible, if we have a 
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transformation 20 belonging to ® such that the elements of 2D -1 £SHJ are of the form 



with 


A = 



A 

O 






o 

^2 



Theorem 21 Lei f) and ^ be two hypercircles with the same discriminantal 
matrix S, and let det (© — A5) = 0 have more than one distinct root The transfor¬ 
mations which carry S) to are completely reducible. In particular, if 9} — they 
form a completely reducible group. 

Proof We may assume that 


^=( ° r V 

\ -r o ) 

where T = and t\ and t 2 have no common characteristic roots ， 

Suppose that = 只 where T belongs to @’，then = S, Since TJX 7 = 5 
we have Then X© = -©5^5. 

Put 


then 


i-e” 

rc = ct, ro = or 

TA = AT, TB = BT\ 



Since t\, t 2 have no common characteristic root, we have 

A = a\+a 2 , B = 61 + 62 ， 

C = c.} +C2, D — d\+d2* 


The theorem follows. 
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In order to investigate the conjunctivity under & of the forms in Theorem 19, 
we need only investigate the conjunctivity under © of 

hi: 

h2 = 

where c is a real number. The solution are quite different according to c < 0，> 0 
or — 0 * 


12, Conjunctivity under © for c < 0 


Theorem 22 The hypercircle with the matrix 

(j ⑴ O \ 

^ O m^(c)) 

is conjunctive under © to that with 

_ ( J {t) O \ 
y O m ⑴ (c) J 

provided c <0. 

Proof We shall first establish the following preliminary result ： 
We have a real and symmetric matrix such that 

sj^s = —m(c), 


if c < 0 . 


The result is true for £ = 1, since 


VW \-1 - 


CU ID 


\f—C, 


The result is also true for f = 2, since 



Suppose that the theorem is true for t，then we shall prove that It is also true 
for / + 2 , i.e*, suppose we have 5 such that 


sjs — —m(c) 








i, 
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The theorem follows. 

Consequently, the sings corresponding to a ntjgative Ci in Theorem 19 may be 
replaced by +1. 

13, Conjunctivity under © for c > 0 

Theorem 23 // 乃 i and f )2 are conjunctive under 0 ? then the two pairs of 

Hermitian matrices 

and 

(^2,^5) 

arti also conjunctive under ©. 

Proof Let T be an element of © and — Since TJT = 苫 and 

= % A we have 

= J'-'fii 14 ! -1 

anti 

Therefore 

^(Afh +痛力 f 3) f 二妨2 + 仰和化 

Theorem 24 Let c > 0, and 


E 




h 2 - y^^ t rn {3,] [< ). 


For different systems of signatures we have non-conjunctive hypercircles (under ©) 
with matrices 

°) 

V O h 2 


under 0 . 


Proof Let 


fn O 

O h 2 


O k 2 
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be two such hypercircles with different systems of signature 反 If they are conjunctive 
under 0， then 


(力，-肋巧 ）= 

and 

( 兵， -5^5)= 

are conjunctive. 

We shall now prove that 




O \ ( det {hi)h^ 

^ )\ O 

O \ f det 

k 2 J ， I O 


O 

det {h 2 )ht 



O 

det (k 2 )kf 



^ = Xhi + /idet (hi)^} 

is conjunctive to 

♦二 \h^ + "det (Ji2)hf - 

We have 


h^4>h2 = hf ( 入 hi + fjtdet {hi)h 令 ) ti2 

— det (h})(\h 2 H-/idet (h 2 )h^) — det (hi)ip. 


Then 


hf<ph\ A ^ h\h 2 ~ (det [h \}) 2 水 


Now [det (fti)J 3 is positive and h\h 2 is a matrix wiht a positive characteristic root c. 
Hence as in the proof of Theorem 15, we have a matrix p such that 


phf<ph , { /{ p f = tf). 

Thus 4> and ip have the same system of elementary divisors with the same systems 
of signatures. Thus if ( 为， 5ft^5) and are conjunctive, then 

(hi, del {h2)hf), (fc2,det 

are conjunctive, then (since /ir 1 = h\^ 1 = A ： i), 


(h 2 } hi )， (k 2 ,k l ) 


are conjunctive. By Theorem 16, they are conjunctive if and only if they have the 
same systems of signatures. 

Consequently the signs Eij corresponding to a positive C{ m rheorein 19 are 
significant* 
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14. Coiyunctivity under & for c = 0 


Here we require a preliminary lemma. 
Lemma Let 

/ A 1 0 

0 A 1 

= ::: 

# * * 

0 0 0 

<000 

be an l-rowed matrix. The solution of 






is of the form 


X 


(l,Tn) 


工 1 
0 




X, 


X, 


0 

0 


0 

0 


xi 

0 


if / > m, 



x 


(f ， m) 


0 


0 X\ X2 
0 0 


Xl 

Xi- 


X 


(u) 


0 

X\ X2 
0 xi 


0 0 0 

… Xi 
… ^t-\ 


if 


工 i 


0 0 … xi 

\ / 

Theorem 29 Theorem 24 is also true for c ^ 0 

Proof Let 


f) 


^ ° ] A= o 

o h 2 j' \ o k 2 


and let 


T = H[H 2 = K[K 2 = J] ⑷) < 0 >, 


< m, 
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where 

/ 0 1 0 +- 0 \ 

0 0 1 … 0 

j i3) m {s} (0) 二 ；: 

0 0 0 …1 

\ 0 0 0 ■■ 0 } 

(for 5 = 1, it, is zero). 

Evidently Hf — = L Let 





Since = 丨沪 = —广糾 ai】d 孓 2VT = we have = 幻 5 玄 . Now © ^ 

( O T \ 

I O J; coosec l uen ^^ 1 we ^ iave 

AT ^ TA, BT f : TB, CT = TC、DT = T f D, 

Now we use Greek tetters to denote matrices commutative with T. Then 


A = a, B = 8Hi , C = Hn ， D = H^SHu 
since T f — Hi TH\ y Since 



we have 


K y = AH r A f + BH 2 B , = aH^ + 0H x H 2 H l p / = aH x a f + T 紙 


Write 




with 




<// 刎 . kg = Q for i 弄 j. 


Similarly, we write 
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with 

ha = kij - 0 for i ^ j. 

Further, we write 

T = (Uj ) 

with 

f “ ⑼， Uj = 0 for i ^ j; 

and finally，we write 

a = iflij (Jij = d^j . 

Then 

™ "f" 〉: tiX ■ * 

X-^fi A ■… 

Now we consider the element In the (s iy l)-position + The contribution from kij 

is either e[ for t = j or 0 for z ^ j * The contribution from Ux^ * is zero, since the 

A … 

last row of Ux is zero. 

By the lemma，since 

^ik^kk ~ ， 


we have 


/ 0 … 0 Tik * … 

dif^ = - 

^ 0 . . + 0 
/ ^ik * … * 、 



* I for Si > ajt, 
'[•ik J 


or = 0 0 … Xjfe 

0 0 … 0 


for \ < 补， 
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The element in the (&，Imposition of is zero for A ^ is zero for Si < s^; 

is zero for Sj > s^; and is 


> : \^jX for 5 入 — Sp — S{ — Sj^ 




Thus we obtain 


Let all the elements s v equal to be 


if i=h 

0 ， if i 


S^+It ' 4 T 沒 ” +C 


Then 


e 


17+1 


0 


0 4+2 


» ■ » 


0 

0 


(Xij) 


G+i o 

0 ^+2 


e 




0 0 


0 

0 




Thus 


^+1 + … + £"+《= 4+1 + … + 芒 


V+^ 


( 工 ij) 


The result follows. 


15* Canonical form of hypercircles 


We now summarize the results of 10-14 

Theorem 26 Every hypercircle is conjunctive under & to a hypercircle with 
the matrix 



where hi and h) may be expressed as two direct sums 


a>o 


Ci <o 


o 


O 


and 


hi = Y^2^ijj (Sxj} 

a>Q 


EE ㈣ 坨 

c t <0 


O 


3 




j 1 ~) o 







On the Theory of Fuchsian Functions 

of Several Variables * 


1- Introduction 

The paper contains a part of the author's general treatment of the theory of 
Fuchsian functions of several complex variables which may be considered as the first 
approximation of the author^ precise results concerning Fuchsian functions of a ma¬ 
trix variable. The hypothesis is comparatively simple and weak. Broadly speaking 
any discontinuous group of automorphs of a bounded transitive space will fu]fi 】 our 
requirements for moat purposes. In reviewing the history of the theory of automor- 
phic functions of several variables, we find either that the group is too specific ⑵① 
or that the hypotheses are too implicated 卜 ”* 1 he present treatment seems to be 
comparatively satisfactory in both respects. 

The space in metrized in a way which seems to be simpler and more precise than 
the metric of S.Bergmannl 4 !, In §4, the author establishes that any discontinuous 
group of the apace is properly (liwcontinuous. The convergence of Poincare theta 
series has been investigated and a criterion, which seems to be the best possible, lias 
bmi obtained. 

ff we restrict ourselves to tlw case that the discontinuous group has a compact 
fundamental domain, we can go a good deal further* As an example, we give a 
generalization of Siegel's theorem concerning the dependence of automorphic fortiis. 

As an illustration, the author gives a discussion for Picard’s hyperabelian func¬ 
tions at the end of the paper. 


2, Analytic (or pseudo-conformal) automorphs of a bounded domain 

Let 识 be a bounded domain of the 2n-diniensional space 

(:) = (:li ■ ■ + * : ” ），之 /r = 1 厂 i W k' 1 ^ ^ Tl- 

* Received August 20, 1945. Reprinted from the Armais of Mathematics, 1946, 47(2), 

① A list of references is given at the end of the paper. The booklet of Behnke &nd Tfiulltn 1 

will be referred to as B»T in the pape^v. 
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If there is no ambiguity, we use simply ^ to denote the complex vector (z), The 
domain fR will be referred to as space 91. Without lose of generality we may assume 
that the origin 

( 0 ) = ( 0 ,^, 0 ) 

an interior point of the space SH. Let I' be tlie group of analytic automorphism of 
the space 乳 Suppose that T is transitive, i,e, that any interior point of may be 
carried to (0) by a traosformation of the group 1' 

The analytic automorphism with the fixed pgint 0 form a subgroup ro of F. It is 
called the group of stability^ It is known that the group l'o is compact (H,Cartan^^). 
More precisely, since every transformation of Vq ls uniquely determined by its linear 
terms, each transformation of Pq may be expressed by a matrix which is formed 
by the coeffcients of linear terms. Moreover, owing to the compactness^ by a linear 
transformation, we may write a transformation of as 


= Uhui^) 


when ： U denotes a unitary matrix. 
More definitely, let 



thvn the transformation 


^ = Gu ， （二 ) 


donotos the analytic mapping 


n 

uti — ^ u tJ zj + terms of higher powers 



(Cf. B^T, Kapitel 6). 

Consider the cosets of F/Tq. Let 

^ [1 being identity) 

be the transformation carrying (0) to (a) = (« 卜 … ， a n )- As a tends to zero, it 
approaches the identity transformation. Then the elements of F may be written as 

Ul — ~ /(^O.i/(^ ) )» ( 1) 


where a runs over all interior points of 91 and U runs over all admissible unitary 
matrices in the group of stability. The transformation given by (1)，with fixed (a), 
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form a eoset of r/To, which carries (0) to (a). Such a formulation suggests that the 
geometry is not very far from the ordinary hyperbolic geometry. 

It is known that a family of analytic functions bounded in the aggregate form a 
normal family. In particular 

form a normal family, that is，in any sequence of the mappings 

‘⑽ ㈤ ，…九队(之)，…， 

we can select a subsequence 

such that each component approaches an analytic function as a limit. 

Let 

hu ( 之 ) 

be the functional determinant of the transformation 


^ = t ai a(z). 


Let 6 be a point on the boundary of the space then we have a sequence ai such 

that 


\im J aiM (z) = 0, 

di — +0 

In fact，by normality, we have % such that 


converges uniformly either to an aiitomorph of M or to a degenerate transformation. 
Since the limiting transformation carries 0 to fe, it cannot be an automorph of 3L 
Then we have the assertion (Cf, B-T, Satz 55). 

3. Metrization of the space 

We write 

^ ^ ta}j( z ) = f(z,a,U), 

m the inverse mapping of 

2 = t ai u(^)* 


Then 


f(a y a,U) - 0. 
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We have 


n 

dw 3 = ^2dz t a t91 

t-i 


^is — 


dw 3 

dz t 


Let Ja t ,u( z ) denote the matrix 


(辽 ts)= 



* 


Theorem 1 The Hermitian differential form 


{Tz)J ZiU {z)J^u{zy{dz) f 


is positive definite for z belonging to the space iH and is invariant under the group F } 
where M and M f denote the conjugate and the transposed matrices of M respectively. 
Proof Since in the function 


d(J ZiU (z)) # 0, 


where d(M) denote the determinant of the matrix the Hermitian form is evidently 
definite. Let 

z 二 f(x y 0,V) 

and 

w = f(/(^ ^V),a t [/)=/(^7,lV), (1) 

Putting j ： = 7 in (1), we have 


Consequently, we have 


We have 


o = /(/(7 』， n ， a ， t/) 

a = f( 7 ^,vy 

(dz) = (dx)J^y(x). 


⑵ 


Further 


~ (Jot, 1/(2))a: 




r= 


f(x,P,V) 


- ( 加⑷广 
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by (2), 

Further, from 

( 山 ） = 

we deduce that w = 0 implies w — 0 , Le” 

u = 

where X Is a unitary matrix. Then 

/-> 々 ，) = f-\f- l (w^X) rl ,U) 

and consequently 

f(f(w yl ,U)^X) = f(w^W). 

We have immediately that 

= fdf(w,y,U)\ fdfjx^X) 

\ 9w ) w ^~\ dw ) w=y \ Bx 

Thus, we obtain 

(df(x^ } W)\ = (df(x^U) 

\ 3x )^ =x ~\ dx 

and 

Jz,u(z) = (Jf3,u{x))~ l Jx,u{^)X. 

Then, we deduce 

(d^)j^^j 2 ,u{zy(dzy 

- 1 尤 xvw ⑷) V 狀⑻广 V 伙 ㈤ /( 血 / 

= (dx)t/x t [/ (x)(w) (dit ) ^ 

The theorem Is now established. 

Incidentally, we have established also the following theorem: 

Theorem 2 The Hermitian differential form 

(dz)Jz,u(z)J Zi u(^Y(dzy 

is independent oj U- 

Is the metric unique? We have the following answer. 
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Theorem 3 // 

(di)H{z,z){dz)\ H = {hij), H f = H 

is a positive definite Hermitian form invariant under the group r ? then it is equivalent 
to the form given in Theorem 1 by a suitable choice of coordinate system. More 
precisely, we have a constant matrix C such that 

where (w) = (z)C^ 

Proof Let 

z = f(wj3,V). 

Then 

j0 i v( J w)H(z.z)J^^v(wY = H(u\ w). 

In particular, for 之 = 0, we have 

只03,肉 = (1) 

For /3 = 0, we have 

//(0,0) = i^7(0.0)V' 

since 

⑼二 V: 

\Vb may choose P such that 


Then 


Now P~ 1 VP is unitary* Let 


Then, from (1 夂 we have 


H(i)A)) = PP\ 


PP* m VPP f V f 


H{z,z) = PK{z,z)P f . 


H(z i z) = J z y{z)PP f J zA (zy i 
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i» 6 M 

K(z,z) = P^J 2 ^ v (z)P(P- 1 J z y(z)P)\ 

The theorem follows. 

Theorem 4 If the group of stability is irreducible f then the nonsingular in¬ 
variant differential form is unique up to a constant factor. 

With the notation of the proof of Theorem 3, we have 

H{0 % 0) = VH{0,0)V\ 

The result follows easily. 

Evidently we have 

Theorem 5 The volume element 

\d(J ZiU (z)) 2 dx l ^ dx n dyi ^dy n 

is invariant under the group where d(M) denotes the determinant of the matrix 

Remark The present result depends only on the property that the group of 
stability is compact* The boundedness of 91 Is not used m its full force. It seems to be 
true that the Riemaimian curvature of the space iH is never positive* But the author 
failed to find a proof for this important theorem. Moreover the transitivity is also a 
non-essential assumption. 

4. Discontinuous group 

A subgroup G of the group T is called discontinuous^ if every infinite sequence 
of the transformatlDiis of G does not converge to a transformation of T. G is called 
properly discontinuous^ if the set af images of an inner point of has no limit point 
in Evidently every properly discontinuous group is discontinuous. Now we shall 
prove that 

Theorem 6 Every discontinuous group of the space 9^ is properly discontinu¬ 
ous. 

Proof Supposing the contrary, without loss of generality, we assume that 

CZh ， Or ， ■ ” 

is a sequence of points equivalent to zero under the group G, and that the sequence 
approaches a. The corresponding transformations are 


(2)，" ■ ，尤 Cmt/ n . 
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They form a normal family, we have then a limit transformation 

W ⑷， 

where f/ is a limit element of the aggregate of unitary matrices U\ ， … Mn t …- This 

* 

contradicts our supposition* 

Theorem 7 If w — to,c/ ( 之 ) belongs to G f then U is of finite order. Conse- 
quently，there is a finite number of transformations of a discontinuous group having 
an interior fixed point 

f 

The theorem is evident，since an infinite sef of unitary matrices has always a 
limit element* 

Definition A transformation with a fixed point interior to is called an 
elliptic transformation. The corresponding unitary matrix is called muliiplmr of the 
transformation. 

Remark In the proof of Theorem 6, we do not need the full force oti the 
boundedness of Dl, That the group of stability be compact will meet our requirement. 
The geometric having hypercircle as absolute with a regular metric given in Hua[ 6 ] 
satisfy the requirement, so that our Theorem 6 is still true for them, 

5 - Distance 

Definition Let a and b be two points of the space. We define the distance 
A(a, b) between two points a and b to be the greatest lower bound of the absolute 
value of the integral 

义 ^{dz)H(z,z){dz) f 

for all possible rectifiable curves C in the space connecting a and k 
We may easily establish the following properties: 

1) Fbr any pair of points a and b in A(a,6) is finite 甲 

2) A{a,b) = A(b, a), 

3) A(a, 6) = 0 if and only if a = b. 

In fact，surrounding a we construct a sphere iS of radius p which separates a and 
b, and li 部 entirely in Let X(z) be the least characteriaic root of H(z^ z) which is 
continuous in and let q be the least value which A(^) takes on the closure of 5, 
Evidently 9 > 0* Then 

f {Tz)H{dz) f ^ [ X{q)(dz)(dzY, 

Jc Jc 
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where C f/ denotes the part of C lying in S, Then 

f (d^)H(dzY [ (dl){dzy 

Jc JC f 


Then we have 3), 

4) If a, 6, c are three points of the space, we have 

r ) ^ A(a, h) + A(b, c} + 

Consequently, A (a, b) is a continuous function of o, and 6. 

5) Leg w — t(z) be a trfinsibnnation of T, wc have 


A(aJj) ^ A(t(a)j(h)). 

6 ) As a tends to a boundary point c of 9U, we have 

Hm A(a, b) = oo, 

o —+c 

In fact, we may assume b - 0, Let A be the greatest lower bound of A{0. c) for 
c running over all boundary points of Dt. Given e > 0, we have a point c and a curve 
C connecting c and 0 lying in 91 except the terminal point c, such that 



dzl{[dz ) ; ^ A + £. 


Taking a point / on C, we have 


c 


+ / < A + 

( 0 ,/) 


L6” 


A(r,/)^ A + ^ A(0,/). 


We have a transformation w — t\z) of Y carrying / into 0, and 

A(f(€),0) - A(c, f)^X + e- MOJl 
Since t(c) is also a boundary point, A(i(c), 0) ^ and we have 


A(0j)^e 


for any e >0. By 3) this is impossible, 

7) The points x satisfying 


A(a, J') ^ p 
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form a compact set. It is called a non-Euclidean sphere with center a and radius p. 
The topology defined in the Euclidean sense is equivalent to the topology defined 
by considering non-Eudideae spheres as a complete system of neighborhoods. 

Remark If we can establish that the space 5 W is of non-negative Riemannian 
curvature, the distance between two points is equal to the length of the unique geodesic 
connecting both points, The theory will be more elegant than the present one, 

6 . Fundamental region 

By the result of § 4 , G is enumerable. We may ^assume that 0 is not a fixed point. 
In fact, the fixed points of a transformation form a manifold of dimension < 2n - 1 
and there are an enumerable many of then】，thus we may choose a point which is 
not a fixed point of all the transformations of G, By a transformation, we take it 
to be 0. Then we may omit the unitary matrix from the subscript* we arrange the 
transformations of the discontinuous group G in thv following order 

ti(z) = i 二 0,1,2 ,…， 

according to 

0 = A(o 0 ,0) < A(a 1? 0) ^ △(rt 2 ,0) ^ ^ A(a^0) 矣 “ 

and to(z) = z is the identity. We have then 

lim A(a“0) = oc. 

Definition A subdomain F of SR is called a fundamental region of a dis- 
contimious group G 7 if the images of F under G covers 讲 without gaps and over- 
lappiags. 

Theorem 8 There exists a fundamental region. More definitely, let a be any 
point which is not a fixed point，the pomt z satisfying 

A(z, a) ^ A(z, ti(a)), for / = 1 ， 2, 

form a fundamental region which is denoted by F( a) r It is called the radial region with 
center a. 


Proof In fact, to every point we have a nearest, in the non-EucIidean sense, 
point in the aggregate = 1 ， 2 , " ， ），or one of its nearest points. Then it 
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belongs to which is an image of F(a), There is no point belonging to the 

interior of two Fftifa)), for otherwise 

△0, t k (a)) ^ A(z, tj(a)), for j 

and 

⑷) ^ A{z, tk(a)). 

Consequently 

A(2,tj(a)) = A{z, tkia)), 
i,e. z is on the boundary of F(tj(a)). 

Theorem 9 Every compact domain M in 91 is covered by a finite number of 
images of F(a) under G, 

Proof Let Mi be the set of points obtained as the sum of a set of closed non- 
Euclidean spheres with center at any point m M and radius A(m, a). Then Mi is 
also compact. If the intersection of M and F(tjt(a)} is non-empty, then Mi contains 
tfc(a). In fact, let p be a point in the intersection, then 

△(pA ⑷） $ A(p, a). 

By definition of M\. tk(o) belongs to Mj + Since 

iim 厶 (0, tfc(a)) = do, 

k—*oo 

we have the theorem. 

Consequently, we have 

Theorem 10 If F(d) is compact^ the compactness is independent of the choice 

of a. 

Proof Let F(6) be the radial region with center b. By Theorem 11 ， F(a) is 
covered by a finite mimber of F(^(6)) , s* Let them be 

F(t Xl (b)) r -- ,F(t Xg (b)y 

Then F(fe) is covered by 

In fact, let P be a point of F(6) 7 there is one of 


〜 CP )， …， W ) 
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lying in ,F(a). Then _P belongs to FU^ 1 (a}), Since / / {^ 1 (a)) is compact, we have 
the theorem. 

Definition The bisecting manifold of two points a and b of 识 is defined by the 
points x satisfying 

A(x,a) — A(x t b). 

Thus the fundamental region is bounded by a number, finite or infinite, of bi¬ 
secting manifolds. 

Theorem 11 If F(a) is compact^ it is bounded by a finite number of bisecting 

manifolds. 

Proof Let <5 be the diameter of F y the least upper bound of the non- 
Euclidean distances between any two points of F. Suppose that the theorem Is false. 
Let the bisecting manifolds be defined by 

A(a 0 ,x) — A(a, x) t » = ii, ^ 


Then 


A(a^, a) ^ 25. 


The fact that 

lim A(a ai a) — oc 

a — i，oo 

contradicts our previous inequality. 

7* Lemmas 

Lemma 1 Let 


= fk (. 之 l ， ■ ■ ■ ， ^n) > \ ^ h ^ Tt 

be an analytic mapping. Let 


( 1 ) 


之 k = + ipk, w k = u k + 

The mapping (1) induces a transformation of 2n-dimensional real space. The Jaco¬ 
bian of the induced transformation is equal to the square of the absolute value of the 
Jacobian of (1). 

Proof We have 

dwi ― 
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of which the determinant is the Jacobian of (1). Taking conjugate complexes，we have 




dh 

dz 3 


Thus 


Farther 


d{^\ 


n 


必 1 ，. … 


办 1 ，… ，之 n ， 云 1 ，’ . ■ ，芝 n) 


dw 


2 


= (UkjVk) 


1 (之 / c ， 之 Jt ) = (尤 Ar ， y 允） 

—1 / \ 2 —本 


we have the result* 

Lemma 2 If f(zu … ,r n ) is a function regular in and on the polycylinder C 
with center (z^ - - * ， zg) and radius p< i.e. 


Zi — Z 


0 


s p ， 1 ^?：^ n, 


we have 


1/( 之 1 ， … ， e T1 )| 2 心 ■「^ * dx n dyi ^ ^ dyr, ^ |/(4 … ,^)| 2 7r n p 


2 ti 


c 


The equality holds only when f is a constant. 

Proof Let 


^ ■ ■ . i 之 n ) = / 」 

川 I, ru 3J = 1 } 


E - 


•ur … （ d- 


The integral is equal to 




o 





0 


|5> 


1 n rn m / (” 1 1 仏 + r ■ 十 « 卩”） 


2 


x P\ … pndfn ' t f dp n d$i … <W ti i 


:( 2 兀广 


、p rP 


o JO 
'p rP 


〉 : | a mi, ■ ,7n tl \ 2 p\ 


2 m I + 1 


■ ..p 卜 + 1 dpi … dp n 


^(2jr) n / … I |a 0 , …， Oi … f> n dp' … dp n 


The last statement of the lemma follows by re-examining the inequality. 
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8 , Poincare theta series 


We construct the theta series 




i =0 


Theorem 12 The theta series converges absolutely (and uniformly) for k ^ 2 A ， 
if the integral 

[d(H(z, … dx n dy\ … dy n 


converges, where 


H z) — J z z ^ \ * 


Proof It is easy to see that wo have a constiint O such that 

fr 1 s d{H(z.z)) ^ iL 

where li = fl(!R + ) > 0 for all s lying in a compact region JK* in the interior of 91, 

We choose a poly cylinder C with center zq and with radius p such that U{Cys 
do not overlap. Then, by Lemma 2 of §5, 




dU{z) 


drdy 


z<；i 




dti(: 

dz 


d{H{z,z)) l - k dxdy 


Ql】_ A l / d{If{uK w)) l ~ x dudv. 


Thus we have 




i=a 


Oti(z) 

dz 


^ fi |l_A| / d(II(w,w)) l ~ x dudv 


I at z= zt) 


This establishes the absolute convergence of the sorites. Similarly, we have the unifor¬ 
mity of convergence, 

i 'vidently the integral convergGy for A = 1 T wv have the following 
Theorem 13 The theta series converges for k ^ 2, 

Is the constant given in Theorem 12 the best possible? The answer seems to be 
affirmative. 
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“ Verzerrungssatz' • Let 9^* be a compact subdomain of SH* There exists a constant 
A(> 0 ) depending only on so that, for any two points ^ and z* we have 

A " 1 <Ja f u(z)/J af u(^)^A. 


In general is this statement true? The author cannot answer it. Nevertheless for 
the four main types of symmetric bounded spaces the statement holds (Cf. the last 
section of the paper). 


Theorem 14 If the “Verzerrungssatz，）is true and if the fundamental region 
is compact, the theta series diverges when the integral in Theorem 12 does. 

Proof Let F be the fundamental region. Then 


dtj(z) 

dz 


2A 


会 A, 


F 


dtj(z) 

~bT 


2X 


d{H(z, z)) 1_ ^dxdy 


a 


d{H{z^ z)) 1 x dxdy 


Let 


which is finite. Then 



d(H(z,z)) l ~ x dxdy^P, 


dt,(z) 


The theorem follows* 


> A- 1 P- 1 Y] / d{H{z, z)) l - x dxdy 
=A^ L P _1 / d(H(z y z)) l ~ > 'dxdy, 

Jm ' 


In case the fundamental region is compact we have many advantages. In fact the 
essential difficulty arising from the iL parabIoic vertices” disappears. Broadly speaking 
under this hypothesis the theory of automoprhic functions may be developed quite 
satisfactorily* 

Ftom the discussion of §3, we see that as we apply the traasforination 

w = t^v{z) y 


we have 


and 


{dz) - (dw)J^ v (z) 




where W is ^ unitary matrix. By the method of adjugation, we may obtain invariant 
integrals of any dimension. By them, we may find some improvements of J^eorem 
12 for special groups* 
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9* Dependence of Fuchsian forms 

In the present section we shall give a generalization of a theorem due to Siegel 7 ] 
Definition An analytic function / (z) of n complex variables (z) — (z\ y - z n ) 

is called a Fuchsian form of weight k with multiplier system v of a group G in the 

• _ 

space 讲， if it is meromorphic in the space 91 and if 

f(ti(z)) = v(ti) ( H^) ) fi z ) 

for all transformations ii(z) belonging to G, where is a constant and t;(^) is a 
number depending only of 

了 he Piichsian forms of weight 0 with multiplier system 1 of a group G are called 
the Fuchsian functions in the space 1H of the group G- 

By a well-known method (See, e*g* Picard of- 2,3 ^ or Blumenthal^ 4 ), we may 
establish the following theorem. 

Theorem 15 For K large enough^ there are n 十 1 algebraically (actually analyt¬ 
ically) independent integral Fuchsian forms of dimension K with t;=L Consequently 
there are n aigebmically (actually analytically) independent Fuchsian functions of the 
space SH with respect to the group G, 

In order to establish the dependence of n+l Fuchsian functions, we me Siegel’s 
quick method. 

Let L = L(G，A:，tO denote the eet of all integral Fuchsian forms of weight k and 
multiplier v. If fj and belong to L，so does X\f\ + ^ 2 / 2 , for any complex Ai and 
入 2 . Hence i is a vector space with certain dimension d (infinite or finite)* Now we 
suppose that k is real and is of absolute value 1, 

Siegel found that d is finite for Fuchsian forms of a symmetric matrix-variable 
and for G having a compact fundamental domain. Now we shall extend the result to 
any circular region and then, by it establish the dependence of automorphic functions. 
By the definition of circular region，we have, in T, the subgroup of transforma¬ 
tions 

( 々 ，.-■ ,Z n ) = e l6 (w U - Wn). 

Consequently 

d{H(ze w ,ze ie ))^d(H(z,z)). 


Thus, let A be a scalar 


d(H(Xz),Xz) 
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is a function of 入 A, Let XX — f; it is a function of t. 

In order to prove the result, we need, besides the original idea of Siegel, the 
following self-evident lamma； 

Lemma For brevity，we write 

h(z) = h(z, z) — d(H(z 7 z)). 


Let 


b = max 



h(z) 


\ 






where F denotes a compact 
for t > 0, we have 


region ( later the fundamental region of the group G), Then ， 


lug|fa(^ 2 )[ - log|fe(^)| 
i "^ ]^gt 



for z belonging to F, 

With this b instead of the h in Siegel’s paper、we may establish that 
Theorem 16 Suppose that 91 is a circular region and that the fundamental 


domain is compact. The dimemixm d of the vector space L(G ， k,v) is 0 for k < 0 and 
0 or 1 for A: = 0* It is finite and ^ ck where c = (n + 1) 

From Theorem 16 T we may deduce, as Siegel that 

Theorem 17 Suppose that is a circular region，and that G possesses a com¬ 
pact fundamental domain. Fucksian functions of the space iH with the group G form 
an algebraic functional field with exactly n independent elements. 

Remark The condition that 9? m a circular region may be abolished, if we 

r 

adopt the method due to Poincare and Blumenthal 问， which is very much more elab¬ 


orate than that due to SiegeL It is very likely that every bounded transitive space is 
a circular region. Thus the author presents such a treatment. 


10* An introduction of vectorial automorphic functions 


Tlie preceding generalization of the theory of automorphic functions seems to be 
not the most appropriate one It may be considered as an introduction of a way along 
which the author has proceeded to a curtain extent. Such an idea will be proved to 
be fruitful in the study of automorphic functions of a matrix variable. The main idea 
may be described, in short, by the following phrase： “functions of vectorial variables 
with values over a vectorial duiimiti’ . 
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Definition Let 

/l( ⑷)，… ，/n (⑷) 

be n functions meromorphic of the n variables 

(:) = (:1，…，： n ) 

in 凡 For a transtormation 

t\ : uh - 4 入 )( ： 1 ， …. 1 


of G, we have 

(/!，..，DW = ( A ，…丄)(3 )(邱、))弋 


where J(t\) is the Jacobian matrix 



Then (/卜 * …，/ n ) Ls called a vectorial Fuchsian form of weight k. 

A vectorial Fuchsian form of weight 0 is called a vectorial Fchsian function. If 
the Jacobian of /i, … T /„ is not identically zero, the vectorial form is said to be 
non-degenerate* 

Theorem 18 To each Fuchsian function we am construct a vectorial Fuchsian 
form of weight —1. 

Proof Let \(之 1 ，… , z n ) be a Fuchsian function. Then 

is a vectorial Fuchsian form of weight -L 

As a consequence of Theorem 15, we liave 

Theorem 19 There exists a non-degenerate vectorial Fuchsian function. 
Theorem 20 Suppose that G has a compact fundamental region j4 vectorial 
Fuchsian function takes each vector an equal number of times，except those values 
lying on mangolds of dimension<2n. 

The theorem is a consequence of Blnmentliary resultJ 9; concerning the theory of 
eliminations. 
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FVom a vectorial Puchsian function 


(/ 1 ，…， / n ) ⑷， 

we construct 

(结 ) = i7(21 ， … ’ 2n ). 

Then 

J{z\. … ， 2 „) = 

which may be described as a “matrix Fuchsian form" * Suppose that the vectorial 
function is nonsingular, we have 

■ ■ ■ t (tly'l ! * # 1 t ^Tl ) J (t A ) ) * 


Thus to each non-degenerate vectorial Fuchsian function, we can construct a Fachsian 
form of weight —1* 

Let x be any Fuchsian form of dimension fc* Let 切 】 , … be a nondegenerate 
vectorial Puchsian function. Then 


is a Richsian function. By Theorem 17, J may be expressed as a polynomial of 
，犯 and where m^+j is a properly chosen Fuchsian function* Then, we 

have 

^n) k = ^ 4 ( 奶， … ,W nj W n ^i) 

EVom this formal footing, we may extend some of the classical results，Since the 
author finds no way to get rid of the condition that G possesses a compact fundamental 
domain，he will not proceed to give a full discussion of its development, 

11. A digression 

It was determined by E Cartan^ 0： 7 that there are six types of irreducible bounded 
transitive symmetric spaces* Among them theie are four general types and two special 
types. By means of the notation of matrices, the four general types may be expressed 
easily as follows. 

(i) Geometry of symmetric matrices. Let Z denote n-rowed symmetric matrices. 
The space 91 is formed by the points Z satisfying 


I 一 Z Z Q 
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(for ail liermitian matrix H t H > 0 means that H is positive definite). The group of 
motion of the space 91 is constituted by all transformations of the form 

A = (AZ + B){BZ + A)~\ 

where 



This is known as Siegel’s symplectic geometry. 

(ii) Geometry of skew symmetric matrices. The space iR is formed by the points, 
defined by skew symmetric matrices Z 1 satisfying 

I - ZZ f > 0. 

The group of motion of the space is constituted by all transformations of the form 

Z x = {AZ + B){-BZ + A)~\ 

where 



(iii) Geometry of rectangular matrices. Let Z — be an m x crowed 

matrices. The space 91 is formed by the points Z satisfying 

/ (m) - ZZ ( > 0. 

The group of motion <p is constituted by all transformations of the form 

Z 1 =(AZ + B)(CZ^D)~\ 

where 



(tv) Geometry of complex spheres (given at §13). 

The four types of geometries possess special lion-Euclidean properties which en¬ 
able us to improve our general results. The first three types are included in the 
discussion of the author's papers 问 - As an illustration of the present general treat¬ 
ment, we shall study the final case to a certain extent. Note that this is the case 
known as Picard’s hyperabellan group. 
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12 + A particular kind of geometry of matrices 

llie matrices of the present section are all real- 

Let X = be a 2 xn rowed real matrix. The space SHq is formed by the 

points X satisfying 

J (2) - XX P > 0. (1) 

The motion of the space is given by 

X, = (AX + B)(CX + D)~\ (2) 

where 



i + e +1 

AA f - = I [2 K AC 1 = BD\ CC f - DD f 二 -I {n \ (3) 

and the determinant of 

(“） 

is equal to L 

From (3)，we have consequent ly 

- CC = I iTt \ A f B = CD, D l D^ -/ (2 > (4) 

and 

Xi = (XB f + C f ). (5) 

Let dX denote the differentialof X, Then 

dX x = {XB 1 ^ A f y l dXD f - (XB f + A f )- ] dXB f (XB f + + C r ) 

={XB f + A f y } dX(CX + D)- { , (6) 

Further. 

I - X Y X f } ^(XD' ^-^)1(X3' + A r )(BX f + A) 

- (XD f + OiDX* + C)}{BX f -h 4 广 1 


M. 


■'2! Notice that d(AI) denotes the determinant value of M and dM denotes the differential of 



the Theory of Fbchsian F\inctioes of Several Variables 


255 


(XB，+ XX^iBX' + A)- 1 


⑺ 


and 


I - X[Xi = {CX + D) f - l (I - X'X^CX D)- J 


Consequently 


d(XB f ^ A r ) 2 = d{CX + D)\ 




since 


d(I - X f X) = d{I - XX f ) 


Then 


d{XB f + A f ) - d{CX + D) 


⑻ 


since 


A B 
C D 


and [ ^ ^ 1 form a continuous piece, 

\CD 


FVom (6),(7) and (7’），we obtain an invariant differential positive definite quadratic 


form 


-XX0 _1 dX (/ (n) - x'xy^x'), 


where a(M) denotes the trace of the matrix M. 

The Jacobian of the transformation (2) is equal to 

d{XB f + A r )- 2 ~ 7t 

by 〔6 )* The volume element of the space ib given by 

d(i -xxY mn)/2 x, 


⑼ 


( 10 ) 


where X = 7idx r3 (here we use again the fact that 

d(I -XX f ) ^d(I - X f X)). 

Given a point P of the space Kq. Wc have two matrices Q and R such that 


Q(I - PP f )Q r 


( 11 ) 


and 


R(I ~ P^P)R f = I 


(12) 
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(notice that each of / — PP } > 0 and I — > 0 implies the other) 

Then 

Xt = Q(X- F)(-P'X + J) — 1 iT 1 (13) 

is a transformation of the space carrying P into zero* Thus the space 9lo is transitive. 
The group of stability at 0 is evidently given by 

X! =AXD~\ (14) 


where A and D are orthogonal, Every transformation may be considered bs a combi¬ 
nation of (13) and (14). 

The Jacobian of (13) is given by 


(d{XP f - I)d{Q))- 2 d{-P t X + I)- n d(R)- n 
=(d(XP f - I))~ 2 ^ n {d(I - 产 />))( 2 + 咖 2 ， (15) 


since d(XP f - 1^) = d(P r X - ㈤ 

Let £H* be a compact region interior to to establish the “Verzernmg 3 satz，”we 
have to prove that there exists a constant fi(> 0 ) depending on 9T such that 


n~ l ^ 


d(X l P , - I) 
d[X 2 P f - I) 


— 2 — 1 % 


(16) 


for all Xi and X 2 in and all P of £fto, This can be established easily by the 
argument of continuity* (Notice that (16) establishes the result for (13) and that for 
(14) it is evident.) 

It may be verified by the method given previously (the first paper of Hua 问 ） that 
the space possesses a non-positive Riemanriian curvaature* 


13. Geometry of complex spheres 


The space 巩 is formed by complex vectors z satisfying 


zz'\ 2 + 1 - 2zz f > 0 


⑴ 


and 


|之2：’| < 1- 

The group of motion of the space is constituted by 


⑵ 


zi 



-1 


2 ^ zz，+ 1) ， 3 ( 之 〆 -1) ) + zB f 


% 


x 


{( 


~^{zz f + 1), - 1) ] C y + zD f 


⑶ 
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where 

" A B 
C D 

and A r B y C and D are real and 


)( : 二 )( 


A 

C 


B 

D 


/( 2 ) 

0 


0 

j( n ) 


d 


A B 
C D 


+ 1 . 


The relation between the present space 91 and that the space !Hcs given in §12 is 
given by the following one to one transformation 


X = 2 


zz f + 1 i(zz f — 1) 
zz f + 1 -iiW - 1) 


z 

z 


which is real 

In fact, the matrix I 一 XX f is evidently conjunctive to 


zz f + 1 i(zz — 1) 
~zz* -h I -i{zz f - 1) 



2 


| 2^| 2 - 2zz f 

0 


zz r +l 1) 

zz f + 1 -i(W - 1 ) 
0 

\zz f { 2 — 2zz J 


Thus to each z of JH, by (1) there is a point X of 9to. 


Conversely，to each point X 



of 9^0, we have 


2z — (zz f + l)x + i(zz f — l)xo 


(x — ixo). 



Consequently, we have 


4 


⑷ 


2 

Z 



z 

z 


4zz f = (zz , ) 2 (x 4- ixo)(x + ixo)' + 2(xx f + xox^ ] )zz f + (x - ixo)(x - %Xq)\ (5) 


which is a quadratic equation in zz\ Since 

(x + ^o)(^ + 

(x — ixi}){x - ixoY 

the equation (5) has a unique solution 



2 — (XX’ + XoX f Q ) — 2^/(1 — xx r )(l - XQX f Q ) - (x 0 x , ) 2 

(x 4- ix 。） (工 + ixo) f 
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with \zz J \ < 1 for X belonging to 1 herefore the mapping is one to one. 

Now we are going to find the Jacobian of the transformation (4), Let w = x+ixq. 
Then (4) takes the form 

2z = z /初 + 仇 (6) 


We have 


dzj 

dw 3 


n 


㈤ 




⑺ 


where 5ij = 0 for i ★ j and — l. We write (7) in the form of matrices: 



where P = w f z. Similarly 



Combining ( 8 ) and ( 9 ) and their conjugate equations, we have 


⑻ 



9(z,z) 
d(w, w) 


= 2~ 2n \d(I - P)\~ 2 {1 - \zz f \ 2 ) n 
= 2~ 2n \l - wz f \~ 2 {\ - \zz f \ 2 ) n . 


( 10 ) 


since d(I — P) — l - wz f . Prom ( 6 ) and its conjugate equation, by eliminating we 
have 


2{z^z -z) = (>/| 2 — 1 ― 


and 


wz 


2(zz.- \zzf) 
i - M 2 * 


There fore, we have 


d{z,z) 

_ (1- 

zz f \ 2 ) n+2 

d(w, w) 

— 2 2n (l + 

zz f 

2 — 2zz f ) 2 


From (3), we have 


( 11 ) 


P z i — 1 + 1 ) ， 2 ^ zz； " 1 ) 1 ^ + 


P 





% 


We define Ai and As by 


^ 2 ) — ( 2^ zz ^ +1)， 2^ zz， — 1) ) ^ ^ 
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we have 


Ai ， 入 2 ; A 
入1，叉 2; 乏 1 


/( 2 ) 

0 


0 

/K 


Ai ? A 2 ; zi 

Ai ， A-2 ： z \ 


L.e, 


Ai + - z\z[ = 0. 


Combieing (12) and (13), we have 


A? _ (1 _ ― Z] Z 


0. 


We have 


Then 


(Ai,A 2 ) 


=1, i*e., Ai + 1 X 2 


( 12 ) 



P 0 
0 p 


- {z\z\ + 1), — 1), Z\ 

2 (^ 1 ^] + 1)， 一 — 1)， 无 1 


2 (^ + 11， 2^-1)； ^ 
-{zz f + 1), -?( 泛 -1); 5 


A f a 

B / D f 


( 14 ) 
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Consequently 


Xj = (A f + XB*)~ l {C f + XD f ) 
^{AX + B){CX + D)~\ 



Now we have established the relationship between two kinds of geometries, I’his 
asserts again that the geometries of matrices play an essential role in the study of 
automorphic functions of several variables. 

Translating the results of the last section, we have the following properties of the 
sqpace 

1) The space is transitive. 

2) The volume element is equal to 


_ z _ 

(1 + \zz f \ 2 — 2zz i ) n 


z = m dx T dy r , z = x + iy 、 


1 

by (10) of §12 and (11) of §13. The integral of Theorem 12 converges for ③ A > 1 - 
In fact, for A 会 1, the assertion is evident, and, for A ^ we have 


f (1 + \zz l \ 2 - 2zz r y n{1 ~ x) z ^ 



z 

0 (l-2zz , ) n ^ 1 - x ) 


( 16 ) 


which converges for A > 1 - T since 'zz f \ < 1 and 1 4 - { zz f \ 2 — 2zz f > 0 imply zz f < 1. 

n 

3) The “Verzernmgssatz” is true. 

4) The space has a non-positive Riemanniaa curvature. 


/ d(I- xx f ) x x = n 2n 2^r(2X + l)/r(2A + n + 2), 

Jm 0 

5) The group of stability at ff is given by the transformations with B ~ C = 0 
and or thogonal A and D. In particular 





we have 


Zi = e 


t0 


z 




® The constant seems not to be a best possible one* Correspondingly for the space we 
can evaluate exactly the value 


f d(I - XX f ) x X = jr 2n 2 n F(2A + l)/r(2 入 + n + 2). 
But for the present case the author is unable to evaluate the value of (16). 




On the Theory of Piichsian Functions of Several Variables 


261 


since 

■( 之 + 1) T \j\ zzt ~ 1) 

the space is a circular region. 
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On the Extended Space of Several Complex 
Variables (I): the Space of Complex Spheres 本 


In the theory of fimctiony o£ a complex variable we introduce the point at infinity 
to make the extended space(Cauchy plane)compact. The procedure of introducing 
point at infinity depends, in effect, on the group G of linear fractional transformations 

r 5 " = (az + h)/(cz + d), (1) 

where ad - be 0. It is well known that the group G is “complete” in the sense that 
any analytic automorph of the extended space is a transformation of the from (1). 
r The aim of the present series of papers is to extend this discussion to the study of 
functions of several complex variables. 

Let G be a group of transformations 

z i = 7 z n ) (2) 

of n complex variables. Suppose that G satisfies the assumptions given by Osgood®. 
The manifold at infinity is introduced by means of the group (2). The totality of finite 
points and the points at infinity form the extended space 91 — 91(G), Immediately, we 
have the problem; “is the group G which defines the extended space 91 (C7) complets?” 
More precisely, we seek the group G such that 9\(G) admits no analytic automorph 
other than those of G. 

This importhant problem has been answered, so far as I am aware, only for two 
very special cases: (i) the space of the theory of functions, in which the group C7 is 
given by 


z* = (otkZk + !h)/{lkZk + 4) (oikSk - &klk ^ 0; 1 ^ A: < n). (3) 

and (ii) the extended project.ivt^ space, in which the group is given by 

^ + … + + + … + + (4) 

+ Received 1 October I945 r Reprinted from the Quarterly Journal of Mathematics, Oxford 
series, 1946, 17(G8): 214-222. 

(J) Lehrbuch der Funktionent.hr^rrie., Ill. Teubner, 1929: 293 301. 
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where is a non-singular matrix. 

Recently 1 established results for several other groups, and they seem to form a 
complete system in the sense of the structure of groups. The present paper contains 
a proof for the space of complex spheres. I hope to give the other cases in succeeding 
papers. 

In the Lie geometry of hyper spheres in the (n — 1)-dimensional space, we introduce 
^homogeneous coordinates ? (ui, - " ， u ni vi, V 2 ) to represent a hypersphere with centre 
( 4 ：], * * - , ^n.- 1 ) and radius R by means of the relations: 



« … 乂， <，必 = p{ui r ' - , Un, Vl, V 2 )F, 


⑺ 


where F is an (n + 2)-rowed matrix leaving the quadratic relation (5) invariant. In 
non-homogeneous coordinates we have 

… ,Cn-uR) (1 d ( n - 1 )， 

R* - , 71 (( 1 ， … 

If now we extend the geometry to the complex fiefch we obtain an extended space 91 
defined by n complex variables (Ci ， ， + + ， €n-u 丑 ）， and the new group is obtained from 
(8) by varying F in the complex field and preserving the relation(5). 

For the sake of convenience in the complex filed, we can modify our notation 
slightly. Write 



《1 = T 1 ^n— 1 = ^n— } l ft = Z n * 


⑼ 
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we deduce that 

TT f = p 2 I, m =0, 


Xow the homogeneous coordinates of the ‘complex sphere’ （之卜 … , z n ) are given by 


Xi = pzu Vi^ P^2 奶 =A 


( 10 ) 


The transformation takes the form 


乂 h/1) = pbu … ^ ni yuy 2 )F, 


( 11 ) 


where F leaves the quadratic relation 


invariant. Write F as 


、 2 

-yiV2 

1 


T 

V f 2 

wi 

a b 

U2 

c d 


( 12 ) 


(13) 


where T is an n-rowed matrix and ui, U 2 , , V 2 denote four n-vectors* Mow corre¬ 

sponding to (8), we have 


(4 


( 之 1，". , )T + UiY^zf + U2 

_ i=l 

n 

， … , z n )v f 2 + bJ2 z i +d 


(14) 


Using (14) instead of (2) } I shall prove here that the group G defined by (14) 

contains all analytic automorphs of the space 5R((7) + 

■ 

We begin by finding the Laguerre subgroup H of the Lie group G: that is the 
group of transformations carrying improper points into improper points. More defi¬ 
nitely, we look for those(14)which have no variables in the denominator. Consequently 
❿ = 0, & = 0+ Prom 
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ad = p 2 . 


rherefore 


pV 2pru;/d 0 
0 p 2 /d 0 
U2 U2U f 2 /d d 


where T is orthogonal, F is a product of 


p 0 0 ^ 

0 fi 2 0 ， 

0 0 1 j 


^2^2 

~d" 


( 16 ) 


(17) 


r 2u 2 r o 


U2 U2U 2 


and 


(18) 


0 1/rf 0 

^0 0 d j 

Corresponding to (18)，we have the mapping 


(彳 


(19) 


, Z n ) = (Xj ， " ■ ， )/^2 

= {(Xi } * * * ,X n )T + V2V2}/V2 - Ul 7 * ' . T^n)r + U2 


( 20 ) 


Corresponding to (17)and (19)，we have the mapping 

= 咖 1 ，… ，')+ 


( 21 ) 


The group H is generated by (20)and(21). 

It follows that any two finite points are equivalent under the transformation (20)- 
For points (i,e, improper complex spheres) at infinity, I make the assertion: 

Every point at infinity is carried into a finite point by means of one of the fol¬ 
lowing /i+1 transformations: 


E ^ 2 


(1 ^ ^ n), 


( 22 ) 
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and f for a fixed p{l < p ^ n)， 


n 


zT = z, 


1 - 2z p + ^z] (i ^p), 


n 


n 


Z 


P 


—Z 


P 


E 


zi 


2z p + Y, ^ 


In fact，write 


6 = (xi, - ' ,x n ,y\,y 2 ) 


Let a be a vector (ai ， … ， a n , 62 ), Then, evidently 

,, 2 ㈣ 

o ——— : - —a + o 

(a ， a) 

is a transformation of the extended space, where 


/ 


(23) 


(24) 


71 


~ i( b ]V2 + fmn) 


(25) 


(actually, this is known as Lie inversion in the geometry of spheres). Suppose that 
is a point at infinity: that is. it has 5/2 = 0 . Then we have 


W 卜 ~^4b 2 


(a, a) 


Evidently，at least one of the vectors 


(26) 


(i = ( 0 -. " ， 0 , 0 : 1 , 1 ) 


(27) 


and 


0 ,… ，丄 0 , 


0 , 1 ) 


makes (26) non-vanishing. 

Corresponding to (27) we have the transformation 


(28) 




X, Xi 




V2 n 


n 


YA 


( 29 ) 


Corresponding to (28) we have 


本 


—(2*r ?J — yi)((K . … ， 1 ， 0,… * ， (X 1 ]i + &， 
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i = x i (i ^ P)> 


一 (2% — ？ a) + % = —x p + y\, 


Vi =V\^ V2 ~ —- Vi) + j/2^ 


Then, when i _ p, 


x* 


—2xp + yi + y2 


1 -2z p + ^zj 


(30 X ) 


and 


4 = </ys = (- x p + yi)/(-2^ p + yi +y 2 ) 


-z p ^Y j z 2 3 
_ j=i 

n — 

1 - 2z v + ^ 之 f 


(30 2 ) 


Notice that (30) may be obtained from (29) by means of the transformations 


叫 (Mp). 


yj p 


and 


< =(WP )， 

The Jacobian of the transformation (29) is equal to 


E 


(31) 


and that of (30) is equal to 


l-2z p + ^ 


(32) 


/ now assume that n > 3, Let 


/i ■( 之 1 ， … ，之 n) (1 < i ^ n) 


(33) 


be an analytic mapping carrying the extended space of complex spheres into itself* 
By a theorem due to Osgood, | the mapping (33) is birational. Consequently, (33) 
can be written as 


… ,z n )/q{zi^ ^ - ,z n ) 


( 34 ) 
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where pi(i ^ i < n) and q are n+1 polynomials without common divisor other than 
constant. 

1* There is a point … ， Zn^) satisfying 

Pi(4 0 \ … ，之 i 0 )) /o 


and 

9(:{ 0) ，… ,4 0) ) 


The transformation 


Zi = Wi 


z i 


( 0 ) 


of the form (20), converts (34) into a new transformation in which 


pi(0, … ，to # 0 ， g(0, … ， 0) # (X 


The transformation 



(35) 


(36) 


which is the product of (33) and (22)，also maps the extended space on itself. Write 



where X is the least integer that mak^ all the mimerators aod the denominator 
integral. On account of (35), we find that 


and 







A 


are all of degree 2A* 
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Consider the Jacobian of (36), Let A and Ai be the respective inverses of the 
Jacoblans of (33) and (36), A and Ai are polynomials; for, otherwise, there would 
exist points making the Jacobian vanish. FVom (36) and (31) we have 


厶 1 (: 1 ， … ,z n ) = A 


— 之 i 


—Z\ 


E 




I ： 芥. 


(37) 


Since g(0, ■•■，（)) ^ 0, we have A 〔 0, - - ^0) 〆 OL Consequently! A! (:i, …， 〜) is a 
polynomial of degree 2n. 

h 

Now we may assume，without loss of generality, that pj and q are polynomials of 

degree 2A } that their terms of the highest degree are constant multiples of M ， 
and that the Jacobian A of (34) is a polynomial of degree 2n and its terras of highest 
degree a constant multiple of D + 

2. We decompose the polynomial q into irreducible factors 


9 = H. 


(38) 


I am going to prove that gf divides the inverse of the Jacobian A. Suppose firstly 

n 

that q{ does not divide The inverse of the Jacobian of the transformations of 


(29) and (34) is equal to 


E 


2 



△( 怎 11 1 . ， : n )， 


It follows that qi divides A* 

n 

Suppose that divides Without loss of generality，we may assume that 

qi does not divide p \. The inverse of the Jacobian of the product of (30) and (34) is 
equal to 





△( 之 i, … ， z n ). 


Evidently q\ l divides △( 之 z n ). 

Since is an irreducible polynomial when n g 3, and A is of degree 2n, we 

find immediately that 1=1 and 仍 is of degree 2. We therefore have 


办 i 


= a 〉： + 


(39) 
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and 


A(2i ，…，之 r J = /> { Zj 


Consequently 


△( 4 , ■ h , z n ) - constant x {q(zi^ - * , z n )} J ^ x t 


(40) 


By means of a translation (if necessary), we can assume that 


I 」 -' 

心卜… ， Z n ) = 


(41) 


3, The product of (29) and (34) is equal to 


z,= 




(42) 


If q does not divide y^Py, there exists a manifold which is mapped into the point 

zl = 0. This is impossible. Therefore q divides By the argument that gave(41), 

we have ^ 

£^=^^^ + ^^+ 7 ] + (43) 


(43) 


j- 


Applying the same argument to the product of (30) and (34)，we have immediately 


1 I n n 

q 一 2pk + = 卜 2 汍 A + % 

* 1 a _n 1 


(44) 


We suppose that A > L From , (41), (43), (44) we obtain 


2zt 


Then we have 


+ 切 


a ^ z j + Y^ 0kj ^ + 7Jt 


(45) 






X-l 




E 


2 


dz\ 




A — 1 


E 


z l + e. 


dzi 






E 


2 ? + c 




■ 
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If there exists a point such that 

+芝^馬七十 7 = 0 T (46) 

a ^^Z z j + ^ k i z ^ + > = 0 ( 47 ) 

but 

n 

^Zj +c^0, 

j=i 

then the point will make the Jacobian vanish. This violates the one-to-one relation- 
ship* Thus (46) and(47) imply 

n 

+ ^ = 0. (48) 


Consequently, (48) is a linear combination of (46) and (47)* Further, ^^[Pi/Q) 2 
cannot be a constant* Thus (47) is a linear combination of (46) and (48)* This is 
impossible when n ^ 3 because of the independence of , z^. 

4. We therefore have A = 1, Prom (41), (43), (44)* with some slight modification, 
we may write (33) as 

E j^Zj + 7i t 


E 


2 

Z 3 + r 


(49) 


Since q divides pj ，we have 


{[ 也七 + 飞 


E 


之：十 c 


(50) 


It follows immediately that 




(51) 


〉: J i — 0 


(52) 


and 


51^ 


(53) 
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From (51) we find that 

P 

is an orthogonal matrix. From (52) and (53) we get 7 ^ = 0 , c = 0 + Thus, by multi¬ 
plying the transformations of the groups G, (33) now takes the form 


P Z J 

J =1 



(54) 


It belongs evidently to the group G, Therefore，we have established the completeness 
of the group G when n > 3. 

Consequently every element of G is a product of the transformations ( 20 ) ，（ 21 )， 

( 22 ). 

I should remark that when n = 1 the theorem is well known* When n = 2, it is 
not difficult to establish that the group is not simple, the space being a topological 
product of two Caucliy planes. More precisely, we use 


^ 1^2 - yiV 2 = 0 


instead of ( 12 )* The group G may be obtained from 


* + b\ 

C] z\ + di 

with an additional permutation 


4 = 


a2Z2 + &a 
c 2 Z2 + d2 




This is the case known as i(t the space of the theory of functions' Thus we have solved 
the problem completely- 



On the Riemannian Curvature in the Space of 

Several Complex Variables* 


§1, Introduction 

Let z — (:】 ，…， z n ) be a vector of n complex variables z k = x k + iy k where x k 

4 

and y k are real numbers. Let S) be a bounded schlicht domain in the 2n-dimensional 
space formed by x k and y k (l < k $ n). It was established by S.Bergmann ⑴ that 
the class £ 2 = £ 2 (J)) of functions /(z), regular in 3> and square integrable over ® (Le .， 

/ 1/ ⑷ I 2 全 < oo, i = TT<ir fe ciy fc ) (LI) 

forms a HILBERT space. We can select from £ 2 a complete orthonormal system 

㈤ ， … ， wO)，." + (1.2) 

By orthonormal we mean that 

f ( 之 W ㈣ = {?’ 1 a ’ （ L3 ) 

y® [ 1, if a = 

He introduces also the kernel function 

oc 

K (^^) = (1-4) 

a~0 

which is independent of the choice of the complete orthonormal system 

We metricalize the space ® by introducing the Hermitiaa differential form, under 


tensor convention s 

T^dz 3 , 

(1.5) 

where 

T ^ = dz^dz^ K{ ^^ 

(1,6) 


* The materials of the paper are contained in two papers (Hua 

Senderdmck aus: Schriftenreihe des instituts fiir Mathematik Bei der Dautschen Akademie der 
Wissenschaften zu Berlin. Heft 1 Erschienen im Akademie- Verlag. Q^flin t 1&57. 
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The Riemannian curvature of the space S) is defined by 

rj Rj iij [dz z dz^dz k dz l 

( T ikd ^) 2 ’ 

where 

and (T lk ) is the inverse matrix of (T^). 

By means of variational method, PuchsI 1 ! proved that 



(1,7) 

( 1 + 8 ) 


R>2. 


(L9) 


In the first part of the paper, we shall establish a more general result by means of an 
elementary method. We shall assume neither the completeness } nor the orthonormal¬ 
ity of the system ip^ nor the boundedness of the domain ©. In the proof, we only use 
the analytic property that if j{z) is an analytic function, then = Beside 

this property, all the other manipulations are purely algebraic* We express also 2—R 
as a sum of squares. 

In the second part, we estimate R from below. We shall prove that under certain 
restriction, we have 


H. ^ — fi. 


(1 + 10 ) 


The restriction does not exclude the interesting case that © is a transitive do¬ 
main. 

In the third part, as a feable generalization of celebrated Riemaim theorem on 
conformal mapping, we prove that every non-coiitinuable bounded domain with con¬ 
stant curvature can be carried onto a unit sphere by means of an analytic mapping 

零 

(or pseudo- con for m al mapping). Such a result seems to be the first step toward the 
interesting cJassification problem of non-contlnuable domain under analytic mappings. 


Part I 


§2 - Unitary geometry 

Let ^ be a variable over the domain ®. For the time being we do not assume 
the boundedness on 2X Let H be a non-singular Hermitian matrix with elements H. h 
which are analytic functions of z and z + The fundamental Hermitian form is given by 

dz H dz f , (2.1) 
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where A f denotes the transposed matrix of A. 


Let 


z = t(w) 


be an analytic mapping with Jacobian 

J = ±/(w ) : 

which is a non-singular matrix* 

Then (2.2) carries (2*1) into 


糾 : 1 ，… 

d(u/ 1 1 w n ) } 


dwKduf ， 


where 


K = JHJ f . 


( 2 . 2 ) 


(2.3) 


(2.4) 


since 


dz — dwJ. 


Differentiating (2.4)’ we have 


dK = [JdH + dJH^~P 


and 




dK^ K~ l = J(dH * - J~ l 


Differentiating conjugately, we have 


d(dK , A ， -1 ) 二 Jd(dH ' H~ l ), 


]\ T- 1 


that is 


[ddK - dK ^ K^ l dK)K~ x = J{ddH - <IH ^ 


- d d 

Notice that d and d are the operations and -^—^dP respectively. 

dz 】 oz^ 

Multiplying by (2*4), we have 

ddK - dK ， K- l dK = J(ddH - dH - 


( 2 . 6 ) 


Therefore ddH - dH ， H~ l dH is an Hennititiii matrix which transforms cova- 
riantly with H. Multiplying by vector dw on the left and da/ on the right, we liave 


dw(ddK - dK - K~ l dK)d^ = dz{ddH - dH ^ H~ l dH)d^\ 


(2+7) 
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In comparing with the definition (1.8), we obtain 


dzjMH - dHH~ l dH^ 
{dzHdP} 2 


( 2 . 8 ) 


Theorem 1 Let q{z^ z) be an analytic function of z and z and q(z^ z) — gfz, z). 
Then 


H* ^q{z,z)H 


is again an Hermitian matrix. Let R m be the Riemannian curvature with respect to 

the fundamental tensor 

Then _ 

ry dd\o^q(z, z) 


qR' 


dzHdz f 


Proof We have 


idH* -dH* H ， - 1 SH* 

^d(dqH + qdH) - (dqH + q dH)q- l H^ l (dqH -h qdH) 
= q(ddH - dH * H~ l dH) + (ddq - g- l dqdq)H, 

Since 


ddlogq = d(q ^ 1 dg) = q 一 ' (ddq — q ~ 1 dqdq)^ 


we have the theorem* 


§3. Unitary geometry with fundamental tensor (1.5) 

Now we take 

H fj - T i3 = dSogK = -d^K ^diK^K, (3.1) 

where di = , di = -r^r. For the present, we assume neither the completeness 

dz 1 J oz^ 

nor the orthonormality of the sequence {yv}. For assuring the meaning of log K we 
assume only that the functions 外 have no common zero in 
Substituting (1,4) into (3.1) we have 

1 00 

T'ij — 0 ~ 

- { 屮』卿 一 - <ppdj^a), (3.2) 

Oc>0 
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and 

dzHdz f ^ — ^ \^? a dipp - ip 3 dip a \ 2 , (3.3) 

Of>^ 

We obtain at once 
Theorem 2 Let 

Wo ⑷肩(之)，… ，沪 Q (2)，■■■ 

be a sequence of functions analytic in S and without common zero in ©, If the series 

QO 

K(z,z)Y]^(z)ip a (z) 

cn=0 

converges uniformly in any compact 2)* interior to S ，the Hermitian differential form 
d d log K is positive definite (including semi-definite). 
li d d log 欠 = 0, from (3,3) T we have 

仰一 < p ^ d ^ p Q = 0 

for all a and (3, That is, we have a vector S = \ Ouch that 

[(p^diipp — ip^di(p a )^ — 0, (3,4) 


that is, the rank of the n x oo matrix 

(diipp - di<p a \ 

T + ■! 

t « -a 

\ ^Pct 9 n ip0 — J 

is < n. Notice that 


(3.5) 


9 otij'P 铃 — H - ;>i p 菸 ''Pck. 一 ~ ) 


Then, if ip^{z) does not vanish at £ = zq^ the rank of (3.5) at £： = 2 q is equal to 
that of 

/ V^O d 卿一屮 0 d\ifi 0 


V V^o — tpp d n ip{) 


fi= 1 ,2,… 


that is, that of 






dn 


( 


fil 


(3 々 ) 
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Theorem 3 If the linear closure of the sequencelip^} contains the functions 
Ij 1 ，* … , z Ti } then the fundamental tensor (3*3) is always strictly definite, Conse- 
quently f if {(p^} is a complete orthonormal system, the fundamental tensor is strictly 
definite. By linear closure, we mmn the set formed by the functions /(z) representable 
by series 

OO 

f{ z ) = 〉： 狂 i^Pv{z) 

convergent uniformly in any ©* interior to 53. 

Proof Prom 

OO 

1 — > 二 疗 ( 之 ) t 
i/=0 

z k = 1 ^ t ^ u, 

i/=0 

we deduce that 


dz k — ^ aki^d^^iz) 

OO oc OO DO 

=EE EE ft 

tj=0 pi—O v=0 fjr=Q 


E 

i>>^t 


的 = ^ n — ^pv^r^Pfi )» 

The rank of (3.5) is evidently equal to n. Theorem 3 is proved. 
For the later usage, we prove the following corollary. 

Theorem 4 // 


K{zrz)^Uz )\ 2 



(a, b real} 


(3.8) 


is a kernel function of a Hilbert space defined in $1, then the Jacobian of (z) does 
not vanish in 2), 
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Proof We have 


n 


dd log/f (^, z) — bdd log f 1 + <2 | 地 )| 2 


b 


n 


2 


+ Qy^|y^(^)l 2 


n 


n 


n 


n 


a^\d^\ 2 1 by I 2 \ ~ a2 Yl 知祇 


n 


2 


i + ①叭⑷ I 2 


n 


i = l 


1/ 一 I 


2 


i=l 


If the Jacobian of ifi(z), Lt' 


\()jipi{z ) 1 (i' j (7i 

vanishes* at a point 2 = zq, then we haee a non-zero voctot ^ : = (f 1 1 “ . ■ O sue h that 

知 t(:)C = (I 


at z = zq. 

That is, the Hermitian form 


ddlogK[ z. z) 

vani^hos at z — zq for dz J = Combining with Throrem 3, we have' Theorem 4* 

§4, Riemannian curvature ^ 2 

We arrange (a,/i) (a > (3) accorilln^ to the following order: If a. < a f , we put 
(o, /?) preceding («' / 少 ） aud the relation is denoted hy (a ， /3) < (a\ /f ): and if a = a f 
t>ut li < t 3\ then we put (a, (i) preceding (o. ,d ; ) and also denoted by (n, 刃 < 

After the arrangement we numerate the indices by 7 = 0, 1,2,3, …； more precisely 

7 — -a(a —1)+0. Our fundamental tensor can be written by 



(4.1) 



and 
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where 


= — Sp/S Ci ^ q - 


(42) 


and 


< = ^PcJk<p3 — 


(4+3) 


Faking q — K 1 in Theorein L anti 


cc 






(14) 


： o 


we have then 


q m 


ddlogK 2 


R — 2, 


⑷ 5) 


ddlogA^ 

The aim of the present section is to prove that R* ^ 0, that is 
Theorem 5 Let { s i/ = 0, L 2 t * - ■ t be a sequence of analytic functions in 
a domain © T and {w} have no common zero in Suppose that 

OO 

k{z.z) = ⑷外⑷ 

u-0 

converges uniformly in any compact domain interior to V 7 and that {pi/yVo}，^ — 
l t 2 , … contmm n independent functions. Then the Riernannian curvature of the 
space © defined by the metric 

dd\ogK(z^ z) (4.6) 

does not exceed 2 • 

Proof Let H * = ( T ^) and 


u: 


N 


u 




Then, evidently we have 


H* = NN^ 


and 


ddH* - dH 、 fT-m* = dN(I - N f (NN / )~ l N)dN^ 
Substituting into (2-8)、we have 


R* = 


dzdN(l - N , {NN f )~ l N)dN } dz f 


{(dzN)(d^Y) 


2 


(4-7) 
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Since 


I - N f (NN / )~ l N= (/ — I^(NN f )- l N) 2 

=(/- — 1 A.)(J — N^NN^Ny 


is a positive definite Hermitian matrix，we have therefore R* ^ 0- 

Remark Theorem 5 is “best possible' In fact for n=2, and taking six func¬ 
tions 

A,z l ,z 2 ,ai{z 1 ) 2 + 2biZ { z 2 + c,(V 2 ) 2 , i - 1,2,3, 

ii 

as our {w}，we can easily calculate that, at 2 = 0, 



3 


\ai(dz 1 ) 2 + 2bidz ] dz 2 + Ci(dz 2 ) 2 | 


2 


iA 


2 r- 


ddz 1 ] 2 + I 心 2 | 2 ) 


2 


(4+8) 


We determined (Hua ] ') also the extremal case, Ke. R — 2, and proved (Hua^ 1 ') that 
if the linear closure of the sequence {y^} contains 


， z' ■，- ,z n ,z l z j (1 ^i<：j ^ n), 


then we hace 


R<2 


§5. Expression of 2—R as a sum of squares 

Theorem 6 We ust T* to denote the determinant of and 

x y = djU^dz' dz^. 


Then 


^Rl tjJ dz^dz k dz l = Y, IU 

71 > 72 > ■ ■ ■ > 7 rt -1-1 


2 


where 


P 71 「士 + 


u; … K 


『 ■ 7 】 


㈣ 

(5.1) 

(5.2) 

(5+3) 
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Proof 1. First let us consider 




A =T*d j d ! T^dz i dz j dz k dz 


E … E 

cei —0 ct rt =0 


U 


ai 


_n 

ct, t 


U 


fi 




E … 5 Z < + ， i( 

orj =0 <^=0 


U 


a 


a 


n 


E 


Qei !>Q2 


71 


a 


CY 


U 


n 


U 




U 


n 

a 


by (4.4). 
Write 


Py2 ， 


»7n+l 


u 


->1 




u 


7n 


U 


71 




(K 


Tt 


E 工 0 无 0 

/5=0 


U 


n 

a 


Tl 


n 

£l n 


•祕 d 


p=o 


n 


u 


&i 


"o ； 


n 


u 


Of 


U 


n 


n 

Ol, 


^=0 




n 

1^+i … 十 3 


■^7- 


n+3 


D - 1 广队 


i— l 


ai > 02 > r - > o r > 0 > a r+ i > … > a 


n 


we take di = "7i ^ ^ + i Otr — "7?'t 0 1 ― ")V +1 ， ^r+1 = Tr+2i ■ " ， = ， then 


n + 1 


A 


〉: 〉 ^ Pipi^nfj ^7i + 忍， 


7i >^2>'-'>7^ + i i = 


where 


Tl 


^ = E E 


r=l tlf| > ■ > Of „ 


2 - Next we consider 


v 




u 


n 




or„ 


U 


ai 


U 


ri 

or] 


U 


Or, 


U 


71 

a 


n 


*^Ctr 


C= 一 T* djT^T ， dUdz 1 dz] d 妒 d 乏 




I 彳 1 =0 02={) 


(5.4) 


(5.5) 


(5.6) 


(57) 


(5-8) 
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As in 1, we obtain 

r j 


oo 


(-1 广 E 

^i=0 


oo 

E 

«n-l =0 




U 






n 


□a 


,p+l 

心 1 


u 


cei 




u Il 


g_1 u v 


n a 


a 


-1 


一 i 


j?+l 


-1 


u 


n 


U 


g+l 


a 




U 


€t 




<V 


c 


u 


9+_ 


Q 






U 


^-L 乜分 一 i 


q+1 


a 




U 


n 

a 






u 


n 

a 


iP_ 丄 


U 




,n 


Tl 


71-^i Qn- 1 w OS^_ 


uz _ u 


a 


n- 


71 


OO 


OO 


a i=0 On, -] =0 


X 


u 


f p~ l 


Q1 




u 


,p- 


Ct 


n 


cn 


p+i 

»n- 1 


U 


(-1 广 y . 


U 






c 1 


u 


y+1 

rt-1 


u 


n 

QJ 


U 


^n-l 


C- 




U 


n 


X 


U 




U 


P-1 7*P+ l 




U 


n 

Oil 


U 


at 


U 


n. 


P. 

a 


Tl 


<■ 


n - 1 


(5.9) 
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Therefore, we have 

OO 


E E 

0\ tJ £?2 = 0 I >Ct2 ^> r r >f^n 


tl 


4 


a 


fh 


U. 


U 


n 

cn 


U. 


U 


n 

Qi 



% 


丑 + E E 

Oil > + ->On._t 


tl 


>h 


u 


n 


n 


a 


U 


Ti 

Ofl 


u 


(^n 


U 


n 

ot 


u k 


u 7h 


u 




u 


n 

o/i 


U 


Qfn 


U 


n 

Of. 


X S\ x f3 2 


(5,10) 

If ai — P\ or 02 、 the corresponding term vanlehes, Therefore we may assume 
that at equals neither 0\ nor f-i 2 - Suppose 0\ > 02, we arrange 

Oil > ^ * > > /?i > Ctii+1 > ，，， S Ct u + V > > Q ： t/+t；+l > … ， > 0 ： n -i ， 

By taking 

y% — tv^(l ^ i ^ ?i), Tu+i ~ Pi 7 T^ii+i+j = Qu+j (1 ^ J ^ ^)? 


lu-hv+2 - (h^ lu + v^2 + k = du+v+k (1 ^ k ^ Tl - U - V - l), 


the corresponding term can he written 


(—1J '0^+j/^+ t1 +2^Yu +1 *^7 u+t+2. 


If Pi < /? 2 , we have a similar result. 
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have 




(6.4) 


■o 


Similar to the method given in §3, the Hermitian form defined by the Ricci tensor 
can be written as 


-d^hgDdz^ = - J2\^d0 rt - 0 n d0J 2 / 

uJ>r} ^ 0 


2 


2 


2n ^2 - <P^d\p A \ 2 / 


2 


2 


> /i 


\a=0 


Part II 


(6.5) 


§7* Space with further restriction 

In part II we add a further restriction tliat 

oc / oc- 

y] ^(2)# JV (^) = c I ' 人 zXz) 


2n+l 


(7-1) 


where c Is a constant and is defined in §6 or runs over all the n-rowed minors 
of the infinite matrix 


必、 jt — ^P ， ^d\ iflt 


3 — () n 


(7-2) 


cv>/^nr ,j3=0» 1,2. 


First of all, let us give some explanation about, the condition (7.1), It is known 
[of. (6*1)] that 


1 iJLtJ 

D 二 \didj\ogK\ = 

■>=o 


2 


is the volume density of the Riemaimi 汉 ii space, (7.1) can be .written as 

cK = D 、 


(7-3) 


that is* the kernel function is proportional to the volume density. Consequently the 
likmannian space so obtained is an Einstein space. 

If the space © is transitive, let 


-2 — 亡 (li,) 
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be a transformation carrying D onto itself* Yhen the kernel function K(z : z) of the 
space satisfies 

K{z,z) — K(w, ?i)| J(rr)| 2 

and also 

D(z, z) — D(w, w)\J{w)^. 

Since 

K[z,z) K(w, w) 

D(z, z) D(iv^ ?F?) 

for all w, 

K(z, z) 

D{z, z) 

is a constant* Therefore, for the space ® admitting a transitive group of analytic 
transformations，the geometry defined in §1 satisfies our condition (7,1). 

Now let us go back to our original situation. We introduce several lemmas which 
are useful for simplification: 

Theorem 7 Let z — t(w) be an analytic mapping with Jacobian J(w)- Let 


J(i") 


(7*4) 


We construct ^(w) from ^ u {w) cls • 人 z、} from <pu{z). Then，the relation (7.1) holds ， 
tf we replace 外 (z) by 也 [w'j and Kz) by 
Proof Since 


5 


2 


dw^ 


ihv* 


dnr 


and 


dz j 


we have 


M=det I ^ 〜⑷ (J ㈣ 产 = 化⑷ (J(— 产 +_ 


k 忉 ) si=j('w)i 2i2n+3：, ^(z)^{z) 


=0 


0 

/ ^ 


2n + \ 


C 


| ( /( u ,)j2(2» + l) I 




2n + l 




^0 


Theorem 8 If 


《’!>(:) = ^ : ( ^ ) T — 0* 1 * 2, * * + , 

/‘=0 
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where (a^) — U is an unitary matrix，the conclusion of Theorem 7 is again true- 

Proof From 

i) a (z)di 如 [z) - i^{z)dii) a (z) 


EE ( ^pt/ pi ft ) 


■0 ^=Q 


> 二 {^d'Oa/dft (Ia 泛 J'yxJ'P ) 




we deduce that 


tad 南一 i^dxi\. 






(7-5) 


W)n :t p0 - . V/?"nVQ 


一 ^py_.0n<pit 


where 


^ t.iiy,ft(3 ~ ftaiv — f.i o ； 綷 ■ 


Since 


^ ^ fii ,o/3 ~ 2 ^ (o Ql/ d^3pL ' fZfj^ i/ ) (^ (L a — ^o：^) ^ ) 

a>P ci^O.， r ?=Q 


=1 




iV] V jfX^l ^Ufll 




{ I if u ^ M = 叫 

0, otherwise, 

the matrix is unitary 』 

Since the n-rowed minors of (7-5) have also unitary relation, we have 

OO • OO 

Y1 


p =【） 


u—O 


which establishes Theorem 8. 


§8， Reductions 

Now we are going to perform some simplifications which do not restrict the 
generality. 

We may suppose that S contains the origin, 仰 (0) 0， and that the Jacobian 

of <fi/ifio{l ( i $ n) does not vainsh at the origin. Consider the expansion 

n n 

叭 ㈦ = 4 + E <^ + E + ■ ■ + ， （°) 

/■= 1 iij~ 1 
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where — a; 7 . Since i/?^(0)| y converges, we have a unitary matrix 


U - … such that 


t/=0 


« a o^ m " ，…） p = (f … ，❹ ，… ）1 


where 


5^ I 外 (o)i: 


i/^O 


Consider 


E 咖』 


p=0 


instead of we may assume, without loss of generality, that 

仰 (0) =4/0 ， v^(0) = 0 {u > 0)- 


Consider the transformation 


tv 1 - (gq) -1 j ipo{t, z 2 , - - , z n )dt, I 

= z k for 2 ^ k ^ ii t J 

The transformation carries the origin into the origin ami its Jacobian 


du) 

57 


(«S) _ Vo ㈤ 


( 8 . 2 ) 


equals 1 at the origin. By theorem 7, with « 幻;） = 仰 ( 2 )J ㈣ =ftfj, we may assume 
without loss of generality that 


^po(z) — A. t^ y {0) - 0 


for t/ > 0, Notice that the property “the Jacobian uf ^pk/^Poi^ ^ k ^ n) does not 
vanish at the origin’’ still holds. 

We write 

^y{z) — + &( 之 )， V > U ， 

where {^(z) are linear terms of <p u {z) and q u { z ) contain neither linear nor constant 
terms. Since the Jacobian of 仰 / 屮 0(1 《 fc 《 n) dovs not vanish at the origin n therefore 


Ik(^) (1 ^ i b < a) 
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are linearly independent forms, fliere is a unitary matrix 

y = 〆 =1 ， 2, • - ■ 

such that 

OO 

# = n + n 十 2 ,. ， * 

have no linear terms* Therefore，from now oik we may assume that, for v > n, 

= 知⑷， 

which are power series without constant and linear terms. 

Hereafter, we use q(z) to denote a power series without constant and linear terms 
and they are not necessarily the same at each occurrence, 

8 n ^ 

Let w* — =E a 尸 . By Theorem 7 we obtain 

^o(^) = — [w 1 + l ^ i ^ n y 


t i/ > n ， 


where a = det(ft^) 1 . If we replace i^ a .(;} by = 0:1* 2, .the relation 

(7,1) becomes 


^ ^{z) 0 ,Az) = c\ V] ip <y (z)<f a (z) 


u—0 


/ ^ 

E 

\i\ = U 


2n+l 


where ci is again a constant + riierrfore without loss of generality, we may assmiio 
that 


仰⑷二 A d + 屮 <2). 1 ^ i ^ n, 

= q^iz), v > n. 


(8,3) 


Next let us study the relation (7.1). The right hand side doet? not contain those 
terms which are functions of z and independent of 2 . Such terms may occur on the 
left if 步 i/(2) contain constant terms. That is, it. can only happen in | where 

v i - .. + — r ^p n d] v^o 

少 o = : : 

■* 等 

— S? 1 V^O ' r^O^n^Pn — ^n^n- 
01^1 ■… djipn 

=A n : : 

1 i ■ ■ On 
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Since the right hand side of (7.1) contains no term, different from constant and inde¬ 
pendent of z, we see that 少 o must be a constant. Consequently 

沒 i 屮 I ■■- 




Taking ^pi(z) = w l in theorem 7, we may assume without loss of generality that 

仰(之 ） = A， = ^ — 1- 2* ■ ■ ■ , n; 

屮 〆 之）=如(之 K i / n + L n + 2，.一 

Applying I'heorem 7 again, with z — A w, the fuii( tions so obtained are all divided 
by A n+i t then without loss of generality we may <ussmne that A = l. Comparing 
coefficients we may assume also that ri = 1. 

§9* Lower bound of the curvature 

Theorem 9 Under the same, asstimpiion as in Theorem 5, we assume further 
that {y[y} satisfied (7.1), we have 

R ^ 一 v. ‘ (9.1) 

Proof We may assume that contains the origin and without loss of generality 
we shall prove (9*1) only at s = 0 + Since the manifold defined by the Jacobian of 


(8-4) 


巧 l ^i^n 


vanishing is of lower dimension, it is enough to a^ssmno that the Jacobian does not 
vanish at the origin. By the argimient in &8， we may assume Uiat 

训（：） =l [l ^ k ^ n) 

VV(2) = "二 w + 1 ， " + 2〆 ■ + ■ 


We substitute into (7.1) and consider the terms m (7.1) linear both in z and z, 
the right hand side gives 

(2n+；l)^>f, 

i = l 

and the left gives 


n 


E(i^i 2 + ^i 3 ) + E E 






d? 


2 




n 






(n—+ E [ 


1 jy =r ^ + 1 


9qI 

9F 


2 





292. 


华罗庚文集 • 多复变函数论卷 IL 下部 


where q* is the quadratic part of q u . Equating both members, we have 

2 = (n + 2)f>” 2 . 


IS/ r\ 沲 

2^t q z \ 


(9.2) 


i=l f/=« + l 

Now we study the value of the Riemannian curvature at the origin. First let us 
find the value of N at the origin. It is evidently 


N = (J ㈨， ◦) 


Therefore 


N f {NN f )- l N 


0 ⑻ 0 

0 I (oc 


At z 二 0, we have 


R 


\<pQ(ldip w - 

m+l 

(dz dz f ) 2 

OO 

X] l drf 9:l 2 /( 心石 O' 

t/=n- {- 1 


Let 


n 


i^=l 


Then (9.2) becomes 


n 


^ I ： 

i—l t/=rr + l 


ri 




2 


n 


(n + 2)^；|^ 


2 


i=l 


Consequently 


n 


EE 

i/=Tl-hl ?= 1 




2 


(n + 2) 

~4~' 




i=l 


By Schwarz' inequality, we have 


E E 


: Tl+ 1 


T-+ 1 


/i. n 


i=lj=l 


2 


^ E E 


:n+ 1 


n 


t=l 


n 


n 


Yi h ij dzj 


2 


n 


E ㈣ 2 


2 


(n + 2 ) Y,\ dzt \ 


2 


(9,3) 
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Substituting into (9,3), we have 

— R* ^ (n 十 2). 

The theorem is now proved. 

Remark It can be shown (Hua^ 1 ' )that if the linear closure of contains 

z l z\ 1 ^ uj < ri, 
then we have the strict inequality 

R >- 一 n. 


Part III 


§10. Domain with constant curvature 

Theorem 10 Let D be a bounded non-continuable domain with constant cur¬ 
vature^ There is an analytic mapping carrying 0 onto the unit sphere 

{z 1 ] 2 + … + \z n \ 2 < L 


Proof 

expressed as 


(1) Tlie kernel function of a doniain with constant curvature can be 



(a. b real) 


(iai) 


(Bochnei ] 1). By theorem 4 ? the Jacobian never vanish^ in 5X We introduce new 
variables 






( 10 . 2 ) 


Now we may assume that 

\az)\ 2 {\+o.zz f ) b (10.3) 

tl 

our kernel function^ where zz f — z l 1 . Not ice that may not be that of ^( 2 ) 

1 

as before. From now on ^(z) may be not the same at each occurrence. 

(2) Expand (10.3) in the following way 


^{z)\^ I 1 + abzz f + -a 2 b(b — Vjizz^ + 


,2 
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and 


(:? r = X 


ml 


+， ■ ■ =川 


f i! -.' ! 


u 


21 




n :j2l« 


Let 


巾 i、 z ) = 

Then (10,3) can be written as 



| 《 ( z )| 2 ( + a 6(|,'| 2 + … + |H + . ■. + ， 婦妍 1 ) ^ |^)| 2 + .^. 

' (10.4) 

(3) Suppose that ifQ( z)^ i z )^ *.. ^ the orthonormal system of the domain 
then we have 


oc 

E 

i /=0 


如 ㈤ 


2 


1 + M (|: l l 2 + …+ | 3 叩 ）+ 




.m 吵 - 1) …- 爪 + 1) 

m\ 




(10.5) 


Since ^(z) never vanishes in S, the both sided of (10.5) converge uniformly in a 
neighborhood of z — 0. Applying the operator fi; r3 3} n and putting z = 0, we deduce 
that 

a m b{b - 1) ^(6-m + l) >0 
for all values of m* Consequently 


a < (I, 6 < 0. 


(1(X6) 


Performing a suitable transformation if necessary, we may without loss of gener¬ 
ality, assume that a = —1,6= — A: A > 0. 

(4) From 

K(z.z)^\az)\ 2 (i-^T X 

we have 

K(z, w) = ^(z)^(w)(l — ziv r ) A 

=^(r)^(uj) - + A(A+1)」A + m 1) ^ 办 ( 2 ) 办 (■ u; ) + 

(10-7) 

which converges uniformly in w as ^ sufficiently small. Multiplying both sides by 

^(w)t Pi r : Pn (Uf) 
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and integrating with respect to w over D, we have then 


办 X + .+ tM = I ,Pn 

X) 


=《(:) E E u a )， 

m =0 jf ! + - -f £ n —771 


( 10 . 8 ) 


where 


J 


Therefore 


A(A + 1) - * ■ (A + m - 1} j 


ml 


sy 


伽 )1 礼 d ⑽ hM 士 - (10 9) 


^PU- r tpn ⑷ = S S 

Tn=0i\ + + ■-+/„ =m 

From the uniqueness of power series, we have 




0 ， if (lir- Jn) ^ {pu'- ,Pn) 

1 ， if Ik — pk (1 S fc S n). 


( 10 . 10 ) 


Consequently, 


4 ⑷中 “ ，…人 （之） 


A(A + 1) - - . (i\ + TTl — 1) 


m! 




( 10 . 11 ) 


form a complete orthonormal system of the domain 2). 

(5) By some calculation, we find that the curvature of the domain considered is 
equal to —2/A, 

(6) A function belonging to J3 2 has the expansion 


f ( z )^ a^ ah J ， n ( z )， 

i 

|a il1 … , ~| 2 < oo. 


( 10 . 12 ) 


The power series 


/“ 和 [y 『乂 Uz) 


(10.13) 


form a set H01 2 , Corresponding to each f(z) of £ 2 , we have a function fi(z) in ffft 2 

1 

and conversely. Since £ 2 contains 1, therefore 9Jt 2 contains the function 


Now let us consider the coefficients satisfying / j + - ■ - + l n = m. If 


扑） ■ 


n 


z l 




w u 


(1014) 
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then we have 


FVom the relation 


we deduce 


办 1， ■■ 九 (:） = E 


k 




k 


J, 


E D^I uk\ ，- P 


fei 




It is well known that if is unitary, so are (^4^) and (S[). Therefore we have 






+ … + i ” = 川 



5： 

h H - hf” =m 


疗 fi t …“ 叫 2 


(10 ； i5) 


Therefore, we have established that, for unitary (10.14)，if f][z) belongs to dJl 2 so 
does fi (w). Therefore C(^)/i (uO belongs to £ 2 , The corresponding series converges 
uniformly in any region interior to 

Let r be the distance from origin to the farthest point on the boundary of 

D, FVom the previous consideration, f\ (z) is analytic every-where in the sphere 

1 ' 、 ' ‘ 
zz / < r 2 , in particular, —— is analvtie In the sphere. Therefore, every function 

^(-) ■ _ 

which is analytic in 2), is coaitinuable over tiie sphere zz f < v 2 . The theorem is now 
proved. 
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Introduction 


This paper contains the resultvS presented in several notes (Hiia 3 "- 5 ; Hua and 
Look 1 — 6]; Look 2|), which were or will be published in Chinese^ or were sketched 
in a short English summary. 

§1, Heuristic statement 

Let SDT be an m-dimensioual Riemannian manifold of class C with the funda¬ 
mental tensor = 1,2, … .m). Let x = (x 1 ，"- , x ru ) be an arbitrary local 

coordinate system. Then wc have the Beltrami operator 

where as usual denotes the contravariant tensor of §{j and 

1 y- kt ( d 9u 99a 

2 ^ \ drJ 6x i Ox 1 ) 

f=i 、 J 

denotes the Christoffel symbol. 

A real-valued function u(x) of class C l dofined in SPl is said to be harmonic in 

97t if 

Aw(*r) = 0. (1) 

Now we assume that DJt is not compact, and the matrix [g ij ) is positive definite in 
QJt and it becomes semi-definite oil the ^boundary''. Alternatively* it can be described 
with regard to the study of harmonic functions in the “whole” Riemannian manifold. 
Naturally it is related to the theory of linear partial differential equations of second 
order of elliptic type which degenerates on the u boundary''of the manifold* 

Different from the case wit4i two variables, the geometrical structure of the 
boundary plays an important role. According to the authors J limited knowledge, 
such an attempt on the theory of differentia] equations of degenerated elliptic typo 
han not been achieved before. However，we do not aim at the general theory of dif¬ 
ferential equatiems of degenerated elliptic type, since there still remain difficulties to 
be overcome. 

The aim of this paper is to treat those cases which are related to the theory of 
functions of several complex variables. More precisely, we are going to establish the 
theory of harmonic functions of classical domains* 

According to the rank of (g lJ ) on the boundary, we introduce the concept of slit 
space* The different ranks of the matrix (g l} ) on the “closure”of are denoted by 
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m = m\ > m 2 > > ■' > m g 0. 

The set of points with rank m r is denoted by C< mi )■ Each slit space excluding its slit 
is denoted by £( m 扩 ）（r = — l). The cases with which we are concerned are 

that is homeomorphic to the topological product of the space X and Y where 

X is a manifold of class C 2 and Y is a compact set. 

The Dirichlet problem is defined in the following ； Given a function continuous on 
it — € ( rn? ) T whether there exists a unique solution of (1) on the closure of 90? (certainly 
in the heuristic sense). 

The uniqueness is established under comparatively general condition* lb es¬ 
tablish the existence theorem, our treatment is based on the Poisson integral which 
depends on the transibility of the space. 

Let B{x^ 0 be the functional determinant oil € of such a transformation of the 
group of motion of DJI that carries tlie point x into a fixed point 0* Then 

P(x,0=C\B(x,0\ 


with a well-determined constant C is our “Poisson” kernel. The solution of our Dirich- 
lot. problem can be expressed by 

J€ 

where is the given boundary value on € and ^ the volume element of C* 


§2, Harmonic functions in the hyperbolic spaces of matrices 


Let 9li(or n)) denote the domain formed by m x n complex matrices Z 

making the Hermitian matrix I - ZZ f positive definite, and let £[ denote the set 
formed by the m x n matrices U satisfying UU , = /. The differential equation for 
this region is given by 


?i m / 

E - 

o„3=l \ 




d 2 u{Z) 

dzj^ i) Zk'ii 


A function is said to be harmonic on the rlasiiro of JRj, if it is contiiuious on 
9^1. and it satisfies, in the senae explained in the text. the equatiori on — 6 卜 
Given a continuoiis function ^p{U) on £! - then the Poisson integral 


u(Z) — 


m 

II ^2(n-0 + l 

f=l 



wc/) 


dvi{I - ZZ f ) n 
|det {/ - ZU')\ 2 ^ 




2tt^ 2 
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gives the unique solution of the Dirichlet problem. 

Similar results are obtained for the hyperbolic spaces of symmetric and skew 
symmetric matrices. 

The case m — n for Sfti has been considered by J. Mitchellbut her treatment 
was unsatisfactoiy, since the given boundary value was of a very special class of 
function and the uniqueness was not proved. 


§3. Harmonic functions in the hyperbolic space of Lie-sphere 


Let !Hxv denote the domain formed by n complex variables z — {z\^ - , z n ) 
satisfying 

1 + \zz f \ 2 — 2zz r > 0, \zz f \ < 1, 
and Civ denote the set of the vectors 

where x is a real n-vector satisfying xa;' = L 

The differential equation of the domain is given by 




0=1 


d 2 u{z) 

dz a dz0 


n 


+ 2 ^ (z a ― zz f z <M ){z^ - zz» 


d 2 u(z) 

dz a dzp 


0. 


⑴ 


Similarly we define a function to be harmonic on the closure of v T 

The Dirichlet problem is also solved completely. Given a continuous function 
on £|v t the Poisson integral 

2 




(i + i^i 2 -2^r /2 ^ 

’ \1 + zz f W - 2(z f \ n 


a? I CJ rt - 1 

gives the unique solution of (1:)- 

The result was published in a note (Hua and Look[2]) and a weaker result was 
obtained later by Lowdenslagerl 1 丨 + He did not prove the uniqueness，and tlie path 
was a particular one and it approached only a part of the boundary. 


§4. Applications 

In Chapter IV, we shall talk briefly about some applications of the result of the 
present paper, 

First, we obtain a convergence theorem oo the theory of harmonic analysts on a 
unitary group. More precisely, we introduced the Abel summability, and proved that 
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any continuous function on the unitary group can be expressed as the Abel sum of 
its Fourier expansion. 

Furthermore, to each continuous function on €i we have a harmonic function in 

but the converse is not true. That is, there may exist a harmonic function in Wi ， 
but the boundary values on €\ may not exist* We define a generalized ftmction on 
£i by means of a harmonic function on According to L. Schwartz, it can also be 
called “a distribution 1 '. 

The theory of distributions on the unitary group can be established in this way, 

Finally，we give an example to illustrate the possibility to extend our results to 
the theory of harmonic functions with real variables, 

§5* Supplementary remarks 

It ls interesting to remark that though we start with a differential equation，yet 
the harmonic function so obtained satisfies a system of differential equations of second 
order* 

Next the harmonic property we defined is invariant under pseudocomformal map¬ 
pings. A similar problem was considered before by S. Bergmann but his extended 
classes may be altered by a pseudoconformal mapping. 

The degeneracy of the differential equation on the boundary suggests a study of 
the differential equation of mixed type, which will not be considered in this paper* 

As the classical theory of harmonic functions was generalized successfully in 
certain sense by Hodge ⑴ to 打， dimensional compact Riemarmian manifold, it seems 
to be worth while to make an attempt to consider the open manifold. Though it is far 
from a complete general theory, yet through these concrete examples, we see the light 
to proceed forward, We shall also mention the results of Duff and Spencer 1 1 ， in which 
they considered the open subdomain of a Riemanniaii manifold, yet their differential 
equations are positive definite throughout the domain and also on its boundary. 

Chapter I 

Some Preliminary Theorems 

§1,1* Spaces with slits 


Definition A compact metric space R is called a slit space or a space with 
slit .S if 5 is a non-empty closed subset of R of which each point is an accumulating 
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point, of i? — S and if i? — 5 Ls honieomorphic to a topological product X x Y, where 
X is a connected rn-dimensional differential manifold of class C 2 , called the base 
space, and y is a compact set, called the side space, and the homeomorphic mapping 
^ : X x Y R — S is called th coordinate function. 

Consequently^ X cannot be compact, for otherwise so also will be X x Y\ which 
could not be honieomorphic to R — S. 

Example 1 The closure R of any bounded domain in an dimensional Eu¬ 
clidean space E n can be considered as a slit space with the boundary as its slit. Now 
K is a set of a single point, 

Example 2 The closed bi-cylinder R: 

|:l| < L \Z2\ 

can be considered as a space with the boundary B as slit. Moreover, the boundary B 

I 之 11 € 1 ， 1^21 = 1 and |^iI — I? ^2^1 

can be also considered as a space with slit C: 

|:i I = | 幻 | = 1. 

In fact，the set B — C is formed by two sets 

\z } I = L \z 2 \ < 1 

and 

1 怎 11 <! 1 ， \Z2 I — 1* 

Each one is a product to the interior of a unit circle and a circumference of a unit 
circle. Therefore B — C is homeomorphic to X x V where X is the interior of a unit 
circle and Y the set of two circumferences. 

Example 3 The space to be denoted by iHjv is formed by the complex n- 
vectors ^ satisfying 

1 + |W| 2 - 2zz f >0， 1 - > 0. (1 丄 1) 

The closure of the space is denoted by lS[v. Each complex vector z can be expressed 


as 


z = ( 之以几 … t o)r 


(i 丄 2 ) 
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where I 1 is a real orthogonal matrix. Substituting into (LLl) t we have 

1 H - \zf H - 5^2 1 2 — 2(1 之 if + 2；2 2) > 0, 1 一 + 2 引 > 0. 


Let 


Wi = Zi — iZ2, W2 — Z{ + iZ2y 


It follows that 

(1 — |t£ ； ij 2 )(l - | 出 2 卩 ) > o, 1 — \ w\W2\ > 0* 

Consequently* we have 

|^iI < l Tj . \w 2 \ < i (1 丄 3) 

This is a bi-cyiinder. The boundary ©iv of JHiv iw therefore formed by the sets (1 丄 2) 
with 

iu\\ — 1, \u) 2 \ ^ 1 and \w] I ^ 1, \w 2 \ — 1. 

\\ r e use Crv to denote the set of points (LL2) with u ， i| — \w^ ~ l* We are 
going to prove that £tv is a slit of ®iv. More precisely, ®[v — Civ is homeoinorphic 
to X x Y where X denotes the interior of a unit circle an<i Y denotes the coaets of 
O(n) by 0(n — 2)，where 0(n) is the real orthogonal group of order n. 

In fact, each point z of ®iv — Civ can be expressed as 


e ie (zuZ2,0, - ,0)r 


with I 忉 1 1 < 1 and 加 2 = 1 or 


z ^ etG [ ^ - wi),0. ■- .0 1 T, |^i < 


(114) 


Further* since 


e i& \ 三 (1 + ■⑴ 1)，-™(1 - ^1 


^(e te + e~ lB e 2lB Wi), - e 〜 


2 




5(1 --(1 - e 2 ^^! 


cos^ sinfl 


—sin^ oos^ 


each ^ of ®iv — £iv can be expressed as 


^ = I -{1 + w), - 豆 (1 — 忉 ) ， 0 ，… ■ 0 j r ， | 扣 | < 


(1.1.5) 
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Theorem 1.2,1 Let f be a function continuous in R and with the continuous 
second derivatives on R — S with respect to the coordinate of X. If } for mch p e Y f 
f satisfies 

■s 

then f reaches its minimal and maximal values on the slit S. 

Proof Since 7J is a compact metric space, f(P) reaches its maximal value at 
a point Pq of H, that is, 

f(p )《 

for any P of R, If Pq g S, there is nothing to prove. If Pq 0 S y we put Pq — (p(xo ， yo) 
where xo G yo e Y. We define ip(x^y) — /(^(x, y)). Then we have 味 (x 、 y) $ 
in particular 

分 0 ， yo) < 少 ( 忑 o ， yo). 

In case ^(x^yo) ~ iplxQ’yo) for all points x G X, since X is not compact，there is 
at least a sequence of points xi, …，;… in X which has no accumulating point 
in X. But, since R is mm pat, the Image points Pk — ^(xk^yo) must have at least 
an accumulating point Q £ Q must lie on S, Without loss of generality，we can 
assume that Pk converges to Q and then lim f(Pk) — f(Q) — f(Po)- 

In case ♦(x ， yo) = ^(xo^yo) not for all points x G since X is connected, there 
is at least a point ^ X such that ^(xi^yo) = ^(xo, j/o)i but in any neighbourhood 
of Xj in Xj there is at least a point x E X such that 


We choose a connected neighbourhood U(xj) of x\ in X, which is contained in a local 
coordinate neighbourhood of X and the closure of which is compact. Since 


A^{x,yo) - 0 ? 


we can apply the extremal principle of linear partial differential equations of elliptic 
type (see，for example, Miranda [l], p, 5) to the domain C/(xl) and see that this case 


is impossible. 

Consequently, we always have /(P) ^ max(Q). By a similar method, we also 

Q^S 

have /(F) ^ min f{Q)* The proof of the theorem is complete. 

A sequence of spaces 


Ri Z) R2 D … D 
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is called a chain oi slit spaces, if each R u is a slit space with as Its slit — 

1， ■. ■ ， fc - 1)* 

Theorem 1*2*2 Denote the slit of by £. Let be a positive definite 
operator defined in X U} the base space of Suppose that f is a continuous function 
defined in Ri and on each — — 1, " * t k; Rk+i = £), it possesses continuous 

second derivatives with respect to the coordinate of X u - If for each point y of , the 
side space of R v f f satisfies 

〜 f(jp t 、 y)) = 0 ? … =1, … ， A:) 

for x on X Uf where w the coordinate function of R U7 then f reaches its maximal 
and minimal values on 

The theorem is an immediate consequence by successive applications of our pre¬ 
vious theorem, 

§1.3, Several lemmas 

Theorem 1.3,1 Let m be an integer ^ 2 and 0 < r < 1. Then we have 

(1 - r 2 ) m/2 琴 2tt— 2 

1 — r(x\ — za ； 2)| m ^ r 1 
中… +4 二 i \ 2^ 

where x denotes the volume element of the sphere xf + ^ — + ^m = 1* 

Proof Changing variables 

Xt—p COS 仏 X2 二 p Bind, X3 = $3, * “ 

> 

where p — ^/l — -- we have 

4 

m 

dx\ 十 … + dx^ — + dp 2 十 E dx^ 

v=3 

m 

(x^dx^ + ， ’. + x m dx m )^ + E 紀 • 

t^= 

Since 

det + -^2 (^3: '' ■ > x mY( x 3y m m y 

=1 + + … + 0 = p 

we have 

x — dSdxs ■* ■ dx m , 



= p^d9+\ 
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and 


x 


*2tt 


: r? + … +:rl 


1 - r(xi - ^2)1 


m 


dx；^ … dx 


d& 


m 


4+ … 


□ |1 — rpe~ t& 


Using the development 


oo r t 叾爪 十 A' 

(1 — rpe^ i9 r^ = -T^x - —(rpe~^)\ 


tor(^)nk^i) 


we have 


>2ir 


dd 


f 0 )1 -rpe~ t& \ m 




r ( ^ + a ： 


2 


fc=0 


(?)利 


M 


2k 


On the other hand, since 


(1 _ x !— …一 jri 产 dx 3 … dXjj t 


m 


2 




m 




+ k 


we have consequently. 


x 


十… +4: 


|1 — r(xi — ❻ 2)j m 


2ttt ^ r ( 2~ + fe 

r(y)^ 1 r(y)r(fc + i) 


V 


2k 




r ( 


2 


2 


Theorem 1*3.2 if <p(x ^, ^ ■ , Xtu ) w a continuous function on the sphere xf 


+ xl, — l t then 


m 


11m 


p(xi ， 


,x 


(1 - r 2 ) 号 


m 


2 j_ l2 


|1 — r(jct - 1x2 )I 


T 


… +x 


m 


2w t 

~ rn 
2" 


W(1 ， 0, … 7 0). 


Proof By the previous theorem we deduce that 


T 


- = 


机 °，…， 0 ) ■:— (1 ， °，…， 0) 
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where w m _i = 2 貫号 / 厂 ( 呈 )+ It is sufficient to prove that, for any given ^ > 0, we 
can choose r sufficiently near to 1 such that 


( p (: r l 7 … ， x m )- 沪 ( 1，0 ，…， 0 )) 


(1 — r 2 ) 号 




1 — t{x\ - iX2)| m 


X 


< E, 


We use spherical coordinates 

X\ — cos&i^X2 — sin0icos^2j …, = sin9i … sin@ m _i 


and notice that when 6j — 0, (x 


x m ) — (1 T 0, * - ， Q). It Is known that 


x = sin T ^ _J 0 isii ] Trd ~^^2 - - ^ sin 0 m _ 2 ^i - - - dO m 


and the integral in (1.2.1) becomes 

►2tT ATT 


•% 

sin m - 3 B 2 <W ： 


2 


0 


0 


0 




x f Mxi， … ? Xrn) - cp(l ， 0, 
0 


，0)) 


( 12 . 1 ) 


(1 - r 2 ) 专 sin m _ 2 Mgi 
1 — r(cos^i — isin^icos^2)t m 


h + h, 


where / L equals the part of the integral with 8\ integrated from 0 to 5 and I 2 the 
remaining part of the integral* 


Since cpf^i, * ■ ^ , x m ) is continuous on xf + * - + — 1, we can choose (5(> 0) 


so small that, for 0 < ^1 < 5, we have 


I 咖 1 , … ,^m) - wdO, … ， 0)| < 


1 


2uJm — 




Hence 


|/i|< 


s 


-2tt 


"W 


-JT 




x 


£ 


dB m -^ I sin6 m _2 卻 m _2 … / sin m ~ 3 9 2 d 9 2 

t^m-l Jo Jo Jo 

f 6 (l-T^fsin 771 -^^ 

Jq |1 — T(ms0\ — isin^icos^)| m 


2 uj 




x 1 , - 


(1 一 r 2 ) 号 x — 6 
1 — r(xi — t^2)l mX 2 


m 


For a, fixed we have，for S ^ 61 ^ tt, 

|1 — rfcos^i — isin^icos^} m = |{1 - rcos^i) 2 + r 2 sin 2 0iCOS 2 S2|^ 

^ (1 — rcos^i) m > (1 一 cos^) m 

r 

= 2 m sin 2m -. 

2 
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Let M be the upper bound of \^{x\ ， … ， ^m)\* and taking r sufficiently near to 1 such 
that 

2 m - l s\n 2m - c 

1 咢乂 2 t £ 

JV/uj " 卜 I 2 


0 < (1 -r 2 )^ < 


Then obviously 


\h\^2M 广 祇 “ f\me m - 2 d0 7n - 2 

Jo Jo 


'71 


sm m - d e 2 de 2 


Jo 


►7T 


X 


(1 -r 2 )fshi m - 2 0 ： 


1 — r(cos^i isin^icos^) 


川 


d(h 


^ 2M(l-r 2 )f 广 

^ - t — j au m -\ 

2 m sin 2m 九 






smB m -idO rr} _2 


m — 


3 仏祕 


Sin i72(i(72 


! o 


Q 


x r,n 

Jo 


2 
7n—2 


0] d0\ 


A/u; m -](l - r 2 )f ^ £■ 
- X - 〈 n * 

2--W m ? 2 


The inequality (1,2,1) follows from the estimations of /i and I 2 * 


Chapter II 

The Dirichlet Problems in the Hyperbolic Spaces 

of Matrices 

§2*1* A differential operator of 

We uea !Ri to denote the domain formed by m x 11 matrices Z — 

{m ^ n) making the Hermitian matrices 

I - ZZ f (2,1,1) 


positive definite, where Z f and 2 denote the transposed and complex conjugate ma- 
rrices of Z respectively. For simplicity, we also use H > Q and H ^0 to denote that 
the 1 lermitian matrix II is positive definite and positive semi-definite respectively. 
We shall consider the linear differential operator 


Ai = E E 

j,k=l 


°or/? _ / 』 ^la^li3 

f 一 -i 


( 2 丄 2 ) 


7 : 
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where S a 0 = 0 or 1 according as a / or q = 
We introduce a matrix operator 




dz = 



d 




Then the differential operator Ai can be expressed as 


A! = tr ((/ - ZZ f )dz{I- 


(213) 


where tr M denotes the trace of a matrix AL Notice that the expression is performed 
as a formal multiplication ； we are not applying dz as differential operator on (I-Z'Z). 
Such an agreement will be understood throughout this paper, i + e-, if /I is a matrix 
operator and S is any matrix, then AB means the formal product, and if u is a 
function, Ao u means that we apply the operator A on n. 

We shall study first the covariant property of dz under the group I 1 of motions 
of iHi- It is known (Hua[lJ) that the transformations of I 1 can be written as 

W = {AZ + B){CZ + D)- 1 = (ZW+A^r^ZW + C 7 ), (2.1.4) 

where A = A (m \ B — C = and D — satisfy the relations; 

AA 1 - BW = L AC 7 = BW. CC 7 - DW = -J, (2.1.5) 

or what is the same thing, 

~A f A-OC ^ l\ TB - U f D, WB-WD = -L (2.1.6) 

By differentiating (2.1.4), we have 

dW = [AdZ - (AZ + ff)(CZ-h D)~ l CdZ\(CZ D)^ ] 

={ZW + W)- l \(ZW + ~^)A- (ZW + a)C]dZ(CZ + oy 1 

= ( 之否 7 十 ^) -l r/Z(CZ +(2.1.7) 


Prom the relations 

d 


m n 


k— 1 3 ― 1 


dw 、， d 
dz ja dw kj3 




k=\ (3: 
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we deduce easily 

& z = (cz + Dy l ty w {z& + (2 丄 s) 

From (2 丄 4〕 and (2 丄 6), we have 

I-W f W =/ - {CZ + Dy-\AZ^BY(AZ + B){CZ + D)~ l 

I 

=(cz + oy~ 1 [JczTDy(cz + /)) 

一 (AZ + B) f {AZ + B)](CZ + D)- { 

^{Z r C f + - Z f Z)(CZ + Dy l : 

and 

I~ WW= (ZB 1 + ~A f )~ 1 (/ - ZZ f )[BZ^ +A)-\ 

Combining with (2.1.8), we liave 

{I -ZZ f )d z (l -Z^Z)^ 

={ZB r + A f ){I - \VW r )f) w (I - \V f W)d{ v . 

(Junsequently we have the important idciitiiv 

Ai = tr ((/ - Z^Yhil - WZ)(r z ) 

=tr ((/ ^ irTF 7 )^^/ — Irn^)^}. 

That i w have 

Theorem 2*1*1 The differential operator Aj ts invariant under th(i tjanafor- 
rnations (2.L4) of the group P 1 . 

§2,2, Harmonic functions in 91] 

A real-valued function u{Z) possessing coTitimH；HS swond derivatives is said to 
hr hannoni (- in Dl|, if it satisfies 


(2.1.9) 

( 2 , 1 . 10 ) 

(2J.11) 

(2.L12) 


A[ o a(Z) 0 


(2.2」） 


in 〜 

From Fheorem 2AA, wc deduce imiiK^liately 

Theorem 2*2.1 The property ” harmi)idv, is invariant under the group 1 J - 
More precisely, if u(Z) is harmonic in so is u((AZ + B){CZ H- D)~ ~) where 
A. B. C and D satisfy (2.L5)* 

In we have a. Poisson kernel (Hua[4] 1 


Pi(ZM) = 


V(£i) 


det (/ - ZZ f ) n 

jdet(/ - ZU f )\ 2n 


( 2 . 2 . 2 ) 
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where Z belongs to iHi and U (= is an m x n matrix satisfying 


UU f = I (rn \ 


(2+2.3) 


and €\ consists of ail matrices U satisfying (2.2.3). Further V(di) denotes the total 
volume of Ci, which is known to be (: 


V(€ } )= 


rn 厂 mn _ 去 m( m — 1) 


■2 


(n — m)! … (n — 1)! ^ (n — /)! 


JIL 2 n n ~ l+l 

11 TTzirr = 11^-0+^ 


(2,2,4) 


where ^p-i is the volume of the sphere | 之 1 1 2 + - 1- z p 2 — 1> 

From (2.1.10)，it follows that (2 丄 4) carries the characteristic manifold onto itself. 
Let 


V = (AU + B)(CU + D)~\ 


(2,2.5) 


then we have 


and then 


/- WV f ^ (Z 庄 + A f )-\1 - ZU f ){BU f + Ay\ 

以 : - d: ㈣ ⑽， + ， 


( 2 . 2 . 6 ) 


(2.2.7) 


Consequently we have the following 

Theorem 2-2,2 Under the transformation^. 1.4), the Poisson kernel satisfies 


P Y {W,V)^ Pi(Z, r/)|det(B^ + 4)f 2n . 


( 2 . 2 . 8 ) 


Theorem 2.2*3 The Poisson kernel P\{Z^ U) satisfies a system of partial dif¬ 
ferential equations 

B Z (I- fZ) 苏。 P l (Z y U)=0, (2,2.9) 


or ? what is the same thing’ 


a/3 ： 


A:=l 


dz ja dzii3 


( 2 . 2 . 10 ) 


Proof (i) First we prove that at the point Z = 0, Pi = (Z^ U) satisfies (2,2,9). 
We write U — (uj a ). At Z = 0, we have 


心 L 务 - ^ d 2 Pr(ZM) 


〔 X) TJiis volurne differs from that given previously in a monograph of Hua i by a factor 
2'^{rt - 1 )- 歹 m(m- l | s due to the definition of the volume element U, 
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n 


E 


d 2 Pi(ZM) 


^ 9z 3a dzi a 


z=o 


m) 


n 


d 2 


y- 

■七 dz j( ,dz^ 


det (/ - ZZTdet(I - Z[J r )- n det(l - UZ f ) 


■n 


0 




71 


E 


d 2 


n rn 


L cr 


J dz ja dz lo ^ — 


n 


n m 


X 


-EE 

B=1k —1 


SE Zk^u kf3 + - 

0=ik=l 


Z—Q 


m) 


n 


n 


( - H) 〜 f T1 Uj ot Ul 


OL 


ot 


a— 


( 2 — 2 * 11 ) 


In matrix form, (2+2.11) can be written as 

[dz(I 一方 Z)d' z o 巧 (2, C/)] z=0 


V(€i) 


-n 2 I + n 2 UU f ] - 0, 


since UU* — I\ 

(ii) Let T be any point of Wi, then there exist matrices A and D such that 


{I -TT f y l = A f A 

and 

(/ -T'T}- 1 = D f D, 

We put 

B = -AT, C = -Df\ 

Obviously A, C, D satisfy the conditions (2.1.6) and the corresponding transforma¬ 
tion (2.1*4) takes the form 


W = A(Z- T)(I- TZ)- x D-\ (2 丄 12) 


which carries the point Z — T into IV = 0* According to (2 丄 8) ， (2,1.9) and Theorem 
2,2*2, we have 

\d z (I-^Z)d f z oP l (Z J U)]z^T 

= |det(/- TU f )A\- 2n {I- TfT l A- ] [dw(I - 占 V 。 Pi{W,V)] w =o 

x - TTT 1 = 0* 
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The theorem is now completely proved. 

As a consequence, we have 

r rheorem 2.2.4 The Poisson kernel P\{Z,U) is harmonic in lEHi with respect 
to the variable Z, 

By the process of differentiating under integral signs we have 

Theorem 2.2.5 For any continuous function <p(U) on €[ T the Poisson integral 


u(Z) 

gives a function harmonic in 卜 
In fact, 

A| o u(Z) — 


=I ^{U)P^(Z,U)U 


(2.2.13) 


^(J7)A I oP I (Z 1 (7)(/ = 0. 




§2.3. The structure of the closure of 9H] 

More explicitly, sometimes we use n) and C 】 (m ? n) to denote 9\] and €] 

respectively. 

Let '' denote the set of matrices Z such that I — ZZ f ^ 0 and of rank S r. 
Evidently QS{ 0 ) is the closure of and is £i. 

Theorem 2*3,1 We lei 

£ i r) - - ®[ m_r+1) , (，= 0,1，…， m — 1), 

Then Cf k invariant and forms a transitive 沒 et under the transformation group F 1 - 
More precisely, there is a transformation of the group r l to carry any given point of 
<t[ r ' into 

j(rn — r) Q(m—t'jn-m+r) 

Q(ivm —r) r?i + r) 

Proof From (2+1.10) we have 


(Z 旮 + A r }(J — WW t ){BZ f + A) = l-ZZ t 


It follows that 

r(l - ZZ f ) ^ r{T - WW f ), 

where r(X^l denote the rank of X, The Inversion establishes 

r(I - ZZ f ) ^ r{I - WW f ). 
Therefore } is a set invariant under F l . 
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Let Z be any point on €\ r} ] there are unitary matrices {/ = U (m) and V = V ⑻ 
such that 


UZV 


Ai 0 
0 A 2 


* ri * 


0 0 
0 0 




0 

0 


0 0 


Am 0 


0 


Ai ^ As ^ ^ X m ^ 0. 


Since the rank of I — ZZ } is equal to r y we have Ai 
The theorem follows from the following 
Theorem 2,3.2 Let 


+ = 


Atri—r ~ 1 and A m —r+l 


n = ° T (^ 0 一 ） H 广) -抓 > a 


The transformation 


W = A{Z - T 0 ){I -ToZ)-^D~ l 


of FK where 


A 


/( r r v 。， d A [ n 

0 Ai / V o Di 


and 


carries T 


= (/ D f iD ： = (i-fsjyr 1 

f(m-r) fj 

Uq I ) Vo mi O 

0 T X 


and 


into 


unih 


J{rn-r) q 

0 0 


W(m-r) q 

Z = o & % 


ol( m ~ r ^ (} 


W v = AtiZ^T^il-T^Z^DyK 


I ho present theorem is evident. 
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Theorem 2.3.3 The closure ⑴ o/9l[ has the following chain of slit spaces; 


— C| is the 


®S 0) D … D 才 - i). 

Move precisely^ ^ — ®{ m_r+ ”(wftere r = 1, — - , m and ©j" 

slit is homeoTUorphic to the topological product 

9^1 ( ?\ n — rn + r) x 9JI 广 - r 》， 

where 9Kj ，9,) is defined in the following way. 

We use li(m) to denote the m-rowed unitary group. Let s be an integer satisfying 
0 < s < m; we consider the pairs of matrices 

(U 7 V), U V e n(n). 

Two pairs (U\ V) and ((7^ Vi) are called equivalent，if there exist three unitary matri¬ 
ces U^ s \ and 1 /("—such that 


U 


C7 ⑷ 


0 


0 u^ n ~ s) 


t/i, V 


0 


3 


0 


0 


V 1 + 


By the equivalence, we classify pairs into classes. Each class is considered as an 

element; the totality of elements is defined to be the set * 

_ . ( T \ 

Proof It is known that each element of / can be expressed as 


Z ^U f 


7(m_r) q 


0 


w 


V ， 


where U — f/( m ) and V — 1/ ㈤ are unitary matrices and W — satisfies 


/ 卜）一 WW f > 0, 


If there is another expression 


we have then 


where 



( 2 . 3 . 1 ) 
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Prom (2.3.1), we have 




0 


0 WW f 


1 0 ) ( 1 

0 1^1 / l 0 WW f Y 




^2 


0 


0 


0 ww* 


0 W { W 1 


U f 2 


Since none of the characteristic roots of WW 1 and W\ W f \ is equal to 1, consequently 


V 2 


0 u (r 


By argument similar to that of (2*3.1), we deduce 


V 2 


u (m ~ r) n 

◦ ^/(n-nj+r) 


The theorem follows. 


§2*4. The boundary properties of the Poisson integral of 

Now we study the properties of the Poisson integral 


u(Z) 




tp(umz 、 U)U 


(2A1) 




as Z approaches a boundary point of 9ij from its interior* 

Theorem 2,4,1 Let m > 1. Let ^(U) be a real-valued function continuous on 
the characteristic manifold £i(m t n) of (m, h) and lei 


Q 




l 

o 



-Un-i) 


z 


p 

0 


-(m —l 3 n—1) 


with 0 ^ p < 1 and I — ZoZ r o > 0. Then 


lim / ip{U)Pi(Z,U)U 

ft (m t n) 


Ci(m-l f rt—1) 


V 7 


1 0 
0 Ux 




m - I , h — 1 ) 


(ZoAW 


o 


(2.4.2) 


uniformly with respect to Zo 9 where Uq G €j(jh — 1, n - 1) and Pl rn ~^' n ~ 1 \ZQ,Uo) is 
the Poisson kernel of 5l|(m - l，n — 1), that is 


Pi 


m — 1 1 n — 1) 


(4 ⑹ 


det(I ~ ZoZ^ 1 


V{Cj{m — l ， n- 1)) |det (/ - Z 0 U f o)\ 2{n - iy 
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Then, we have 




呢) 


^(u) Vl 


( i - P 2 r fi 

-pu n \ 2n 


where 


^ —( 江 111 ' 1 ^ln)- 


(2,4.3) 


(2,4,4) 


(2.4*3) can be written as 




V(€t) 


(u) n (1 ~ P X u 

J |1 - pun\ 2n 


with 


T ⑷ =/ ^(U)Uu 

JU ] 

where U\ runs over (m — 1) x n matrices satisfying 


( 24 . 5 ) 


(2.4.6) 


/( 叶 


(2-4.7) 


Here u is considered as parameters satisfying uu f — L 

For any fixed u, the set of ( "i satisfying (2.4.7) forms a manifold of which the 

零 

voltinie element is denoted by f/|. It is easy to see that r(u) is a continuous function 
on m!’ = h Wc apply 「I heorcm 1.3.2 to (2- ： 4.5) ? then we have 




Notice that, by (2/2,4), 


u ； 2"-i 


T/(£“m.")) — K(£i(m- l,n- 1)) 


Substituting u — , 0) into (2.4.7) we have 

Ui 二 U {) = ut~ hn ~ l) 

and UoU f o = Consequently，wc have, from (2,4,6) and (24-8 )， 


(2.4.8) 


l l ^ U{Z) = V(C,(m —l ， n—1)) 


1 0 
0 U 0 


&o. (2.4,9) 


Proof First let us consider the special cas« with = 0 and 
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If Zq / 0, then by Theorem 2,3.2 there is a transformation W — 0(Z) of Y 


carrying 


o z 0 / int °U o) and (o z, ) int °vo m 


\ 


where 


=A l (2 1 -Z 0 )(I-Z^Z)- l DY 


with 


-(/- Z 0 Z f o)- x , D^D, = (I- Z\jZ 0 ) 


-i 


Fur [/ € £i，we have 


V = ^{U) € «i 


and 


Z = 0~ l (W). 


It is known that 


V = \det{BU f +A)\~ 2lv U. 


According to Theorem 2.2.2, we have, for Z 


P 0 
0 Z 0 


(2.4.10) 


lim / <p(U)Pi(ZM)U 


lim 




(p (少 


1 ⑽ 


V(€\{m 一 l，n — 1)) 人】 

(m — 1, ri — 1) 


9 I ^ 


一 1 


1 0 
0 Ko 


Vo 


Notice that the above formula holds uniformly with respect to Zq since in the proof 
of (2,4.9)，for any given s > Q there is a /> depending only on the upper bound of \ip\ 
such that (cf, Th, 1.3.2 〕 

•- 1 ⑺ ) J 1 — 


Vitiirrhn)) 1 / C : 

I Um) 


V(Ci(m- l,n- 1)) J^ (m 

- t ,n- 


1 - pv 


ip <P 


1) 


1 0 
()Ki 


Vb 


< 


where p is independent of Zo. 
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By (2.4.10), we have 


0 


1 0 

a Vo 


i o 
0 Uo 


where 


Vo = a y (Ui}- z 0 )(i - zw'i?r 


Hence 


K 0 = \det(I ^ 


<\et{I - ZoZ^) 71 - 1 

|det (/ 一 Z 0 P 0 )| 补 - 1 ) 


tv 


Finally we have 


lim / ip(U)F\(ZJJ)U 

P~*^ J (m f n) 


V(€i{m - 1, n - 1)) Jd.fm-un-i) 




1 0 
0 t/ 0 


p} 


m— 1 t n— 1 ) 


(Z 0t U 0 )C r 0 


uniformly with respect to Zo, 

Theorem 2.4.2 Let ip{U) he a real-valued function continuous on the charac¬ 
teristic manifold Ci(m, n) of ^i(m, n). 

(i) If Q E C^ r )(0 < r < m), the limit 

lim f ip{U)P y {Z,U)U 


exists and defines a function continuous in 0 r ) = 9li(r, n —m + r) x97t{ m_r ); besides ， 
it is harmonic with respect to the coordinate of 9t[(r,n — m + r). More precisely, if 


we set 



0 

A 





the function 

uiZ.Mn-V^^ lim f <p(U)P,(ZM)U 

Z ^Q Jci 

is harmonic in 0ti{r, n — m + r) with rasped to the variable Z\ for any (Uq, V 7 o) € 
(ii) For Q € C[ = Ci(m, n), thru 


lim / ^(U^PtiZMW ^<p(Q). 
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Proof (i) When 0 < r < m, we let 








where 


= [\ ， … ,A m _ r ], 1 >Aj DU0+ 


Applying the previous theorem repeatedly, we see that 


lim -Mm / ip(U)Pi{Z,U)V 

lim ^ * lim f ^{UlUV 0 )f\ (( 

A — 一 1 X^l J(Ci(m,7i) V \ 


A irn - r ^ 0 


,U U 


/(m-I) 


V{€i(r,n-m-\-r)) J €x 

(r,n-m+r) 

det(/- Z!Z'i) n - m+r ■ 

X |det(J - 




(2.4.11) 


uniformly with respect to Z\, I7q, Vq. 

Obviously the above expression is a continuous function of Z\^ f/o, Vq and for any 
Uq and Vq it is harmonic in ^Hi(r,n - m + r). 

Now we take in 9Hi an arbitrary sequence of points 2], 知 … ，之知 ，…， which 
approaches Q. 

We write 

u{Z)= [ ^(U)Pi{Z,U)U, 

and u r {Q) as the limiting function of (2,4.11)* 

For any given £ > 0, since u r (Q) is continuous, there is a neighbourhood 05((3) 
of Q in the space of the mn complex variables Z 二 ( 之 Jct ) such that for any point 
P G ®(Q) A £| r \ we always have 

u r {P) - u r (Q)\ < ^ 

Each point of Zk has a representation 

Zk ^ u，k ( A o L ) Vk ' 


where 


Ak = 此 ),… 1 > A 产 > … >0. 
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Since Z^, — > Q, we must hitve /I 人 - implies that when we take k 

sufficiently large, x\ k \ - * - . can bo as near to I as we please. Since (2.4,11) 


holds uniformly for all Q G C wo see that for — U[. 



14 


KA) 


— Ur ( Q ^)| < 


E 

r 


when k is sufficiently large. 

Obviously Qk —^ Q, hence 1 wc can take A: so large that Qk € ®{Q) H Then 

\u{Z^) — U r (Q)| ^ l^(^) — Ur(Qk) + I.Wr(Qjt) - „r(Q )| 〈 [■ 

This shows that for any sequence of points Q, the part (i) of our theorem 

holds. 

(il) When Q € £i, we set 




and 

Then, by Theorem 2.4,1 an<i Theorem 1.3/2, 


lim … Lim 

Am — h 1 Ai ― * J 


(U)Pi(Z, U)U 




lim 


A, 


^2(n —m)+l J U1J / =] 




/ 


{I 


j(ni-l) 

0 




U 


(1U_ ⑺十 1 

1 - A m ui| 2 ^-^ +i ) 


v 


调(/ ㈣ 屬 )）= WQ ) 


where u — (t/i ，■- + with uu f = L 

Ah in the proof of part (i), :ov any se<iuence of points Z\, Z 2 , — * Zk ^ Q in 9 ^i t 
we always have 

lini f 

A—Q ,/心 

Fhe theorem is proved. 


§2.5. A Dirichlet problem of ?H| 

A r^al-valued function u(Z) Is said to be harmonic on the closure of 91 卜 if it 
is contiimous in ®| 0 )， and 011 om:h - ®J m_r+J} (r = 1.... ."]> it is 
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harmonic with respect to the coordinate of the base space 5Hi(r, n — m + r) of the slit 
space . 

Notice that the differential equation on €\ r) can also be considered as a conse¬ 
quence of the differential equation 


tr((/- ZW)d z (I - Z 7 Z)d f z ) ou = 0. 


(2.5.1) 


In fact, for Z 


I 0 
0 Z } 


， the previous equation reduces to 


tr 


0 


0 


0 1- z^z 1 


* 本 
— 


0 


0 




0 I _ Z f \ Z\ 


木 本 




ou = 0^ 


i.e., 


0 0 \ / 0 0 
tr I I -一 _ \ \ ou 

* (/m)% 八 * uu 義 

=tr((/ - Z^ x )BzAI-V Y Z^iy Zi )ou={), 


Similarly for the case Z — 



0 

A 


J V 7 with imitfiry U and V. 


Now we formulate the following Diriehlet problem ： 


Given a continuous function ^p(U) on whether there exists a unique function 
hariEumic on the closure of 9^1, which takes the given boundary value ^(f;) oil £i. 
The answer is positive. We havo 

Theorem 2.5*1 Let ^(U ) a real-valued (.(jntinuous function on £卜 Than 


u(Z)= / ^{U)P^Z, U)U 

JCi 


(2.5.2) 


m the unique function harmonic oti the clomn ： o/^R]+ which takes the given boundary 
value <p{U) cm Ci* 

Proof The existence of the problem follows from Theorem 2.4-2; we remain 
to prove the uniqueness of the theorem. 

Suppose that there is another function U](Z) which is harmonic on the closure 
of ami which takes the given boundary vahio U) on £卜 Then U\{Z) — u{Z) 
is again a function which is harmonic on the dosnrr of arid vanishes on £[* The 
principle of extremity. Theorem 1,2.2, asKort.s that it vanishes identically. Therefore 
we Iiave the theorem. 
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Notice that the Poisson kernel, by Theorem 2,2,3, satisfies a system of m 2 partial 
differential equations 

§z(I - Z f Z)d f z oP l (Z, [7) = 0. 

Consequently, the function represented by the Poisson integral satisfies also a system 
of m 2 partial differential equations. 


§2*6, Harmonic functions in 91]] 

Let Z denote an n-rowed symmetric matrix of the form 


Z 


[ ^12 

212 \/2^22 ** 


Ft. 


z \n 
芯 2 n 


^2n 


… yPlz 


nn 


and let ^Rn denote the domain 


I - ZZ >0. 


It is a space of -n(n + 1) coinplox variables 


^11 > ^12 t ，之 In ， ^22 * ' ' ' i ^2n i ^ * ^nn* 


We introduce the operator 




d 


a 


d 


dz\ 

d 


dz vl 


dz 




d 


9z\ n 

d 


12 


5^22 


dz 


2 n 


d 


d 


dz ]u dZ 2 n 


.. V2 


a 


dz 


nri 


and 


△" = tr((/- ZZ)d 2 (I- ZZ)d z ) 


or 


n / n 

△II = 》 : I _ ^ : ^Atr 

ct 此入， fl=l \ a=l 

( u \ Q2 

- 


( 2 . 6 . 1 ) 


( 2 - 6 . 2 ) 


(2.6.3) 


(2.6.4) 
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where — z 細 and 



for q — /?, 
for a / fi. 


(2*6.5) 


A real-valued function u(Z) possessing continuous second derivatives is said to 
be harmonic in OTu, if it satisfies in SRji the differential equation 


An o u(Z) — 0. 


( 2 . 6 . 6 ) 


Theorem 2.6*1 Ifu(Z) is harmonic m ^ remains to he harmonic mtftn ， 

" 4s 

after a transformation of the group F u of the motions of !Hrr* 

Proof It is known that a transformation of IHn is of the form 


W = [AZ + B)(BZA)~\ (2.6.7) 

where 

A f B^ B f A, A f A- B f D = / + 

Now we have 

dW = {BZ + Ay~ l dZ(BZ + Ay 1 . 

If we use a a @(l ^ a : jd ^ n) to denote the elements of the matrix (BZ 4 - then 

the above relation can be written as 


n 


— 〉: cl / ■ 




Since we have 


dw a 0 
dz\ 


Potf3 


(a 久 + dfiae^-xJ )* (A ^ fij 




I Am 7 

L 尸 a/? 


{A — /i). 


For \ ^ (i, we have 


d 


dzx h 


E 


8 




oc<j3 


d 


dw af 3 


’ f 1 

.十 〉:: ( ^ ^ Aa ) 


d 


dw 


aa 


S aXaa ^ Pa ^d^ + S ax ^ a ^ p ^d^Z 3 + m 

a<3 ^ a>p f a—& ¥ 
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n 


〉: ( P : vj£fT 

以=1 


d 


dw ⑹ 


) 


0 ft" 


For A — fj. we have 


v^2 


d 


dzxx 




dw t ^ d 




dz X \ dw^ ri 


^ 2a^ tt aA^^— - h ^ y/2a\^a\ ^ 

a <f3 ° W< ^ c=l 


E 


0 


a 入 


a<{3 

n 

^2 QXq 

Ct + /?=1 


9w^a 




dw 

d 


QQ 


u>;i 


9w a p 


ct=P 


( P ° 


d 


p 


dw 


a：/3 


) 




Consequently, we can put 


Q n f 

Pv ^T = E aAQ \ Pap 

OZk ^ t ㈣ 、 


d 


dWaf) 




for A, // = 1, - - ， n ， ot 


d z = (BZ + A)- l d w (BZ + A) f -\ 


On the other hand 


I-WW =I-(BZ + A)^ l (AZ + B) f (AZ + B){BZ + ^)~ l 
= (BZ f + A)^ l {I - ZZ)(BZ-h A)-\ 

We have finally 

(I -ZZ)d z (I - ZZ)d z 

=(ZB f + A r )[(l - WW)d w (I - W 十 A') -1 . 


This leads to 


tii(I - WW)dw(I - WW)dw) = tv((I-ZZ)d z {I -ZZ)d z }^ 


which proves our theorem. 

The Poisson kernel of is known (Hua [4]) to be 


Pu(Z,S} = 


V(€u) 


det(/-Z 艺 ) i( n+1 ) 
\det(I - ZZ)\ n ^ 


d 


( 2 . 6 . 8 ) 


(2.6.9) 




Theory of Harmonic Functions in Classical Domains 


,327. 


r(^ + i) 




2 


r( M + i) 


2^r 


/£+_ 

~2 


and then 


V(€n) = 2^ n(Tl+1 V^ n(n+1) 


r liLff r (" + 

n+l \ 丄丄 


2 


丄丄 i r(fi+l) 

J[j£.= 1 


TT 

n(rt + l) A ^ 


2 一 _W" + 


2 


H 


A 2“ ㈣ rj 

BtN±t\ = U^ 


( 2 . 6 . 11 ) 


2 


Theorem 2,6.2 AJier the transformation (2,6.7), the Poisson kernel becomes 

Pu(Z, S) = Fh(W ： T)|det( J BS+ A)| -㈣ ])， 


where 


T^(AS + B)(BS+A)- [ 


( 2 . 6 . 12 ) 


2 


(JJ The constant differs from tlie original one by a factor 2 r . (cf. the footnote on p. 1046), 


Further, we have 

V(^u) = 2^ (n+1) 7r^ (n+1) 


Since I'[x)r ^ — 厂 (2a;)，we have ① 


where S is an n-rowed symmetric unitary matrix, i.e^ SS = / and is expressed as 


S 


/ V^^ll ^12 

512 \/^ 方 22 


^ In 
^2n 


^ln ^271 " \Z2^rm J 


( 2 . 6 . 10 ) 








Theory of Harmonic Functions in Classical Domains 


*329- 


Consequently，for any real-valued function ip(S) continuous on £n，the Poisson integral 


u(Z) = / <fi(S)Pn(Z,S)S 
defines a harmonic function in JHu* 


§2.7* The boundary properties of the Poisson integral of fHjj 


More precisely，we use Jttnfn) and £[i(n) to denote €u and €n respectively* Let 
be the set of symmetric matrices Z such that I — ZZ is positive semi-definite 
and of rank ^ r(0 ^ r ^ n) r Evidently is the closure of IHn and is the 
characteristic manifold tfn of SHn, 

Analogous to Theorem 2.3*1, we have 

Theorem 2.7.1 We define = 33 士 _?_ ) - ㈣ 厂 r+1) , Then ' is an invari- 
ani subspace of and is transitive under the group 厂 n . 

Further we have 


Theorem 2*7.2 The sequence of sets 


D 03^° 3 … D 


forms a chain of slit spaces. The slit o/25j^ _1; is More precisely 7 1 ■ 

r+1 ) is homeomorphic to the topological product 


m u (r)Km[r 


where the set 9Jl|f can be defined as the following. Two n-mwed unitary matrices U 
and V are said to be equivalent if there exist an s-rowed real orthogonal matrix 厂 
and an unitary matrix such that 


uJ r{3) ( \ 

、 0 u (n ~ s) 

By equivalence，we classify tke unitary matrices into classes. The totality of classes 
defines the set SDt[j^ 

Proof It is known that each element Z of Cjj can be expressed as 



Z = [/ 



j(ri-r) 

0 


0 

14 /⑺ 



(2.7.1) 


where I — WW > 0* 
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From 


z = K 


we deduce that 




I 0 

0 w 


I 0 
0 Wo 


t/i 


t/o, 


I 0 
0 Wo 


where = UU^ 1 . 

Consequently, we have 


Ui 


p( n ~ r ) o 

0 t/( r ) 


The theorem follows. 

Theorem 2.7.3 Let ip(S) he a continuous real-valued function defined on the 
characteristic manifold €\i(n) ofy(u{n). 


(i) Let 


Q 


fj 


/(”- r ) o 

0 Zi 


Uo 


be an arbitrary point o/d'(【）< r < n ), then 


Jim f ^(S)Pn(Z,S)S 


V{tu{r)) j €u(r) 


^ ko 


0 


Q 

5i 


det(/W - 

° 1 IdetU-Z^i)!^ 1 ] 


The last integral represents a continuous in CTjj'(= 9^n(r) x 3J1 ； 

and hairaonic with respect to Z\ m 识1 |(?、) + 

(ii) If So ^ £n(n), then 


ft —r) 


lim / ^(S)Pn(Z J S)S^<p(S 0 ). 


Proof It is sufficient to prove the following special case ibr r = n — 1 and 


Z 


P 0 

0 o 


,that is 


n±i 


^ WM) J^(n) 


- (S) h^ s 


V[(L u {ri - 1)) Jc u ( n 一 ” 




1 0 
0 Si 




(2J.2) 
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.since the remaining part of the proof can be carried out by the same method used in 
§2.4. 


Let 


S 


sn ^ 
s f S x 


where 5 = (sn . ■ + , s\ n ), Write 


^li = xi ix 2 , s l2 = x 3 e^ 1 ,- ^ = :^ 十/卜 


(2.7*3) 


(214) 


irom |sn 1 4- = 1， it follows that xx 1 — 1， where x — ( 忑 1 ，， ■- ^) is a real 

vector- Now we are going to prove that for a given x satisfying xx f — 1, we can 
construct a unitary symmetric matrix S, that is .there exists an (n — 1) x (n — 1) 
symmetric matrix S\ such that 


+ — 0, 乂豆 -|- 5i = /, (2.7.5) 

Without loss of generality we take 0 ： = ■ ^ = i = () + There is a real orthogonal 
matrix T — 厂 -” such that 

s = ( 入， 0, * h , 0) 厂 ， A 二 + … + x n->ri^ 

Equations of (2.7*5) become 

s n (K 0 , ■- ， 1 )) + ( 九 0 . … , 0 )T = 0 t 

(A,0 ■… .(1/(10■ l” + rf = / T 


where T — r f S\ f. Then 


T — , l n - ■ , 1 


is a solution* 

Now we take(xi* + .』;„+i )as parameters of (2*7.5)* loi a fixed(a ： i, X 2 ^ ^ ， :u„+i). 

the manifold of (2.7,5) is denoted byX 1 ,Then the Poisson integral can be written as 




n + I 


wlUTC 


y{^u)Jcn |1 -/?Sll| tt + 1 


0(x) 


叫 .r 




n 1 


1 一 p(xi - ix 2 )| n+1 


x 


V^(Cii(n))7 r 
According to Theorem 1.3.2, we have 


/(5)X\ 


lini 


0 ㈤ 




XX f 


|1 — p(X] 0 ： 2)|^ +1 
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Therefore 


l im — V - / 

P-iV(€u(n))J en{n) ^ ； |l-psn| n+l 


V(€ n (n 


l — f 

n ~ !)) Js ⑽ tl(n 


9 


[[(n -1> 



This proves (2.7.2). 

§2.S, A Dirichlet problem of IHu 


A real-valued function u{Z) is said to be harmonic on the closure of tHu if it is 
continuous on the characteristic manifold €u{n) and on each = 1 ， … ,n) it is 

harmonic with respect to the coordinate of the base space lHn(r) + 

Similar to the proof of Theorem 2.5+1，we solve a corresponding Dirichlet problem 
for Sftir* 

Theorem 2 * 8*1 Given a real-valued continuous function ^p{S) on the charac¬ 
teristic manifold £u, the Poisson integral 

u(Z)= f <p(S)P u {Z,S)S 


gives the unique function which is harmonic on the closure of9^n 飄 d takes the given 
boundary value ^>(S) on 

Remark It can be proved as in §2.2 that the Poisson kernel satisfies a set of 


equations 

dz(I-ZZ)d z o^Pn(Z : U) = 0, 


and so does the function defined by the Poisson integral. 
§2,9. Harmonic functions in SRm 
Let Z be an n-rowed skew-syrametric matrix 


Z 


0 

之 12 


Z 12 

0 


z ln 

^2n 


\ - An ~^2n 


0 


and let denote the domain 


/ + ZZ > 0 


which is a domain of -n{n -1) complex variable 之 n + … , zi n , Z 23 r + + ? z 2 n 


(2.9.1) 


(2+9+2) 

i ^n — 1 y n - 
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We introduce the operators 


and 



A„, = tr((/ + ZZ)d z (I + ZZ)B z \ 


(2,9.3) 


(2.9.4) 


i.e” 


± 

X y ti f a,0=l 



n 


d 2 


U - 石 z ^ z 01 j 幅吣〜爲尽 


where and 



for a — 0, 
for a ^ 0. 


(2,9,5) 


A real-valued function u(Z) possessing continuous second derivatives is said to 
be harmonic in JHiii if it satisfies, in JHm, the differential equation 


△in 。 u(Z) — 0. 


(2J.6) 


Theorem 2-9*1 If u(Z) is harmonic in it remains to be harmonic in 9^1 n 
after any transformation of the group F lu of motions of £Hm 

Proof It is known that the transformation of F 111 is of the form 


W = (AZ + B)(-BZ + A)~\ (2.9.7) 

where 

A f B= -S% A!A- B f B = L 
Differentiating (2.9.7), we have 

dW = (-BZ + A) f ~ l dZ{-BZ + 

Let the elements of (-BZ + A)~ l be — 1, - - , n). The previous equality can 

be written as 

rt 
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where — —z^x* Then, we have 


dw 




ctfj 


dzxfj 




Hence 


d 


<?V 


dz 


A/x 


rud 


du\^ d 


9^i 細 cv/? 

Qot^bx^b 


<0 


dw aI 3 


xo 


that is, 


d z = (-BZ ^Ar l d w (-BZ + A) 1 


Applying the formula 


I+ WW = (-BZ + A}'- 1 (I + ZZ)(-BZ + A)-\ 


we have 


tr((/+ ZZ)d z (I J t ZZ)B z ) - tr((/ + WW)dw{I + WW)^) 


This proves the theorem. 

The Poisson kernel of Vf\\n is equal to 

Pm(Z.K)-- 1 


1 det(/ + ZZ) a 
V(€ lu ) ■ \det(T-^ZK)\ 2a 


(Hua[4], Hua and Lookfl]), where 


n 


a — 


2 


n 

2' 


， for even n, 
for odd n. 


and® 


V(€m(n)) 


T1 


n 


U ； 4p-3, 


2 


⑺ +u 


27T 






for even n, 

^ +1) 

JJ for odd n. 

以二 2 


( 2 . 9 + 8 ) 


(2.9.9) 


(2.9.10) 


(J; The constant differs from the original one by the fact given in the footnote on p f 1046. 
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Moreover, the matrix K in (2*9*8) is of the form 


K = U f F {n) U. 


(2*9*11) 


where U is an n-rowed unitary matrix and 




0 


0 


+ -■ ■ + 


0 


0 


for even n, 


(2+9.12) 




0 




0 


0 


+ 0 for odd n. 


Theorem 2,9.2 After the transformation (2.9*7) of i TTI , the Poisson kernel 
becomes 


Piu(^K) = P m (W^ J)\det(BK + A)\~\ 


where 


(AK + B)(-BK ^ A)~\ 


(2.9,13) 


The proof is similar to that of Theorem 2-6*2 s 

Theorem 2.9.3 The Poisson kernel Pu\(Z,F\) is harmonic in with re- 
sped to the variable Z. 

Proof It is sufficient to prove that 


\A lu oP lu (ZJ<)} 


Z a 


0 


In fac t, let A" = d;) and then 


: Am 。 P\n(^^ 




j >=] 


d 2 Fm(ZJ<) 

dzxndz^ 


z=a 


V(^ni) 


n 


E 

jX ■" - u l 




d 2 


d^Xck^^Xci 


det (/ + ZZ) n det (/ + Zky a dQ%(I ^ ZK)~ a 


2=0 


Wll 】） 


n 


A,a = l 


a 2 


dz^dzx^ 


1 — 2a ^ I; 办 I 




1+2 "I ： : 咖 [ 如 + 


X 


1 +2a 


jt?o 




Z-i) 




(-2an) E ?Aa + 4a2 ^2 人、』》 

A,Or— 1 A, ❽ =1 
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Two n-rowed unitary matrices U and V are said to be equivalent if there exist a 
2r-rowed unitary symplectic matrix P(’ 2r ) and a unitary matrix j [ 广 such that 


U 


p(2r) 


0 


0 u in ~ 2r) 


V. 


By equivalence, we classify the unitary matrices into classes. The totality of classes 
defines the set 

Proof It is known (Hua[l|) that each element Z of can be expressed 


Z =U f 


F ( 21 


0 


0 ( 打 — 2r) 


u 、 


where I + WW > 0. 
From 


Z = % 




0 Wo 


U Q 


we deduce that 




f (2r) 


0 w 


Ui 


(0 
{ 0 W 0 


where R =UU^\ 

Consequently，we have 

^ = 


尸 (2r) 
0 


(j( n ^ 2r ) 


， P f FP = F (2r) 


The theorem follows, 

"Theorem 2.10.3 Let ip(K) he a continuous real-valued function defined on 
the characteristic manifold £i"(n) o/^Hmfn) 


(i) Let 



0 

Z 0 



U Q 


be an arbitrary point on 




— 1 , then 

IT Jl / 


Jim / ip{K)P m {Z,K)K 


V(€m{n-2r)) J €m ( n -2r) 


<P\ 


F i2r > 

0 


0 \ \ det (/ + Z 0 Z Q r- r 

K q ) |det(/ + Z 0 ^ 0 )| 2 (^ r > 
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Now we have 


\, K 


WuKn)) 人川卞 — 汍 # n-D 


(1 - p 2 ) 71-1 . 

n — 二“， 


where 


雄 ) 


V^in(n)) 


k L=l) 
k f k+LL=t 




0 k 
-k f L 


L 


By Theorem 1*3.2, we have 


■ 

1 f (1 — p2) f 卜 1 

以芑 111 ⑻ ) JCui{n) V - ph2\ 2{n ~ 


K 


=^2rt-3V J (l ? 0i * ** . 0) 




V(^ui(n - 2)) 7c,,,Cii--2) 




f( 2 ) 0 

0 L 


L 


Therefore we have (2.10,1) for even n. 

Now we consider the case with odd n, I'he closure of 9Hni(n) can be imbedded 
into that of 5tni (打 + 1) and tfm(n) is contained in €ui(n + 1), In fact, any U\ £ 
Cint^ + 1) can be written in the form (Hua and Look [1]) 


Kj= ( K U h ] , K = U f F {7t) lL h = (0 ? ■■. ， () ， e 设 ). 

^ -hU 0 j 1 

Now, for any given function (f(K) continuous on we can define a function 

^{K]) continuous on Cnj(n H- 1) such that 

According to (2,9,10), wo have 


Wn,(n})- 

Z 7 T 


Then 


_ det(/ + 卿〜 

Win(n))y em(ri) ^ J |det(/ + Z^)|- 


2ir 


2nV(€ui(n)) J 0 J Clll(n) 


He 




det(I + ZZ) n ^ 2 
det(I^ZK)\^ 


(16 K 
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det /( n+1 > 


V(€iu(n + 1)) Jc lU {n+i) 


<(Ki) 


Z 

0 


0 

0 


Z 0 
0 0 


n/2 


det /t^+D 


Z 0 
0 0 


^1 


n 


Ki 


Since n + 1 is even, we can apply the result just proved to obtain the formula (2.10.1) 
for odd n. 

§2.11* A Dirichlet problem of iHm 

A real-valued fimctioo u(Z) is said to be harmonic on the closure of fHm if 
it is continuous on the characteristic manifold and on each 93= _27V 


n 

12 


- 1 ) 


it is harmonic with respect to the coordinate of the base space 


0，1，”， 

9^iii — 2r). 

Similarly, the solution of the Dirichlet problem of 5Rin is given by 
Theorem 2*11*1 Given a real-valued continuous function tp(K) on the char¬ 
acteristic manifold £m，the Poisson integral 


^in 


ip{K)F\ u {Z.K)k 


gives the unique function which is harmonic on the closure of JRm and takes the given 
boundary value ^>{K) on (Cm. 


Chapter III 

The Dirichlet Proplem in the Hyperbolic Space 

of Lie-Sphere 

§3 ， 1. Harmonic functions in 9tiv 

Let n ^ 2 and let fHjy denote the domain 

1 + | 之 /| 2 - 2zz f > 0, 1 一 \zz f \ > 0 (3.M) 

in the sspace of n complex variables z = (之 i T ' …， z n ). Let Civ denote the characteristic 
manifold of that is, the set of vectors 

(= e l9 x, xx f = 1 ， 0 ^ 0 < 7 t t 
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where x is a real n-vector. The total volume of €i\ is equal to 


2?r 2 


十 i 


l / (€rv)= ni 

F i-2 

Since Kiv is a transitive domain, we proved previously (Look 1 ) that it admits 
an invariant quadratic differential form 


dzT xw dz f , 


where 




(1 十 K -2 部 

1 - 2zt zz f 


(1 + |nT 


z 

z 


zz 


z 


(3 丄 2) 


The inversion of T 1V is equal to 

( r iv 广 l = (! + | 2 ^| 2 - 2zt){l - 2tz) + 2{z - zz f z f )(z- zz z 


(3.1，3) 


In fact, it follows from the formal identity about matrices that 


{i-pqP)- x =/ + J](pqpV = / + pY,(QP f P) l QP f 

i=o 


Taking 


we have 


=1 + p{i - qp' py l Qp / = i + p(q- 1 -Pp)_ 1 P 


Q 


2 


zz f \ 2 - 2zz f 


- 2zz r zz f 
zz f - 1 


，尸 


z 

z 


(T^)- 1 =(1 4 - \zzf - 2zz f )\ I (u) 


z 




zz 


.2 \ zz f -l + 2zt 


z 

z 


z 


z 


( 


z 


z 


(l-^\zz f \ 2 -2zt)I + 2 




2 


1 -z^ 

zz f + 2zz f 


z 

z 
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=(1 十 — 2zt){I - 2tz) + 2 (/ — zz^iz- z^z). 


Consequently, we have an invariant differential operator 


where d z — 


d 


d 


cisely, 


dz^ T 1 dz n 


瓦 ( r ，- 1 矻 


and the convention of §2*1 holds also here. More pre- 


A [v =(1 + |z^T - 2zz f )d z {I - 

+ 2d z (z f - zz f t)(z- zz l z)d^ 


n 


(1 + \zz f \ 2 - 2zz f ) ^ 


& 2 


a 


dz^9z a 


2 E ❿ d2 


dz a dz0 


n d 2 

^q)(^ — zz f zt3) 


a3—\ 


dz G &z^ 


(3 丄 4) 


A real-valued function u(:) possessing continuous second derivatives is said to 
be harmonic in iHiv if it satisfies the partial differential equation 


Aiv ° u{ z ) = 0. 


ObviotLsly, we have 

Theorem 3.1.1 If u(z) in hannonic in 5Riv^ the function obtained from u{z) 
by a transformation of the group /’ IV of motions of fRiv remains to be harmonic. 

It is known (Huaj2j) that the transformation of the group 厂 1 v is of the form 


w = 




A f + zB f 



x 



C + zD f 


% 



(3.1.5) 


where A = A { - 2 \B = C = C : - D = are real matrices satisfying 


AA 1 - BB f = / (2) , CC 一 DD f = -I {n \ AC f = BD\ det 4 > 0 T (3 丄 6) 
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The transformation (3.1,5) which carries the point t — (尤 i， … ,in) in fftiv into 
the point 0 = (0, …， , 0) can be written as 


where 



(3.1.7) 


AA f = (/- TT f )-\ D f D = (/ - TT)-\ det A > 0 (3.1.8) 


and 

T = 2 f ^ + 1 咖 - 1 ) 

一 、 Ii f + 1 -i(U ， - 1) 

We now consider the Foiysoii kernel Piy(z^) of 9tiv under the transformation 
of F lv , Tt is known that (Hua [4]) 


t 


(3.1.9) 


Piv(^0 = 


Wrv) 


{I + \zz f \ 2 - 2zz f ) n/2 

1 + zz^ f -2zt\ n 


(3.1.10) 


We at first prove 

Theorem 3.1*2 Civ is invariajit under the group r IV , 

Proof Evidently Civ is invariant under t\m group of stability /' ( ] v , the element 
of wliich is of the form 



■ IV 


zr. 


(3.1.11) 


where / is an a x n real ortliugonal matrix and V 1 ^ real. Hence wti ran restrict. 
uurseives to proving that (Tjv invariant under the transformation (3.1.7) where 


T= ( Xl ° ° … ° \ , I > Ai ^ X 2 >0 (3 丄 12) 

\ 0 A 2 0 … 0 ) 


and 



A — 






Whenever z = ^ = e l0 x, the corresponding point of (3,L7) is 


(3 丄 13) 




M4 
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where 


and 


x < e tn x 


e 2 ^ + 1 产 一 1 


2 


2 


) 


1 


(cos 9^ — sin 0) - X 2 X 2 )] 


% 

Vi - 入 ! 


x {x — (Ai cosS, -A 2 sin 汐， 0,… ， 0}}£)’ 


cos# — Ai^i s\n6 — X 2 X 2 


-1 


V 1 ~ 


\/l 一入 2 


X 


- Ai cos 9 X 2 + 入 2 sin 0 




，以 



-e l ^y, 


ip = arg 


cos0 — Aia：i .sin0 H- X\x^ 


x/ 1 _ 入 ? 


vT^a! 


y 


cos 9 — XiXi .sin^ + ^2 X 2 


V 1 — 入 ? 


% 


— 入 2 


x\ — X\ cos# X 2 + A 2 Bin 


\/1 一 入 1 vl~^2 


Obviously ，y is a real vector. It remains to prove yy f = 1. In 


(xi — Ai cosd ) 2 (x2 + A2 sin0) 2 


yy 


-A? 


一 ）! 


+ ^3 + 


+ ^n 


(cos 0 - Ai^i) 2 (sin 9 + A 2 X 2 ) 


2 


一 Af 


一入蹇 




*^3 1 ' ' r t 


{(1 - 入萎 ) [(xi - Ai cos 0) 2 — (1 — 入 ? )a^j 
+ (1 — A |)[( x 2 + A2 sin 0) 2 一 (1 — 入专 ) 工 2 ] + (1 — 入 〒 )(1 ^ 2 )} 

x {(1 - A 妄 )(cos6 — ^i^i) 2 + (1 - Aj)(sin^4- A 2 ^ 2 ) 2 } -1 = 1- 


The theorem is proved. 

Theorem 3.1.3 After the transformation (3,L7) t the Poisson kernel becomes 


F\v(w^) 


n + tm - m r 
(1 + ||!^| 2 -2^)"/ 2 


尸 IV(Z ， 0’ 


where C 6 Cjy is the point corresponding to tke point f € €\v under (3.1.7). 
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Proof The Cauchy kernel Hiy (z 7 f) of Kiv is known to be (Htia[4]) 




V(Civ) (1 + zz* 夜 - 2zt) n/2 ' 


Hence the Poisson kernel and the Cauchy kernel satisfy the following relation 


Piv(z^) 



H{z,z) 


(3.1.14) 


It is known that，after the transformation (3*1*7)，the Cauchy kernel suffers 


■4 




(3 丄 15) 


where B(z^t) is the functional determinant of (3.1.7), Hence, 

= Piv (切 x) fmi. 


(3.1,16) 


If we take z — t in (3.1.15), then the corresponding point is w — 0 t and (3.1.15) 
becomes 

一 - ’ — (3 丄 17) 


Niv(U)= ff lv (0 t ()Bi(tJ)BHCty 


It is known (Hua[4)) that 




(14 - \tt f \ 2 - 2H>/ 2 


and ATiv(0,O 


V(€iv) 


.We obtain from (3.1.17) 




(1 + I 2 - 2 f /)— 2 

- 2t|> 


Substituting the above value into (3,1,16)，we get the required resell. 

Theorem 3.1.4 The Poisson kernel is harmonic in iRiv with respect 

to the variable z. 

Proof After Theorems 3 丄 1 and it is sufficient to prove that 

{△IV 。巧 v(L OU=o = 0. 


In fact, by (3,1*4)，we have 


[Aiv o 


E 


d 2 Pw(z^) 
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mv) 


n 


d 2 




(1 + |d| 2 — 2zl t ) Tl/2 {\ + z 孩 一 2zt)~ n/2 


x ^2z^)~^ 2 


z=Q 


V(Civ) 


n q2 


OL 


^ Oz a dz a 


x (1 十 nz^ + ■-) 


z—{) 


V(Civ) 


n 


n Yl 1 + n2 Yl^o 


a 


n [: 


V(it lv ) 


-n 2 + n 2 xx l 


This proves the theorem* 

§3,2. The boundary properties 

For the sake of convenience, we take a linear transformation 


0. 




Z 1 = 


:i 一 i 2 2 ， = z；\ + iz 2y = Zc (a = ? n), 


(311) 


which carries 9^iv onto iHjy, the domain defined by 

1 + \ z x z 2 + zl + ■ ■ ■ + z'i\ 2 - \\z i\ 2 + \z 2 \ 2 + 2 (\z ri\ 2 + • • • + \z n \ 2 )} > 0 , 

1 一 夂 + g + … + d >0. (3.2.2) 

Denote by ?1 IV the closure of SRj V and by ®j V its boundary. The characteristic 
manifold €\y is transformed to be £『 v ，the points of which can be represented as 

争 木 — r 十 

i = - ix 2 ), (2 =e id (xi +ix 2 ), = e id x a , (a ^ 3^ - ,n), (3.2.3) 

where 0 and x — (Xi ，… , x n ) are real numbers with xx l — 1, 

* r m 

Let r rv and / ' 1 q be the groups corresponding to the groups f lv and 厂 £ 「 
respectively* Since any liomeoniorphic mapping carries the boundary into boundary 
and is invariant under r lv by Theorem 3+1.2, obviously Q3f v -C『 v is invariant 
under r Iv . Moreover, ®} V -fff v is transitive under T 1V , i*e,, 

Theorem 3,2.1 Any point of transformed into the point 

(0,1, 0,… ， 0) by r lv . 

Proof Let i 0 be an arbitrary point of ®i V - tf iv According to the Example 3 
given Is §1-1，we can assume without loss of generality that 


io = (fi 4 1 ， 0,… ， 0), I 亡 1 1 < 1 , 
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Prom (3.1,7) and (3.1.8), we know that the transformation of f IV is of the form 



一 Y + 1) ， A ; 



X IzQ - 1 


CzQ- l Q f - l z\ll\{lQ~ l Q r ~ l z DU 


(3.2.4) 


where Q 


孓 / 卜 2 ) and 


J = 2 l ——-- i - - - —* 

V tQ^Q^t +1 -i(tQ- l Q^H f ^ 1) 

with A f A = (/ - TT r )'\ D*D - (/ - TT )~\det A > 0, 

* 

Now w€ take t ， 0,… ， 0). Then 


tQ 

皁 

tQ 


(315) 


t} H - ^i iti _ iti 0 

it] 一 it! 一 t ] 一 t\ 0 


t) … 0 


Hence 


TT 


[M 2 0 

0 \1,\ 2 


and 


N: 


*i I: 


io c ^ 2) 


Besides we choose 


T^W\ 


and D 






T^F 


^\h\ 


After 1\ A and D are so chosen, we see tlial tlie transformation (3*2*4) at the 

拿 

point z = is equal to 
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(i) If zo = (£i, 1,0, * ■ * ,0) A is a point of ®j V — (^4 € Tf) V ), then 

•um 厂 ^(bPwikhi 

=l£ 1A … 〆 ； [-L |2 獻 (3.2.8) 

Notice that the last integral is a harmonic function in the usual sense with respect to 
the variable 

(ii) If C € <£[Vj then 

■r 

Hm / = ^(C)^ 

* T /rf + B 


Proof By a method previously used, we should only prove that when ^ = 
(0, r ， 0, -. ■ ， 0), 0 矣 r < 1， and zq = (0,1 ， 0, ■ ■ ■ ， 0) we have 

Hm / ¥^)IT v ((0,r,0, …， = l 1 ， 0,… ， O)d0, (319) 

r — 1 J<t; v 賀 Jo 

In fact, 


半 


€ 


WOiTv((o,o ， "+ ， o )， 汉 


IV 


/ 


m v ) 

We make the following change 


' : (1 -々 /2 
o ^ \l~re~ i$ (xi - ix 2 )\ n 


d&x. 


Vl - m = €^ t0 (xi - iX2) ， V3 = 工 3 ,… ，Vn ^ X n ,6 ^ 0. 


Then 


/ W)ifv((0 ， r ， 0 ， .“ ， 0)^ 

九 ; V 

1 f " 、 (1 - r 2 ) n/2 

V(q v ) J yyf=1 ^ y) \l-T( yi -iy 2 )\ n 


ih 


where ^ 

讽 y) = / ^ 2l0 (yi - m),yi +m, 〆 ％，…， e t0 y n )de. 
Jo 

Applying Theorems 1.3.2, we have 


lim 


V(€^) 


(1 - r 2 ) n / 2 

， ㈣ 爾 




v(q^) 


利 i ， o, …， o). 


「rhis proves formula (3*2 + 9), 
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§3*3. A Dirichlet problem of SHiv 

A real-valued function harmonic in IHiv is said to be harmonic on the closure 
of IRiy, if it is continuous in 贸 iv and on ®iv — Civ ； ^ ^ harmonic in the usual sense 
with respect to the coordinate of X — {|t| < 1}, 

Applying Theorems 3.2-3 and L2*2 we solve the corresponding Dirichlet problem 

of ： 

Theorem 3,3,1 If a real-valued continuous function ip ⑹ is given in the char¬ 
acteristic manifold Civ °f 

u(z) - f ( 之 ， 0S 

is the unique function harrmmic on the closure o/S^rv ，which takes the given boundary 
value ^p(^) on £[v- 


Chapter IV 

Applications 

In this chapter we give a few applications and remarks which are not too lengthy 
to be included here. 

§4.1. A convergence theorem in the theory of represent at ions 


Let 21(") be the unitary group of order u and let j n (U) defined for U G 

51(n) be the (unitary) representation with tlie bignature (/i ， / 2 ,… ， fn)y where / 卜 ■ ■ ■ ， 
f n are integers satisfying fi ^ … > h Sometimes, for simplicity, we use / to 

denote (f'' f‘ 2 , … ,fn)* Lot N(fyhe the order of the matrix Af(U) and let 


After normalizatioa, wc let 

U)(U) = 

where C = V 7 (€f (n, n)) 5s the total volume of 2l(n)(= £i(n, n)) (see ^2.2), 
We put, in Theorem 2 + 4 + 2(ii), m = n and Z — rV\ and have 


2 



a(n) |det (/ - rVU )| 


U = ^{V) r 


(4 丄 1) 


(4 丄 2) 
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It Is known (Hua [4]) that 

_ 

det(/ - ZU f )- n =C Yl 

= J2 N(f)tr(Aj(ZU f )h ( 4 丄 3 ) 

which converges uniformly in any compact subset of in particular, in the dosed 
set 

rl - ZZ f 》 0, 0<r < 1 + 

The expression 

4("® 两 

with and gi ^ ^ g n ^ 0 appears in the representation 


A/(U) x A g {U). 

Therefore, x <p 9 kl (U) can be expressed as a finite linear combination of the 

functions in the sequence (4,1.1). More precisely, 

砥心 an 

with 




Then the Poisson kernel of 5t](n, n) equals 
1 det (/ - ZZ f ) n 


C |det (/ - ZU )|^ 


cdetu ^ 

ij sj 


EE 硌⑻冰(办 


(414) 


h kA 


This series converges uniformly in rl — ZZ >0. 

Multiplying (4 丄 4) by ip{j {U) on both sides and integrating term by term y we 
obtain 

J det(I-ZzY T , 




C 


m(fi) 




|det(/ _ ZU ， )\ 2 ^ 


U. 


(4,1.5) 
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which by (4 丄 2) becomes 

Jim ^(rU) = (4+L6) 

Now，let u(U) be an arbitrary continuoiis function defined in 窺 (n) + We have 
formally the Fourier series of u(U )： 

/ id 7 切⑻ 

Since 


det (/ - ZZ F ) n 


c i uiu) \ det{1 - zif) 


2n 


u 


f u(u)^mu 

f 






which converges uniformly on any compact subset of SHt and 


U ( U ) = * l ™ { E ( rt/ ) ， 




(4 丄 7) 


the right hand side is defined to be the Abel sum of the Fourier series a[ 3 ^{j(U), 


hj 


Theorem 4.1,1 Every continuous function on 2l(n) can he represented by its 
Fourier series in the sense of the Abel summability. 

We shall express ^(rU) in terms of 沪 ( (£/)* 

Let 


C 


Bf<jV ) = 4 ㈤ jtrVyh (冰 N 价 


(4 丄 8) 


By (4,L5) we have 


B f (rV) 


(1 -r 2 ) 


^ Jvx jdet (/ - rVT/)\ 2n 


A f (U)U. 


Let be any unitary matrix. If we change V and U into WV and WU respec¬ 
tively in the above integral, then we have 


B f (rWV) 


(l-r 2 ) 




2 


c h \det(I - rVU f )\ 2n 


A f (WU)U = Af(W)B f (rV). (4.1.9) 


Similarly, 


Bf ( rVW ) = B f ( rV ) Af ( W ), 


(41.10) 



Theory of Harmonic Functions in Classical Domams 353 ， 

From (4 丄 9) and (4.1-10) with V =/, we have, for any unitary W^ 

Af{W)B f (rI) = Bf(rI)A f (W). 

By Schur’s lemma’ we have immediately 

Bf{rl) = 

where p^(r) is a function in r alone and 

〆(『）一► 1 for r 一 L (4*1.11) 

According to Theorem 4,1.1, we have 

Theorem 4.1.2 Let u[U) a function continuoris on 2l(n). For any given 

£ > 0， there is a number S >0 and a positive integer such that whenever 1 ~ S < 
r < l, we have 

U ( U ) - £ <e, 

* 

To guarantee that the Poisson integral 

/ (/ (4 丄 12) 

JVi 

represents a harmonic function in iRi, it is not necessary to assume that ip{U) is 
continuous. In fact, if we assume that p((7) is integrable (or belongs to L), the 
integral (4*1.12) still exists in the interior of IHj and it has also the expansion 

⑻， （4,1,13) 

/ i >j 

which converges uniformly for rl - ZZ f > 0, where 0 < r < 1* It is to be remarked 
that the assumption about the oontinuity can be replaced by a local one, i.e” if ip[U) 
is a function continuous at a point U 0 , then the Fouries series 

f i，j 


is Abel summable to u(Uo)^ 
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§4.2. The distribution on unitary group 

To each function which is harmonic in 9lr (also in 讲 n， 识 ill an d 9^iv) ? define 
a distribution. More precisely, if we start with a harmonic function 

N[f) 

-(z)= E ㈤ ， 

Ji»U ij=l 

the distribution is defined by the formal power series 

^(f/) = 53 

f'H 

which may converge ot may not. 

Given two distributions u(U). v(U), we define a convolution 

(n(U) r HU))^ Y, 

if the series converges or is suinmahle in the Abel sense, i.e.. 

lini f u(U)v{rU)0 = Hni ^^a/ 爲〆 (r) ■ 

The distribution expressed by the Poisson kernel Fi(rV ， U) is called the delta 
function on the unitary group and is denoted by 6v(t/)- We have 

(u(C/). — lim f -n(U)P\(rV\ U)U = 

The detail of the study of the theory of distribution on a compact group and on 
the homogeneous space will not be given here. 

§4*3, A note to the harinonic Functions of real variables 

Let n) be the set of all real rn x n matrices X -- satisfying 

I ^XX* > 0 . ( 4 . 3 . 1 ) 

Without toss of generality, wo always assume m ^ n, 

91 = n) admits a group © of motions, the element of which is the transfor¬ 
mation 


y 二 (AX + B)(CX ^ D)~K 


(4.3,2) 
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where A — A i7n \ B = （7 = C^ 7hT7l \D — D {,i} are real matrices satisfying 

A f A- C f C 二 I [rn \ A f B = C f D, D { D- = I (n K (4.3.3) 

It is not hard to see that CX + O is non-singular whenever X belongs to the 
closure of iR, and 

{AX + B){CX + D)- 1 = (XB ; + + C f ). (4.34) 


Moreover, iH is transitive under g, since for any point Xo G SH there is a trans¬ 
formation of g 

F = A{X - X 0 )ll- X^X)-^- 1 (4,3.5) 

with 

A f A - (7 - XoX^y^ D f D - (/- X^X Q )-\ (4,3,6) 

which carries Xo into O. 

In 乳 we can introduce a Riemaim metric 

ds 2 = tt{dX{I - X f xy x dX l {l - XX 1 )- 1 ), (4.3.7) 


which is invariant under g. tf we arrange the paii ^ ul indices (ia) into the order 


(11)，（12), …， (In), (21)，（ 22), … T (2n), (ml), (m2), …， (?nn), 

then the contravariant tensor ” associated to the fundamental tensor 

of the Riemann metric (4.3.7) can be written 


^)Uf3) 




(4.3.8) 


We are going to evaluate the Beltrami operator 


△ = 0 (-)^) ( 上 _{ [kl) 

\dx i€t dx^ y J dx ^ 

Here we use the summation convention. The Latin letters … run from 1 to ?7i 
and the Greek letters ct, … run from 1 to n. 

I or simplicity we denote 


(43.9} 


(a v ), (I- XX f )~ l = (A tJ ), 

I-XX f ^ (iw?)’ （/ - x'xr 1 = {B^y (4J,10) 
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Since 

d9(i^ W ) _ dg ㈣㈣ 

dx [X = 一 9 ( 邮即 )_㈣ a 郎 
卜 {^pg ~' ^pa^q(r) {^X^lp , 


we have 

9 y dx a 

~9^ ^9(p^)(qt^) ^ I )] 

~^fcl [(^fp^gA ~^~ ^Lq^pX^fj,!/ H" ^ } 

= T2 (d^( byA^jtq ~h ^7 A ^pq ^lq ^p\ ) 

+ Tfl (^flf^i f ^ kl ^7A ^jui/ ^A (/ ) 

= 2.77 心 7 入工^；入 + Zintlf^i Xi^y * 

Similarly ， 

2 q (^)U0) g (^)(tX) c) 9(i a )(i\) 

9x jf^ 

= 25 如 )( 別 S ㈣( ⑷ 3 如 )( 卵 ) 卽〜 ( 叫 > 购 + S jq x p 0)b^ 
r 。河 ( 知芦怎 jV + ^f3v'^jfi}] 

— 2r(jTfl ~h 1). 工 + l)* 


Substituting (4.3.11) and (4*3.12) into (4.3,3)，we obtain 


9 


㈣ m 


㈣ 

(i^)(jp) 


= (771 + 1 飞 + (H ■… l)Ofcp 工 jjKy ^'^yX^hX mdfc 龙 * 






(n — m+ l)akix pl — (n — to — l)Xkpb m 

(n-m + 1)(4 P Xka^ P a)xpy - (n-m- 1)x^(^ 


= 2(5fep _ ^k^ipa )^pqr' 


Hence the Beltrami operator of W becomes 


TJli tx 


fl 


m 


△ = E E (心 - E 

U=1 a,j3=l 


d 2 


Xf^ySJ 


gi 叫 dx ia dx 0 


m n 


2EE 4 P - E •^k(T^*pCT 


d 


k,p=inf- 


cr; 


dx^ 


(4,3.11) 


(4.3.12) 


Xi^Xij ) 


(4.3.9)， 
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If we introduce the matrix operator 



dx - ^ 

f d 

H n 

dx 2 i 

■* 

* 

a 

dx \2 

d 

9x 2 2 

* 

* 

d 1 

■§ « » ' - — ■ ― - 

d^2n 

* 

> 

(4.3.13) 



d 

< dXmi 

d 

d 

3 工 mti ; 



then 


A = tr[(I -XX^dxil - 

X f X)& x 

-2(1 -XX f )Xd f x \. 

(4.3.9)" 


Since A is invariant under ©, obviously we have 

Theorem 4,3,1 Any harmonic function in SH remains harmonic after the 
transformation of 0. 

Let 93( n ) be the closure of 91 and be the set of matrices X such that 

I XX f is positive semi-definite and of rank ^ r. Then we have 

Theorem 4.3,2 ©⑼ 〕 迅⑴ 3 … 〕 qg(m n j orm a cfia^ 0 f 8 m spaces. The 

slit o/55( m_1 〕k C — €(to ，n) which is the set of real m x ft matrices r such that 


rr f - / (m, 


(4.314) 


More precisely^ the set — r ) — ® ( m r ' 1 ^ is homeomorphic to the topological 
product 

^(r, n — m r) x f 


where is defined in the following way: A pair of matrices 〔 A ， A)， 厂 l € 

O(m), T 2 G 0(n)' t is said to be equivalent to the pair (厂 1 ，尸 2 )，厂 1 € 0(m) ?J T2 € 
0(n) f if 

厂 l = 

where A^B^C are (m — r) x (m - r)x (n - m + r) x (n — m + r) real orthogonal 
matrices respectively. We identify the equivalent pairs arid form a quotient space 
which we denote by 

Proof It should be noticed that the matrix X of €( r > can be written as 



x = r{ 



o 


o 
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where € 0(m), P 2 € 0{rt) and / l>; — X\X\ > O. The remaining proof of this 
theorem is analogous to that of Theorem 2.3,3. 

Similar to Theorem 2.3.1，we can prove 

Theorem 4,3,3 £^ 7 '- is invariant under 0 and any point ) can be trans¬ 

formed by C5 into the point 



O 


0(r,n — m+r) 



A function u(X) is said to be harmonic on the closure of SH, if it is continuous 
in ®〔[)) and on each £( 7 )(r = 1. ■ - - , m) it is harmonic with respect to the coordinate 
of 91{r, n — m + r). 

A corresponding Dirichlet problem is solved： 

Theorem 4.3*4 If a continuous function <p(f) is given in then the function 


u[X) 


1 


C(m t n) 




det{I-XX , )^ 

det (/ - XrO n ~ 1 


r. 


n 


(4.3.15) 


is the unique function harmonic on the closure o/iH T which takes the given boundary 
value ip(r) on £. 

Proof (i) At first we prove that u(X) is harmonic in It is sufficient 

to prove that 

: = 0 


det(I -JCX , ) IL i 1 
° det(/ - Xr 卜- 1 


with respect to X. 

Since after the transformation (4.3.2) we have 


det(J-rr ) 干 
detfi-rrO 71 - 1 


det{I -XX f )^ 
det{I - Xr)^-^ 


det{Br f + A) n ~\ 


where 


A = (AA +S)(CV\ +Z)) — 1 ， 


it should remain only to prove 




= 0. 

x=o 
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In fact, suppose that r = ( 7 ^), then 


A o 


detil-XX^^ 
det{i -xr)^ 1 


EE 护 


n — 


x=o 

m n 


m n 

EE 

j=i0=1 


d 2 


_ det(I-XX f )^ 

dxiadxia det (/ 一 JCr ') 71 - 1 


x=o 


1 ,=i dx ^ 


2 


vM F ^ P 駟 


i=l cai 


广 m 71 1 iw 

x ji + (n-i)^^ 

~ 2~ -E E [工 ia 飞 ia $i 0 7j 0 ~ ^ia Tja ) 


(n — l)?i 


a=l 
m n 


ij = l aj6f: 


2 


Jfl T| 

E E i a 7iO? 7j p ^ * r 


n — 


i 7 j = l 
n 


U 


m n 


2 




a 

m n 


i=l a= 

i=l ot=l 

—(fi~ l)mn + n(n 一 l)tn = 0 . 


Hence u(X) is harmonic in £H. 

(ii) We want to prove that ti(^) in C ( 7 ) is harmonic with respect to the coordinate 


of !R(r, n — m + r); i,e.，if G f 




0 Xo 


厂 2, 


^ Q U{X) 


1 


V{€{r,n 一 m + r)) 人 (r ,„_ m+r ) 

det(I-XoX-) 1 ^^ ^ 
det(I - 


^ r[ 


j(rn-r) g 
0 厂 0 



(4+3,16) 


It is sufficient to prove the particular case that for r = m — 1 , Xq = 0 , 厂 i 
/ ㈣ ，尸 W=f ^ Mod 


(m ， n))U n 

1 

V(C(m — l,n - 1 )) J 広 


(1 - P Z ) 


n — 


2 


(1 - /ryn) 


厂 


11^ 




:; 0 ) 


尸 o 


Denote r 


A 


， where 7 — ( 7 ii ， … * 7 in) satisfies 77 ^ 
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Let 


^( 7 ) 




According to a theorem analogous to Theorem 1-3-2, we can prove 


lim 1 f ， r) (l l 2 ) 十 p 

卜 1 V(€(m,n)) ] €( ^ { 

p— i V(€(m : n)) 7 7V= i W (1 -^ n ) n_1 

= mrn!n))/ e(m _ lin _ 1 /(( I r 0 )) 


V(€(m-l,n~l)) J €(m 



0 

厂 o 



/V 


Moreover, according to formula (4 + 3*16) T we know that u(X) takes the given 
boundary value <p(r). Again, by Theorem 1.2.2, u ( 义 ） is the unique solution satisfying 
the conditions of our theorem* 
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ON FOURIER TRANSFORMS IN IN THE 


COMPLEX DOMAIN* 


By Loo-Keng Hua and Shien-siu Shu 

Introduction* 

In this paper we are concerned with functions belonging to H P L F as introduced 
by A. C. Offord ①， In particular, when p = 2 y the class H 2 L 2 is identical with L 2 . R, 
E, A. C. Paley and N. Wiener ② have obtained some very beautiful results in the case 
of L 2 on the Fourier transform of a function vanishing exponentially, of a function 
analytic in a atrip* of a fiiiiction analytic in a half-plane, etc. The purpose of this 
paper is to extend those results to H P L P , A difficulty in making the generalization is 
that for H P L P we have no corresponding Piancherel theorem 

剛 \ 2 dx = 厂 \f(u)\ 2 du, 

J — OC 

where F(x) is the l^burier transform of f{u). The main results may be summarized 
as following ： 

1) If f{u) is a function belonging to £ |J in any finite interval and 




0(e'^K{u)) 

+ 

0(c Mt I\(a)) 


(u —> 00 )， 

(H — OC), 


where K(u) is a constant or a function of w belonging to L p (-oo, oc) then / (u) belongs 
to H p L p ,p ^ 2(Theorems 1 and 2) + 

2} If F(^) is analytic in a strip，if F(s) belongs uniformly to L p in the strip and 
if F(s) belongs to H J} on the boundaries of the strip, then for any interior point s, 
F(s) can be expressed by the associated Cauchy integrals, and F(s) belongs to H P L P 
in the strip (Theorems 3 and 5). 

3) The conclusions of 2 j are valid if w€ replace the condition that ⑷ belongs 

* Reprinted from the Journal oj Mathematics and Physics, 1936, 15: 249-263, 

By Loo-Keng Hua and Skieo-siu Shu. X at tonal Tsing Hua University, Peiping, Chiaa^ 

® A, C. OfFord. On Fourier Transforms IIL Trans, Amer. Math. Sac” 1935 7 38: 250-266, 

30 Paley and Wiener, Fourier Transforms in the Complex Domain. Amer. Math. Soc. 

Colloquium. Publication^ vol 19, 
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uniformly to L p in the strip by the requirement that 


㈤ = O 



(Theorem of Phragmen-Lindelof type; Theorem 7), 

4) If F(s) is analytic over the right half-plane if F(s) belongs uniformly to L v or 

lim -1 og|F(r^)| = 0 

r^oo T 


uniformly over the right half-plane arid if F(U) belongs to i? p , then for any interior 
s 7 F(s) can be expressed by an associated Cauchy integral and F(s) belongs to H P L P 
(Theorems 8 and 10)- 

5) The two following classes of entire functions are identical ： 

(a) the class of entire functions F(a) belonging to H P L P along the real axis and 
satisfying the condition 

F(s) =0(>l 叫)， 

^ f A . 

(b) the class ot all entire functions ol the ibrrn F(s) — / f {u)e i,UJi du^ where 

J-A 

f(u) belongs to L p over ( — A ， A) (Theorem 11), 

6) If F{z) is an entire function such that 


lim -log ~ I F(re^ 1 )| — 0 

r— kx> V 


and does not vanish identically, it can not belong to H P L P along any line (Theorem 

12 ). 

We are indebted to Prof. N- Wiener for his lectures on Fourier Transforms at 
Ising Hua University and we must take this opportvinity to express our deep gratitude 
for Ills many valuable suggestions, 

§1* In this section let us assume f(u) to be a function belonging to 
L p in any finite interval，p ^ 2, and 


f (^)= 



0(e~^ u K(u)) 

0(e Xu K(u)) 


(u —^ cxd), 
((/ ~^ 一 oo), 


where K(u) is a constant or a function belonging to L p (—oo, oo)* 
Theorem 1 Let <5 > 0 and 一 A + <5 在 cr 写 " 一 & Then 



e 


<7U — Hu 


du 


( 1 . 1 ) 


( 1 - 2 ) 
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exists and is bounded uniformly over the strip, and 

F(<t } -t) = F{z) tf z = a + it^ 


is an analytic function of Z- 

Proof It is not very difficult to prove that f{u)e au belongs to L^ 1 where 
0 < pi ^ p- In particular, p\ = 1 ， we see that (1.2) exists. F\irthermore，over 
-A + 5 < a < /i - we have 


/ \f{u)\e^du 


^const. 


N 


— oo 


\K{u)\ e6 -du+ f \K(u)\e- Sn du 


° \f(n)\e- Xu du+ [ N \f(u)\e^du 

-N JQ 

=€Onst*(Independent of a and t)* 


Next let us consider the function 


/ ⑻ 


+ ^,zu 


— ue zu 1 du 


uf(u)e 


zu 


€ 


Az 

Afu 


Azu 




du 


f uf(u)e( z ~^ u e^ u ( 

— oo \ 


e 




+ 


uf(u)e( z+ ^ n e-^ u 


Azu 

.Azu 


du 


e 


o 


Azu 


du. 


S 


We are now going to prove that when u < 0, |il(Az)| < ~, we have 


\G(u,Az)\ 




U 


e AiU - 1 
Azu 


$ 3* 


In fact, when \Azn\ > 1, 


|G(u,Az)| ^ e R (^ Az ) u + 2J u <3 


when \Azu\ < 1, 




uAz 

~2T 


(uAz) 2 
十 3! 
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^2? + 巧 + … — 


Similarly when u > 0, |7?(A2)| < r , we have 


i e 


Azu 


e 


^zu 


^ 3, 


Using Lebesgue's convergence theorem we have that (1*3) tends to zero m Az 
O.Thus 

f(u)e zu du = / f(u)ue zn du. 


dz 


oo 


Theorem 2 Under the same hypotheses as before，we have 


\F(a,t)\ p dt<C, 




where C is a constant independent of a. Thus, by Offord f s criterion of H p J{u)e au 
belongs to * Consequently F(cr^ f) belongs to ff p LP ④, 

Proof Firstly, let us prove that there exists a number T such that \t\ > T, 

|F(^i)I < 1 


for any a on —X + S ^ cr < /i — 5* Suppose this be false when i ^ oo. Let /! < f 2 < 
… < … be a sequence which tends to infinity* Then for each f£, there is at least 

one cr^f—A + S ^ 5{ ^ fi — 8) and one r^(> ti) such that 

\^{^iyTi)\ ^ l t 

Let a 0 be one of the limiting points of {q} (It does exist by the BolzanoWeiertrass 
theorem). 

By the Riemann-Lebesgue Theorem there exists a number Iq, such that when 
t > Iq, we have 

\F(a Q ,t)\<^ 

On the other hand，since F(<j 7 —t) is an analytic function of a + it 

/ 疗 + 么疗 

FU<y,i)dt 


③ Lot, dt Th. 9, 

④ Loc. dt Th, 12, 
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广疗 +A(T y'OO 

^ / / nf{u)e^^ i)u du dt 

t/*/ — OQ : 

The integrand is uniformly bounded over the strip -X + S^a Hence we can 

choose 5。， such that whenever 

|cr — a。I < 6 q , 

we obtain 

lF(aJ)-F(ao,t)\<^ 

for any value of t. Therefore 


\F{^t)\ < ^ (t> t Q ). 

We can then choose m great enough, such that - a 0 \ < a 0 and t m > t Q , thus we 
have 

F((7 m ， T m )| < f 

This is a contradiction. 

Now let us consider 



1^(^^)!^ = 



F(a,t)\ p dt 





F(a } t)\ p dt + 



\F(a, t)\ 2 dt 


Tiie first term is easily seen to be bounded, since its integrand is bounded bv theorem 

1. The second term is uniformly bounded over the given strip by the Plancherel 
theorem in L 2 . 


§2. Theorem 3 If F(s) is analytic oi>er —X ^ cr ^ — a + it and 



F(cr + it)\ p dt < const. 


over UUs region 1 then when & is an interior point of this region, we have 


F ⑷ 



丄厂 F(-X + iy) 

2tt 7-00 —入 + iy — s 


(2.1) 


The proof of this theorem is quite similar to that given in TV. Wiener and Paley's 

book (pp.3-5) this could be done merely by using Holder inequality instead of Schwarz 
inequality* 
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Consequently we have 

Theorem 4 Under the hypotheses of Theorem 3, F(s) is bounded over any 

region —X + — 6. 

By the Holder inequality we obtain that 


KX) 


+ %) 


-oo 卩 + iy - s 


dy 





DO 


IJ 


dy 


1 


- $ 




is bounded since 2 < p < oo and q 
also bounded. 




P 


P 


1 


> L Similarly, the other term of (2.1) is 


THEOREM 5 Besides the hypotheses of Theorem 3 r we assume further that 
+ it) belongs to H p for a — pi and 一 A ，then there exists a measurable function 
f(x) such that 


\f{x)\ p e mx dx < M; 


■OO 


卜 00 


—OO 


\f(x)\ p er pXx dx < M, 


( 2 . 2 ) 


and that over the open interval 一 A < d < fi, F{a -h it) and f(x)e ad： are Fourier 
transforms of each other in L p . Moreover, for each a on this open interval 


'OO 


V^TT 


f(u)€ {a+u)v -du 


oo 


converges in the ordinary sense to the function F((j 十 everywhere on —oo < t < oo. 
Proof Since F{a + it) belongs to for a — and a — —A ， 


i/27r 



FUt + it)e- ,u dt 


is summable (C, 1) almost everywhere to a function x) which is the Fourier trans¬ 
form of F(ju + it) in LP and therefore it belongs also to H P L V \ Similarly we define 

(Offord，Theorem 12). 


Let us put 



X < 0; 

x > Q: a > 0. 


We obtain 


1 




G{x)e txy dx 


n/2^ ,/o 


e 




X/27T a — it - iy 


a{y). 
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g{y) is bounded in any finite range. By Theorems 1 and 2, G(x) belongs to H q L q ^q 
穸 … By Offord’s Theorem 

p — 1 " 


1 


€ 


ix y 


y/2n J^oo Qc — + y) 


dy 


0 ， x <0^ 

x >0. 


(e ， l) 


Again by the use of OfTord's Theorem 3, when —A + and for any value 

of t we have 


f( t t i x)e i<r ^e itx dx 


-oo 


FO + iy) 


f o 


-oo ^ - (u + it) 


dy 


putting a — fi - a. It is easily seen that the two integrals of both sides converge 
in the ordinary sem Similarly, 


•o 


f(-\,x)e^ X)x e itx dx 


oo 


\/^K 


■OO 


OO 


■FX—A + iy) 


X + iy - {(T + it) 




By Theorem 3 T we get 


o 




K-K 咖 ㈣ 咖 e 批血 +^l 1(^ x)e^-^e^dx 


(2.3) 


\/27T 


}{x)e ux dx^ 


where 


/ ⑷ 


f(~X % x)e kx (x < 0) ? 
fip' x)e~^ x (x > 0) 


(2-4) 


and (2.3) converges everywhere in t in the ordinary sense. By Theorem 1， for —X < 
a < /i, f(x)e e7：r and F($) belong to L P H P , Moreover 


°° \f(x)\ p e p ^ x dx= f \f{-X y x)fe p( ^ x)x dx + 

■oo J — oo J 0 

^ f Ifi-X.x^dx + f \f(p,x)\ p dx 


\f{^x)\ p dx 


o 


Cconst. 


Similarly 


\f(x)\ F e~ pXx dx < const. 
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§3* Theorems of the Phragmen-Lindeldf type 

Theorem 6 If F(a + it) be analytic over -X ^ ^ and F[a + it) bebngs 

to H P LP for a — —X and <r — ^ and if 

\F(a+it)\ < M 


uniformly in the strip -A < cj ^ then the conclusions of Theorems 3 and 5 are 
valid. 

Proof The conclusion of Theorem 3 is easily verified, just bs shown in Paley 
and Wiener’s book ， p. 9, 

In the proof of Theorem 5, we have only used the facts that the conclusions of 
Theorem 3 is valid and that F(a H- ii) belongs to H P L P for a = —A and a — These 
are true in the present case. 

Theorem 7 If F(s) is an analytic function of s over the strip —A ^ a ^ /i t if 
F(s) belongs to H p LP{p > 2) for a — —A and a = #， and if 

\F{<j + it)\=0 (〆 ⑷ ) （一 A < a < /i), 


where / > < 7f/(A 十 p)，then the conclusions of Theorems 3, 4 and 5 are valid* 
Proof Let us consider the function 


4+ 左 


^(cr + i£)= - 


F(a 4- it)dt ， 


which satisfies the following four properties ： 


F e (a + it) = O (e e 


/id 


( 一 A < < p ) 


( 1 ) 


\F e (}i + it)\ ^ — 


£ « L 


-i+e 




p 


\F e (-X + it)\^ — 

£ « 




\F(-X + it)\ p dt 


i 

p 


9 


P-1 

P 


( 2 ) 


Thus，for each e > 0 $ F £ (a+it) is uniformly bounded over —X < <j ^ ^ by the classical 
Phragmen-Lindelof theorem. 

(3) F e (/a + it) and F € (—A + it) belong to L p uniformly In e. Since by the Holder 
inequality, we obtain 


a 




€ 


F(ji + iy)dy 


p 


dt ( 


.p 


£ 


dt 


\F(^ + iy)\ p dy 


e r « Ja 
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E 


dy f IFfjx, -h iy)\ p dt + 

■b + 氐 pb 

dy / + 


£ 


a +e fV 

dy / \F(fx + iy)\ p dt 


a 


a 


E 


b 


y-^ 


4+e 

< / \F(^ + iy)\ p dy 


a 




\F(fi + iy)\ p dy. 


OO 


Similarly, 7^(—A + it) belongs to i/ p uniformly in e* 

(4) For each e > 0, F £ (^l + it) and F^( —A + it) belong to H p , Let us put 

1 "" 


• + “ )= — 
where belongs to H v L p . Therefore 


/(" ， x)e rj dx, 


(C ， l) 


F(p + it) 


as w ^ oo. Thus we have 


y/27 ： 




W 


(: 




w 


fQi, xje^^dx = o(l) 


F e (fi + it) 


\Z2tt 

almost everywhere in t. Hence 


■U> 


( 


£1 

w 


e i£X _ 1 

—:- e lxi dx — 0 ( 1 ) 


t^x 


1 


卜 oo 




e 


t£X 


e %xt dx. 


VTit J-oo tex 

The right integral converges everywhere to a function which is finite everywhere and 

belongs to L in every finite range, then by Offord's theorems 8 and 5, we obtain that 
the function 

f{p,x) 


zex 


(严 一 1) 


belongs to L" p and F € (jLi + it) belongs to H p . 

r Chen by the use of the previous theorem we have 


F,(s) 


F(fj, + iy) 


2 才 J-oo P + i y 


dy 


2tt 


►OO 


—OO 


F(~X + iy) 
—X + iy — s 


dy 、 —A <7 <i fi. 


On account of the fact that both of the integrals converges uniformly in e, let e tend 
to zero we have 


F(s) 


2tt 


►OO 


■oo 


Fiji + iy) ^ 1 

r - d；u ——— 

// + vy s 2?r 


iQO 


F(-X + iy) 
— \ + iy — s 


dy 、 


Thus，together with the conditions that F(jx 十 it] and F{-X + it) belong to H P L P . 
we obtain the conclusions of Theorems 4 and 5+ 
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§ 4 - The Fourier transform of a function in a half-plane 

Theorem 8 IfF(a + it) w analytic for a ^ 0 and F{it) belongs to H p t and if 


1^(^ + it)^ p dt < const 


for 0 ^ a < ooj then the formula 


F(s) 


厂 F(iy) 

— QCi ^'1/ ^ 


holds for R(b) > 0, Moreover, there exists a funcUon f(x) which vanishes almost 
everywhere forx>0 and which belongs td L p (-oc.O) such that for a > 0 


F(a + it) 


f(x)e 咖 +u 、 dx, 


where the integral converges everywhere, in t in the ordinary sense. F(a + it) and 

f(x)e ax are Pomier transforms of each other in L p for each <r > 0, and both of them 
belong to H P L P . 

Proof By theorem 3, we establish the formula 

F{s) = ^ rEM dy , 

^ J-oo W - ^ 


since 


F (p + iy) 

ti + iy - s 


dy. ( const. 



dy 

\^t -f iy - s\p 


o(l) 


as /i —^ oc. 


INow，just as we have done on theorem 5^ we can prove that 


F{s) ^^lL mx)e 


(jj'-hitx 


dx. 


where /(0, x) is the Fourier transferni of F(it) in L p , 
We define 

I mix) (x< o), 

1 U [x > 0) f 


Therefore 




\f{0.x) Ji dx < oq. 


And W theorems 1 and 2, f(x)e C7X bdongs to So is F(a + it) for each a > 0, 
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Theorem 9 If F($) is armlyiic over 0 < oo 7 if 


|F(5)j < M 

uniformly over a ^ 0 ? and if F(it) belongs to H P L F } then the conclusions of Theorem 
8 are valid. 

Proof Just as we have done before, for cj > 0 we have 


F ⑷ 




2?r 色 ： oc J_ b fi+iy — s 2tt 
where }i is any number greater than u. Let us consider 




OO 


— S 


(4*1) 


B+i 


2ni 


dA 


B 


Az 


TT 

1 




^—Ai 


Ai 




彳 (f+p) 
Ai 


广 


Ai 
P)- 




dz 


z 


2?ri ./ 一号 


where pe 0% — z — it. In the first place ， 


F(pe ei + it)id6 = 0, 


(4-2) 


? 


2 霄 


_ f 


F(pe m + it)d9 




2tt 

F(it) 

2 


7t 

J 


JT 

J 


F(it)dt + 


P_ 

2 霄 


f Fipe^ 4 - it) - F(it) 


_ K 


pe i$ 


e l dQ 


+ 0(p) 


as p tends to zero since F(z) is analytic at = it. 

As before，let B tend to infinity then (4.2) becomes 


■B 


Um 


+ iy) 


r 


dy 


•t—p 

B 


B 

■t+p 


F{iy) 

Kv - 1) 


dy 


(4,3) 


2tt 1^400 J_ B fi + iy - it 

+ 臺 F(iy) + O(p) = 5, 

Since F{iy) belongs to L p , by a theorem due to Riesz®, when p tends to zero, 
the integral 


2tt 


OQ 


F{iy) 

y-t 


dy 


converges almost everywhere in t to a function g(t) which belongs to L v (in the sense 
of the principal value of Cauchy)- Again, 


lim 

b 一 OO 


f B \ 

■ Fiji + iy) 

F(/jl + it) 

I-b\ 

ji + iy- s 

fi + iy - it_ 


dy 


(4-4) 


® M. Riesz, Sur les fonctions conjuguees. Math. Zeits., 1928, 27: 218-244, 
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< const* 


dy 


-oo \fi + iy - s\\^i ^ iy - it] 


<^(1) 


as tends to infinity- 

Together with (4.1), (4.3) and (4.4)，we obtain 


十 it) = const. 


2 霄 




OO 


F(iy)dy 

iy - <7 — it 




9(t)_ 2 F W 


F(iy) 


(45) 


2tt iy - a - it 


r ： dy ， 


Because g(t) — F(it) belongs to L p , the constant in (4,5) must vanish and we have 
the formula 

c F(iy) 


F(cr + = " 27 r' i 


•oo 


iy — a — it 


dy+ 


Fhe other parts of the conclusion follow immediately as we have indicated in the 
preceding theorem* 

By an argument similar to the one we have used in theorem 7, we obtain the 
following theorem of Phragmen-Lindelof type ： 

Theorem 10 If F(s) is analytic over 0 a < oo f if 

lim -loglffre^ 1 )' = 0 
r—oo r 

and if F(it) belongs to then the conclusions of Theorem 8 are valid. 

§5 - Entire functions of exponential type 

Theorem 11 The two following classes of entire functions are identical: 

(1) the class of entire functions F(z) belonging to H P L P along real 
satisfying the condition 

F(z) = o{e AM 

( 2 ) the class of all entire functions of the foi 


and 




F(z) 




A 


S{u)e iuz du, 


where f (u) belongs to L p over (—A } A). 

Proof The class (2) is contained in the class (1), In the first place, F(x) 
belongs to H P L V by Theorems 1 and 2, In the second place 


If ⑷ K 



A 


p 


• A 


1 

<? 




e 


iquz 


du 
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=const 



: const. 


e quli ^dn 


e QA\Iz\ _ e -qA\Iz\ ^ 


q\Iz 


O 


On the other hand, the class of (1} is of the form (2). In order to prove this, let 
us consider the function 


O(z) 


-At 


F{iw)dw^ 


which is bounded over the imaginary axis and positive real axis, and which is at 
most of exponential growth. By the P hragmen - Li nde lof theorem, it is bounded on 
the right half-plane* As we have done for Theorem 7, C7(rt) belongs to H P L P . Hence 
by theorem 8 there exists f^(x) belonging to L p (~oo,0) such that 


G(z) = f e (x)e lx dx (R(z) > 0) 


and G(z) belongs to H P L P for each x =m > 0. Thus we have 


卜苎 


C 


iAz 


F(w)dw — iG{iz)€ 


ifA x 一 A)e tzx (I(z) < 0). 


^ —oo 


Similarly, we obtain 


—之十 £■ 


F{w)dw 


ij s (x + A)e Ux dx 


(5.1) 


(5.2) 


for I(z) > 0, 

Let H(z) — F £ (—iz). Then 


H(z) 


i] € {x + A)e zx dx (R(z) > 0), 


if e (x-A)e zx dx (R(z) < 0), 


(5-3) 


Since F(z) is at most of exponential growth, so is H(z); because of (5*3), H(z) 
belongs to H P L P for each a = R{z) ^ 0. Thus by Theorem 7 H(it) belongs to H P L P 
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in t and there exists a function g E (x) such that 

Z + £ pOC 

F(w)dw= g s (u)e lztl du (C, 1) (5,4) 

J —CO 

for any z. Comparing with (2*4) and (5.3) we have 

if e (x-\-A) for —A ^ x <0, 
g € {x) — i if“x — A) for A ^ ；r > 0, 

0 for |^| > A, 

JL 

In particular, 

F(w)dw — I g^(u)e lxu du. 

J-A 

On the other hand since F{x) belongs to H P L P , we have 

F{x) = r f{v)^ u da (C, 1) 

J —OC 

and 

1 严疒 oo tEU _ 1 

-/ F(x)dx= / f(n)~ - -e txu du. 

Hence comparing with (5,4} f(u) must vanish outside ( — A, A). Therefore, as e tends 
to zero, (5 + 4) becomes 

F{z)= f f{u)e izu diL 
J-A 

An immediate corollary is 

Theorem 12 If F{z) is an entire function such that 

lim — log |F(re^)| — 0 
r —r 

and does 7iot vanish identically, it can not belong to H p L p along any line. 

If it does, we may take this line to be the real axis. Thus for every .4 > 0, 
the Iburier transform of F(z) will vanish almost everywhere outside (—A, A) by the 
preceding theorem. Hence must vanish identically arid this contradicts our 

hypothesis. 





A REMARK ON THE MOMENT PROBLEM 


Loo-keng Hua* 

Fox's results^ on the mo me tit problem can be generalized in the following way* 
Let (a, b) be a finite or infinite interval, and let p(t) be a real-valued function such 
that t s p(t) is summable in (a, b)(s _0, 1, … ， 2n) for some n ^ 0 + Let (/ = 

0, 1> ■ ■ ■ ， n) be a set of polynomials with real coefficients such that (i) the degree of 
any P“f) is at most n, and (ii) 

f b 

/ p(t)Pi(t)Pj(t)dt = 

J a 

If p(t) is non-negative and not equivalent to zero，such a set of polynomials always 
exists. 

Let 

n 

w) = ^2 〜 a G = (乂 1 ， … ，打 ) ■ 

J=0 

We note that the polynomials Piit) are linearly independent. For, if 



j=o 

then 

^ Aj / p(t)Pt(t)Pj(f)dt = 0, (i = 0,1, …， n )， 

j=o 

i.e,, X t — 0{i = 0, 1, - ■ ■ , n). It follows that the matrix is non-singular and lias 
an inverse matrix (6^) T so that 

II 

f ^ bijPjit、. (i = 0,1 ， … ， ?7). 

j = 0 

Theorem For any set of numbers {r r }(r = 0,1 ， … ， n )，the system of equa¬ 
tions 

t 

= (—, [r = 0. 1 ， n) (1) 

^ Received 31 November t 1938; read 19 January f 1939* Extracted from the Journal of the 
London Maihetnatical Society 、 1939. 14. 

f C. Fox. The solution of a numient problem, Journal London Math. 5oc., 1938, 13: 12-14. 
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has one and only one solution of the form 

n 

m = 

i=0 


viz., that given by 

Tl 

~~ i 1 ， 0* 

j=0 

(i) Suppose that 

ri 

/(0 = ⑷ 

i—O 


is a solution of (1). Then 


n 


n 




h 


X] ai i c j ~ a 

j=o j=o 




p{i)f{t)Pi{t)dt 


a 

n rh 


a 


p{t)P k (t)P t (t)df 


(i =0, L 


:0 


a 



(ii) Suppose that 


where 


Tlion 


/(， 卜 

f—{J 


7f 

e * ~ a iJ C J' 



(/ = U. 1, ■ — ^» 



p(t)f(t)t r di 


rf f b 

二 ^rkdrjrj / J>(f)Pi(t)Pk(t)dt 


ft 

=briUiU j 

ij = 0 



(r = 0,1 ， … ， m). 


i.e M / ⑴ is a solution of (1)‘ 

The following examples may l>e oientiuiied. 

(I) Ifp(i) = l 7 a — (),h — l, w liave H>x'w result. 

(If) Let. p(t) — c~ *, a = 0,6 = +oo+ If L n {t) ls thv Laguerre polynomial of degree 
n. we can take 

P t ⑷：] L, ⑷； E(-^ 

f s _ 

j=o 


1 1 




, 378 * 


华罗庚文集 . 多复变函数论卷 II ■ 下部 


Our results then state that the only solution f(t) of 

尸 OO 

I f(t)t r dt — c r , (r = 0,1 ， n )， 

such that f(t) is a polynomial of degree not more than n, is 

Many other examples can easily be constructed* 

National Tsing Hua University, 

Kunming, 

Yunnan, China. 



ESTIMATION OF AN INTEGRAL* 


Let u;(u) be a real function for ^ 1 T defined by 

taj(ti) — u~ l } 1 ^ ti ^ 2; 

^(uuj(u)) — 0^(14 - 1 )，u > 2 . 

In 1937, the Soviet mathematician Buchstabl 1 ! estimated 

lim w(^a) — e_ 7 T 

u—^oo 

where 7 is the Euler constant. This result is a consequence of his work on number the¬ 
ory, His original proof was obtained by Brun’s method In number theory. Evidently, 
this is purely an analytical problem, since the definition of and the conclusion are 
not related to number theory* Thus we ask whether we can use an analytic method 
to prove this proposition* In 1950, the Dutch mathematician De Bruijn ⑵ achieved 
this. But in 1951, Buchstab proved more precisely that 



⑴ 


( 2 ) 


\uj(u) - e _7 | < e _1l(!ogu+losl06 


u— l)+£)(u log logic/ \og u) 


(3) 


by a number- 1 heoretical method. 

In this paper I use an analytical method to prove a result more precise than ( 3 ). 
Lemma 1 Let 


p ( x ) = exp 



This function has the properties 

0 ) 9 ㈤ =^C^g(^)); 

fOO 

(ii) / g(x)dx = e -7 . 

Jo 

Proof Di fEerentiating 


d 

dx 


(xe x g{x)) 


d 

dx 


exp 





⑷ 


* Published in Set Simca, 1951 ， 4: 393-402. 
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Integrating from 0 to oo 7 


■oo 




o 


xexp 


(r 宇 


dt 


o 


lim exp 


nT' 




dt + log x \ = e 


Lemma 2 Let 


h(u) = I g(x)e~~ ux dx. 
a 


(5) 


This integral is absolutely convergent for u ^ —l f and uniformly convergent for u ^ 
— 1 + e. Also, h(u) has the following propertiesi 

(i) h(0) = e -7 ; 

(ii) lim tih(u) = 1; 

U ― ^oo 

(iii) uh f {u 一 I) + h(u) — 0, for u > 0; 




(iv) uh(u —1)+1 h{t)dt — 1, for u > 0, 

Ju-l 

Proof fi) can be obtained from Abel’s Lemma and Lemma 1, (ii). Putting 
ux = y, then 

uh(u) = j g (■) e~ v dy, 

and (ii) follows* 

Differentiating under the sign of integration，by (5) r 

/ -oo 

uh f (u — 1) = — «. j g(x)c~^ u ~ l ^ x xdx 

o ■ r 

xe x g{x)d{e^ UT ) 


o t 

^xeg{:r)e- ux 


CO 


e~ ux d{xe x g(x)) 


0 JO 


e ux g(x)dx — —h(u). 


(Lemma 1, (i)), and (iii) are proved. 
Now we prove 


q(u ) 二 uh(u - 1) 


m 


u-l 


h(t)dt 


is a constant, Differentiating g{u), from (iii) we have 


^(u) — h(u — 1) + uh’(u 一 1 ) 十 h(u) — h(u — 1) = 0, 




Estimation of an Integra] 


asi ^ 


So q(u) is a constant. L^t u —► oo* By (ii) we have 

lim q{u) = 1. 

■u 一 oo 

Therefore (iv) is proved. 

Lemma 3 For u ^ 2 f we have the identity 


a U 


uj{t)h(t)dt + uu(u)h(u 一 1) = e 


■7 


U —l 


Proof Denote the left-hand side by p(u)+ B> ， (1) and Lemma 2 (ii) 

p f (u) =uj(u)h(u) — uf(u — 1) 十 -~\M<j(u))h{u 1) 

du 


+ uuj{u)h f {u — 1) 




so p(u) is a constant. By (1), we have 


a 


P{2) 




w{t)h{i)dt + 2uj{2)h(\) 


2 


/l ⑴ 


dt + ft(l) 


a 


h'(t — \ )dt + /i(l) (by Lemma2(ii)) 


=/t(0) = e~ y 


(}yy Lemmal(i)) 


Lemma 4 Let 


W (u) — uj{u) — 


then for u > 0 u?e have 




W{u)= - 


uh(u - 1) J u 




Proof By Lemma 3 and Lemma 2 (iv), 


U 


■y — 


u)(t)h(t)dt + mj(.u)h(u — 1} = e 


tl 


n — 


h[t)dt + uh(u — 1 ) ， 


Hence 


U 


u — 


W(t)h(t)dt + uh{u - l)ir(u) = 0 


This (7), 
Let 


F(u) = \ W{u)\ 


⑹ 

⑺ 
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where 


u 



exp(0(t))dt. 


( 10 ) 


少 (f) =ti(logtfc - 1) — (u + i — l)(log(u + f - 1) — 1) 

^u(logu 一 1) 一 （u + [— l)(log(u —1) — 1) 

— log^ — 1 + {u — l)(logu — log(u — 1)} — < 〔 log(u — 1) — 1) 
^ log w — i(log(ti —1) — 1). 


Substituting in (10), we have 


M, (u) < M^u-1) f l e _ •咖 

lDg(tl - lj _ 


0 


Successively using this expression^ we obtain 


Mj(ti) — O 


1 


Pi(u) 


where 


log Pj(u) = log(log(w - 1) — 1) + iog(log(u - 2) — 1) + … 

/ U— t 

log(logt - l)dt 

=i log(log t — 1 
=uloglogu — C\ 



and Ci is a constant > 1, 
Now we have proved 


F{u) = O 



― tt(log u + Loglogu — 1) + C'i u/ log u 




This result is more accurate than Buchstab s, but wc can get a much better result* 
3. Let 

F 2 (u) = F x {n)e ulo ^ u ~ Cylxn ^ u , 

and 

Ms(u) = max 


From (8) we immediately obtain 
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M 2 {v) ^ 


A/2(u 1) 


U 


exp(#(f))di f 


( 12 ) 


o 


where 


m 


log u = — logu + w(log u + log \ogu — 1) — C\U/\o%U — (ti + 3f - !} 

u + t — 1 


x (log{u 1 - 1) H- log Iog(w + i — 1) — 1) + Ci 
^(u — 1) log u + u tog log U — Ciu/ logw 


log(m + i - 1) 


-(u^ t - l)(\og(u -1)4- log log(u - 1) - 1) + Ci 


v, 1 


Iog(u - 1) 




(u- l)iog 




u — l 
a 


+ log log u + (u — 1) log 


logu 


\og(u - 1) 


u 


log u log(u — 1) 


—H log(" — 1) + log log(u 一 1) _ 1 _ 


Cl 


\og{u - 1) 


^ log log?/ -h (a - 1} 


u 


(u - 1 ) 


C { 


log(« _ 1) 


t log u + log log — 


(since log(l + x) ^ x) 


(u - 1) log(n — 1) 

Ci 


log(i/ - 1) 


$ log log u t (log w + log log u — 2) ■ 

(for sufficiently large u) 
Substituting in (12), w lun ，(、 


log{u - 1) 


^M 2 {u — 1) 


e 


1 / 1 ) 


Log u 


k)g u -K log log u — 2 


^l\l 2 (u — 1) exp 


^Af2(u — 1) <^xp 


sincf! Iog(l + j') ^ x — C ： r^). But 


log 

log log " 
log n log a 


log log ?i 
log a 


2 


) 


log u ) log(n — 1) 


log log u C'l log log (?i - 1) 

- - “ -- —— ■ 

log u log " log(?J 1) log{« 1) 


十 


u — 






1 log log f 

log f 

u log log V 


il 


dt - C 2 


dt 

logf 


log u 


C 3 


a 


log u 
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So we obtain 


that is 


^ log loe Uj/ log U 〜 C : 3V ^ lo «' 


■Pf tf) < e_u(】og w+Iog !og 』 u+log bgu/log + u 


Remark We can iterate this method, so as to obtain even sharper results. 
Combining Lemma 5, Lemma 4 and (6) ? we have 
Theorem |llj(u) — e_ T | < 

If it suffices to prove merely 


lim w(ii) = e 


T 


Then we have the follottrmg simple method, but need to quote some theorems on the 
Laplace integral Let 


卜 OO 


/W 


na(tt) 


0 


■00 

— f e~ us dw(u 4 - 1), 

0 


where 


Q-(^) = u?(u + 1 — L 


Integrating by parts 


/(s) ^ 


e^ us a{u)du ~ —1 + s l e~ us 


u(u + ljrfu 


0 


0 


卜 00 


1 + 5 / e^ us d{(u -h 2)w{u^2)). 
▼0 


Changing u to u — 1, and using (1) we have 


f(^) 


1 se s f e~ as d((u 1 )uj(u + 1)) 
f o 

■00 

"US 


—1 + se 


S 


€ — (w + l)dw(u 十 1 } + / G US UJ{'U + ljdu 

0 Jo 


Differentiating under the integral we have 


ue~ aH du;(u + 1) = —f 1 is) 


0 


and integrating by parts 


(13) 


(14) 


e~ UH uj{u 4 - l)du 


e 


— US 


s 


■oj{u -j~ I) 


■OO 


n 


+ - 
s *0 


er us dio{a + l) 
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1 JL ^ - . 

=— + —/ (冰 

S 

Putting these two expressions info (14), we have 


f{s) = —1 + W I / ⑷ - f{8) + 念十 , 

i.e. the ordinary differential equation of first order 

f f (s) + (s- 1 (e~ s 一 1 卜 1) f(s) = s~ 1 (l-e~ s 


(15) 


Since lim ^-,0 — + 1) — 1) = 0, it follows from Abel’s Theorem (ex. 

[4], p, 183, Cor + lc)，that 

lim f(s) — 0. (16) 


•sr—iDC 


Solving the differential equation (15) and using condition (16) t we obtain 


/ ⑷ 




~ u ~Jo r 1 (i -} 出 1 ^ 


du 


+ c ^+/,r e -u-ff ^ ] 0^- l )<it du 

--1 - se s + e~ lJ ^ s ^ ^ f l(l ~ e -~ t)dt \ 


l (l - €~^)dt 


(17) 


It is clear that 


㈣ /⑸ 


Then, by a Tauberian Theorem, we obtain 


lim a{u) = Lim «u +1) — 1) = —1+ 


This is 


lim lj(u) = e 


But note that it is necessary to dicck the Tauberian Condition, i-e* / uda(u) = 0(0 

Jo 

(ex. [4], p. 187, Thm. 36). Since 


da^(u) = -(lj(u — 1) — ^(^))rfu, 
a 
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then 

udct(u) = J uduj(u H- 1) = J [^(u) — uj(u -I- l)jdu + 0(1) 

t+i 

uj(u)du H- 0(1) = 0(1) 

(it is easy to prove u;(u) = 0(1)), So the Tauberian (Condition is satisfied* The 
Theorem is now completely proved. 

Note that ， incidentally, we have found (17) to be the Laplace transform of w(u + 

1), 




Summary 


Let u^(u) be the function defined by (1) and (2 )， f(s) be the Laplace transform of 
<jj{u +1), We proved that f{s) satisfies the differential equation (14) with the initial 
conditon oo/(s) = 0. Solving the dilferential equation, we obtain the explicit 
expression (17)* By Tauberian theorem, we deduce that tj(ii) = e _ ' where 

7 is the Euler constant. Further from (2)，we have 

^(ti) ~ 

〃 Ju-l 

we deduce then 


— Q (e-w(iogw+loglogu+loglogi//Sogu_L)+0(ii/U>g ii)) 

Integrating, we have 

w ( 以 ) =e ~7 _|_ Q u+log log 11 +Log Log u/ log 7i-l)+0(u/ Log«) 

which is sharper than a result due to Buchstab and answers a conjecture of De Bruijn* 
The proof in the text requires no knowledge deyoiitl advanced calculus. 
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华罗庚 

这篇文章完成于1957年.曾在中国科学院数学研究所的讨论班上报告过.因 
为创造性的成果不多， 一 直没有发表.最近感谢关肇直同志告诉我 Bmnermarm 及 
Durand ( Maf / i . Physics ^ 1961) 也有相似的呑法（肇直源十 K 6 the ， Math . Zeiis ., 1952, 
57: 13 33). 他们把 S 类广义函数 （实 质上，他们应当跳出 L . Schwartz 的限制，而 
研究本文中的更广泛_丑类的）看成为可以用两个解析函数来表达的对象 • 扼要 
地说： 圆内解析函数在圆上是只有“正”项的 Fourier 级数,而圆外解析函数是在圆 
上只有“负”项的 Fourier 级数 + 合起来才能表示一个“完整的” Fourier 级数. 我们 
这儿所说的 H 类（当然包有 S 类）函数看成为圆内一个调和函数边界值，它本身 
就是“完整的” Fourier 级数，看上去这方法还有发展的前途，因而仍照1957年原 
油印稿发表于此. 

对于关肇直同志、龚昇同志、陆启铿同志的帮助和提意见在此表示感谢. 

§1.引 言 

本文之目的在于给出广义函数论的一个简单而浅近的介绍 . L . Schwartz ? 1 所 
研究的广义函数类仅是本文所论的很多广义函数类的一个而己，我们所获得类比 
Schwartz 的更有许多好处.本文是自给自足■的.任何了解一致收敛的读者都可以没 
有很大的困难来了解本文、但是初学者 t 最好先看后丽的附录，并且把本文中描述 
性的部分略去， 

我们仅讨论一个变数的情况、但是对娴熟技巧的读者很可能自己把这些结果推 
广到 Schwartz 所研究过的多变数情况.但是本文中还将建议以下几种更有趣的多 
变数的推广： 0) 把 Laplace 方程换为任一椭圆型偏微分方程及 （ ii > 把这些研究推 
广到酉群上的广义函数论，因为与酉群有关的 Dirichlet 问题已为作者 W 所解决了. 
最有趣的一点是我们这个具体的初等的处理法反而比 Schwartz 的抽象的处理法建 
议得更多. 

广义函数的主要看法可以以下的一简单的叙述概括之： 

^ 关于广义函源见 HU Tb 川丫 ep 及 C 』 -Cofto.rieB ( 参考 F1AL J r.KJJU.HJioe ! ). 1962 

年 9 月 7 曰收到 . 

①在 |31 中有详尽的参考文献. 
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“对应于一个调和函数，我们有一个边界值函数（可能就是一个存在的普通函 
I 或可能是一个虚拟的函数)，这就叫做广义函数，由于调和函数是无穷可微的， 
因此广义函数也是无穷可微的”， 

还有另外一些看法将于本文之末加以说明+ 


2.定 义 


个形式的 Fourier 级数 


CC- 




~oc 


ntB 


就定义为一个广义函数，我们并不 管这谨 I 数收敛与否，这广义函数以识彡）表之.今 
后常用5^表£及 I '表和 [ 中略去〃 = o —现 

n n — ^oo n n 

命 


^(0) — ^ ft”.〆 




n 


显然对任二复数九 A 


Xu{8) + uv(t))= ( 知 ” + Mbnk irW 


n 


仍是一个广义函数.故广义函数是一线性集合. 

二广义函数的乘积一般是不定义的.原因在于 




可能不收敛. 
如果级数 


〉: “ n “ n 


n 


收敛 ， 则此值称为广义函数与的无向积或内积，以 ( u ( B ), v ( e )) 记之 
显然有 


(u(9).v(0)) = (v(O),um 


(Xui{9) + fiu 2 (0),v(0)) = X{ui{6),v(0)) + ii(u 2 (0),v(6)) 


且有 


(u(0),e tn9 )^a^ 
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我们定义 

( u ( eiv ( e - ip )) = (； u (9 + ^^{0)) = J 2 a r,K^ 

n 

为二函数 w 奶与咖 ） 的卷积. 

最有趣的例 f 是 Dirac 函数 

6 ($) = Y 1 ein6 ^ 

n 

它使 

{u(9)J(0-t)) = = ti ⑽， 

n 

我们有时也把 5 ⑺-妁记为 &眞 
广义函数的微商的定义是 

i na n e tn& ^ 

n 

以 u ^ e ) 记之.显然有 

(u f (9),v(e)) =i^2naj) n = - ^ a n n(ib n ) = - (u($) , v f (6)) , 

n 

敌立得 

( u (6)^( e -^))= —( 儀 5( 沒一矽 )) -一姻 


(u{$),S^(& - ^)) 2(— 1 广以… )( 外 

但是这样定义了的广义函数太广泛了，不能得出很多的有用的结论.我现在先 
引进两类特别的广义函数. 

若 

m.ax( lim \a n « , lim |a_ n |« )^1, 

n —*oo ' 7^.™^oo 

则所对应的广义函数称为类的广义函数，或简称为 F 广义函数. 

显然，//类广义函数成一个线性集合，且//类广义函数的微分仍是//类广义 
函数.二好类的广义函数的卷积仍为//类函数， 

若有一正整数 p 使〜 = 0(|0,则所对应的广义函数称为 S 型的广义函数， 
或简称 S 广义函数.这就是 Schwartz 的广义函数. 

显然，一个 S 广义函数一定是//广义函数，且 S 广义函数也是一个线性集且 
对微分运算及卷积运算而自封， 
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二类的广义函数 r 及 f 如适合以下的三条件则称为互相对 偶：⑴ 对诸 ix e r 
及诸 v e T \ 常收氣 （ ii ) 若 { u , v ) 对所有的 w € r 常收敛，则可得出 v € r 及 
( m ) 若 ( u , v ) 对所有的 v ^ t 常收敛，则 ueT - 

侧一所有的广义函数所成的类 K 和所有的有限 Fourier 级数所成_类 A 
是对偶关系. 

例二命 p > 1及 〆 二 p/(p - 1)，则类 P 与 z / 是对偶关系. 

例三如果把 L 求和法改为求和法，则还有以下一些对偶类 ：⑴ B 

与 L (此处 B 表示囿函数)， （ ii )(7 与 5*( 此处 C 表示连续函数 ，汾 表示 Fourier-Stieljes 
级数所成的类 )+ 且有关系 

C c L°° = S c c L 2 c c L c 5t ①， 

定理1 命 ^( n ) 表一递增的正函数，当 n 趋向无穷时趋向无穷，且假定对任 
一 fT > 0,级数 

oo 1 

V— L_ 

常收敛+命 r 代表适合于 

log | a n | = o ( log ^(|? i ()) 

的广义函数类，而: f 是适合于 



的广义函数所成的类，则类 T 与类 f 是有对偶关系的. 

①容易证明，如果一类广义函数,其对偶类等于自己者 T 必须是 L 2 . 


附记 类的函数间定义了两个运算“加”和“ 卷积' 如果把卷积视为"乘” 

法.则成一环+结合定律分配定律等等都不难直接阐明. Xu (9 ) 也可以卷积的形式 
表 出来： 

这是一个有单位元的环，单位元是 S Q [0) e - 是幂等元.这些幂等元互相正交，其和 
为 S Q (0). 

S 类也有此同样性质. 


性 

mm 

对 

3 . 

03 
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证 （ i ) 由定义,对任一 f > 0,当 n 大时常有 


I ^沪⑽广 


又有一数 c > 0使 


Ms 


mnF 1 


故^〜&是收敛 W . 

( ii ) 假定 r 不属于 f 则有一数列 n w 使 


lim 




log 


^ n . 


发散 • 


bn L , 


及其他的 


0,如此定义了一个广义函数 U (0) 属于: T 而 Y^^bn 


( iii ) 假定 u 不属于7\ 则有一数列使 

l°g! a n^| ^ clog(p(|n c |), 

此处 c >0,取 k ,及其他= 0,如此定义了的属于表旦 ^dnK 
发散 ■ 

在定理1中取 < p ( n ) - e " ? 则类了立刻变为类盖由 logl^l = o (\ n \) 可知 
lim la ^ j ^ 1 《 1. 又关系 


\n = O ( 16 g 


g li) 


与次之关系等价 


lim |b n jl 士丨 < 1, 

|ri | —oo 


因此得 

定理 2 // 类的对偶 A 是由适合以下的广义函数所组成的: 

nmx( lim 16^1^, lim >-n|-) < 1 + 


取 ^( n ) - e nP ( p > 1) 所得的类 T 以 G p 表之，由定理 1 可得 
定理3 G p 是由适合于 
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广义函数所成的类.它的对偶类是由适合于 

1 ST 队|卜吖< 1 

\n\ —»oo 

的广义函数所构成的. 

类 G p 是由 reji 4> am ! IlHJio ® 所引进的. 

与定理1同法可以证明 

定理 4 命 Hn ) 表一递增正函数与 n 同趋向 无穷， 并假定有一正数 A > 0 使 

OO 1 

S ( 々 ( n )) x 

收敛.命 r 表适合以下条件的广义函数类 

log \a n I = 0(log^(|n|)), 

及子为适合于 ^ 

log 沴 (jn|) = oHog-^-| J 

者- 则类: T 与类 f 有对偶关系， 

在定理4中取 ip { n ) = n , 则类 T 就是类\故得 

定理5 S 类的对偶类去乃由适合以下条件的广义函数所 成的： 对任一 9 > 0 

常有 



再在定理4中取 t ( n )= e n , 所得出的类: T 以/表之.由定理4可得 
定理6 J 类的对偶类1是由适合于 

lim |6 n | _ 点 = do 

|ni— 

的函数所组成的+ 

附记类还可以分得更细.例如，在定理4中把条件换为 

T — l^gknl 
n — oolog 妒 (| n |) 、/ 

对这种换法，并无任何困难可求出其对偶类. 

附记极易证明， k 类（及 s m 也是线性集合且对微分及卷积而自封+它虽 
然也成一环，但是并没有单位元. 焱是 孖的理想子.命 焱表孖 的任意一个理想 
子‘ 如果^中所包有的广义函数都是普通函数，也就是这广义函数的形式 Fourier 
级数收敛，则分称为函数类的理想子，易见， H 是 H 的极大的函数类的理想子. 
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§4 H 广义函数的意义 

对应一 H 广义函数 u (0 ). 我们有一函数 



此乃一在单位圆内的调和函数 ( O^r < 1及0 ^0^ 2 tt ). 

故一个 H 广义函数可以视为一个调和函数的边界值函数. 

同法， 一个 A 广义函数 r ㈤ )( 它就是一个普通意义下的函数）对应于一个在较 
大同心圆中的调和函数 + 

又显然对应于/°类的函数 r (0) 我们有一调和函数 

71 

此级数对任 一 r 都收敛，此称为调和整函数.所以？的函数就是调和整函数在单 
位圆上的值. 

广义函数 

属于但不属于点，此广义函数所对应的调和函数就是 

E — — _ 1 T _ _ 

1 一 2 r cos (9 — 4 ? ) + 7' 2 

此即习知的 Poisson 核 ，以 P ( i \8) 表它. 

命/⑹表一连续（或可积）角数，其 Fourier 系数为 b n , 则对任 一 u ( fl ) e //常 
有 • 

1 /*2tt _ 1 疒 2?t _ 

ff ) W)dO = — ^ Y , ^ e in 0 r ^ W)dO 

= E a " rM 去乂 2 " 丽’洲 

=上 rl n L 

n 

若 { u ( ff )， m ) 收氣则由 Abel 定理可知 

{ u {&), J { e )) = lim f u { r ,$) f ( e ) de . 

27 T J q 
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更一般些，对 if 中任二广义函数社与 v ( B ), ^ r < 1， 〆 < 1常有 


2 tt 


/ u(r,0)v(r\d)(W = y^ji n b n {rr f ) H , 

o Ti . 


故若 ( u , v ) 存在，则 


2tt 


(u, v) — lim 


2 tt 


u(r } 0)v (r, 8)d9, 


Q 


又，对 ueH 及 ve 旮， 则有一 <5 > 0 使 v ( r ： 7 9) 当 0 $ 〆 矣 1 + 5 时调和，取 


r 


r 


2 


+ 可知 


~ [ u(r, e)v(r f ,0)d6 = y^a n b n = (u{9),v(9)). 
2?r J o n 

§5. 3广义函数的意义 

任一连续函数 u 的 Fourier 系数 a n 有次之性质 


卜 2 tt 


1^1 < — / \u(e)\de ^ 0 ( 1 ). 

Jo 

作为一个5广义函数，其 p 次徼分的 Fourier 系数适合于= 0(|0, 
反之，若 

〜= 0(\ n \ n ， 


则 u ⑻-仰是广义函数 


f 

f ^ 、 P 


inO 




(in) 計 2 


的 ( p +2) 次微分，而以上的级数一致收敛，收敛于一个连续函数， 臉 S 的广义函 
数实质上就是连续函数的有限次微分， 

同法可以证 明：类| 的广义函数就是无穷次可微分的函数+ 

由上节的结果已知:若 u e 象则 


■ 2 tt 


(u, v) = lim 


2 tt 


u{r, 0)v($)d8. 


0 


如果 - 如是连续函数的 p 次微分，由分部积分法可知 




(权，云）= =+ 1™ 


1 2 tt 


( u ( r ，&) — ao ) v (0) d 9 


0 
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a oho -h lim 


一 1); 


ao&o + 


i 2 tt 

-1 广 


v ， (r ， 0)v(p^ {9)d9 


o 


2 tt 


w 师 ㈣ (琴. 


o 


就是我们可以用普通的运算表达出来. 


§ 6•致零集 

憲义单位圆周上的一个开区间 a <0< b 称为一个广义函数的致 
零区间，如果在 a <0 <b 中任一闭子区间一致地 


lim u(r, Q) — 0, 

V 一 I 


一点^ 称为 U (0) 的支点，如果没有包有％的致零区间存在. 

所有的 1X(0) 的致零区间的总集合称为函数的致零集.此为一开集.其补 
集称为支点集.显然支点集的任一点都是支点. 

例 6^{0) 就是一个以々= W 为其唯一支点的广义函数，其 故为： 仅当0 0 

时， 


1 — 2r cos(^ — V T ) + T 2 


趋近于 （)， 

定理1 H 类中仅有 r 为支点的广义函数可以表示为 


_) = 叫 

0 

此处办叫心⑽是 5 f {9) = M 叶 <,( 卟… 々(❹、 之线性组合.而 O) 是 
〜 ⑻的〃次微商.更确切些,对任一 r e A 常有 

OO 

此处 D ⑻ ( v _ = A +: ■叫 , 此级数是收敛的. 

定理 2 S 类中仅有 V， 为支点的广义函数可以表示为 


m = ⑻， 
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此处！是一整正数+更确切些：对任一 ves , 则有 

f 

( u ( 9 lW )) = E Ct/v ㈤ 切 y 

iy=0 


二定理之证明 

并不失其普遍性，可以假定^ = 0且把我们的区间移到 

对任一已与的 e > 0,当 r — 1时函数 u (? j ) 在, 3 f 屮一致趋近于0.故 


lim / §)v(6)d& = lim / ti(r, 0)v(9)d0. 

一 1 J -7 T r ^ } J-l 

当 e 充分小时，我们在 I 卩 I S e 中把函数叫 0 展开为 

i 

v(B) ^^D^Hv(0))^ f 0 + n(9), 

v—Q 


此处 


R ( d ) = 0(^ +[ ). D M ( v ( oy )= - 


fprf^ilt - 1 r) 
( lx 1 " 


：0 


在定理 1 的假定下，此级数可以展到无穷，且当州€ f 时此 级数一 致收敛 
由于 


、€ 


c u = liin / (sin & Yu{r^ 9)d9 


lim / (sin OY'uir, 9)d0 


^ L ( 


c_ ie 

2i 


u ( r , 9) d 0 


lim 




t {： 




u(n 0)(19 


一 JT 




(^5 ： 


/ 




故得定理 i ( 并且我们也给与了〜的表达式) 
在证定理2时，我们命 


jt (0) 二 


h ⑻, 

0， 


当二 

其他点 . 
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则 
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R {$) u { rJ)de 




_£ 


—n 

"IT 


R*(0)u(r, 0)d$ 


^6 


JT ⑻ (w(r ， 0) — a 0 )de + a 0 / R(0)de. 


■€ 


最后一顼显然隨 e 而趋于 o + 又命表一连续函数，其 f 次微分等于 i/k d)^ao 
如此则 


lim 

T—^l 


7T 


R*(9)(u(rJ) - a 0 )de 


TT 


=lim 


h TT 


轉霄 




R^(e)w(r, e)dB 


\R* (l) ($)w{0)\de - 0(e). 


故得定理 2 . 


7. 其他类的广义函数 


定义命 P 表一正数，如果 


- ir ^ logl^l ^ 1 下 _ log | a-J 1 

nm ―—— < - lim ----< _， 

n-^oo n log Tt p n-^co 几 log 77 p 

则称为类的广义函数或广义函数 l 

显然， 广义函数仍成一线性集，且 J p 广义函数的微分仍为4广义函数.但 
是两个冬广义函数的卷积不一 定是乃 广义函数. 

定理1 类各的对偶类 j p 是由以下的广义函数所组成的： 

# p 

logl/|6 u | ^ 1 bgl/H 1 

n log n p n^oo nlogn p 

证 1) 由冬的定义 t 故对于 一 5(> 0) 使当 n 》 no ⑷时， 

< i 一 5 ，即 |« n | < n (卜， 

n logn p 

另一方面，由） p 的定义, n 充分大时， 




故可知 ^ a n b n 是收敛的. 
2) 假定 


n^co n logn p 
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则有一数列〜使 


lim 




logk , 、 

■ ■ — — — 

Tlt ，log lit ， (I 〆 p ' 


Mh ^ = —, 其他的 k = 0 ,则所得出的 "⑻ e I 且 [如心 发散. 


3) 假定 


n 


log 


lim - M<i 
n — *oo n logn p 


则有一数列〜使 


log 


lira 


bn : 


n v log 


一 < - 
r p 


取\ = ^-， 其他的如 = 0, 则得一 且 y ^ a n b n 发散- 

对应于 J p 类的一个广义函数 u (0), 我们引进一个函数 


u p { r ,$) = y ^ p m r m a ne tn6 , 

m=0 |n| 各 m 


此处 


Pm 




由于有一 5 > 0 使 


Pm [ a n € in ° 


(n I ^ m 


I 〜 






( m !) 1 ’ 


p 


0 


m * m (卜幻 m 




P 


171 




故 u p ( r ,0) 是一在全平面对任一紧致集绝对并一致收敛的级数, 
定理2 对任 -u e J fi 及任一 n 则 


2 tt 


( u , v )^ lim / u fi ( r , d ) v {9) dO / Jp ( r ), 

oo ITT Jq 


此处 


M t ) = 


r 


m 




证易知 


飞 jf2ir ^ -i 广 
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E 

m =0 


PmT 






此定理可由广义 Borel 求和法的定理得之（即附录1的定理扑 

同样我们可以定义致零集.即为开区间 a <0< h 使在其所有的子闭区间中皆 


.致地有 


iim ^1=0 
& Jp{r) 


的总集合，同法可以处理仅有一个支点的广义函数 + 

注意，由整函数论的知识 I ,就是所有的阶< p 的调和整函数的集合，而+ 
中所施行的求和法就是广义 Borel 求和法. 

显然两个 A 广义函数的卷积不一定是一个七广义函数.但是 如果考 虑适合 
于 

log ： a n | = 0 (\n log \ n \) 

的广义函数所成的集 J , 则 J 广义函 数有以下的三 性质： 线 性集; 对微分 自純卷 
积仍为 J - 广义函数.而则包有所有的零阶的整函数. 


§ 8■(继 续) 


我们还可以更广些命 


Q(r) = y^q n r n , q n ^ 0 


=0 


表一幂级数对所有的 r 都收敛1 

以&表适合以下条件的广义函数的集合 


同法可证 

定理1 


isr log ^) <0, 

n log n n-^oc 


类的对偶类〗^乃由适合 


log(|fl — n Qn) 

nlogn 


< 0- 


log 




lim ― —^ 0, lim 


log 




l — n ： 


n log n 

的广义函数所组成. q 

又易证，对 w e Jg , t ； e ^常有 


1 


So n logn 


会 0 


271 


( u ^ v ) = lim — / v(0)uq(t, 6) d 8/ Q ( r ) 

' r—oo 271 h 
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此处 

oo 

u Q (r,0)^J2^ rm E 〜 产 ". 

竹 1=0 | n| ^771 

随便你给了怎样的广义函数，我总可以选得合适的扣使 

< n ㈣ 卜抓 < 0 , 

n-^oo n log n n-^oo nlogn 

换一句话说，任何复杂的广义函数,我们都有办法处理的. 


§ 9.极 限 


我们对任一非普通函数之广义函数类 r ， 定义一极限 如下: 设 
是一串 r 的广义函数， u (0 € T 称为 u ^ d ) 的极限，若对 r 的对偶类 f 的任一函 
数 v { 6 ) y 恒有 

lim = [ u . v ). 

P —oo 

至于 r 的对偶类： f 的广义函数，通常是普通意义下的函数.我们在不同的情 
况下，分别给以普通函数的收敛作为其极限： 

⑴设 vAr , 0 )^ = 1,2,* 0是一个函数贯，在一个包含闭单位圆的公共域内皆 
是调和的，并且在此公共域内任一紧致子集一致收敛，则显然的其极限函数 v ( r , 6 ) 
在公共域中也是调和的.我们称 V “&) 为 … (外的极限，或以 — 识<?) (動表 
之. 

对任一 u (@) e //，我们取正数 A 充分的小.使 vAr . O ) 定义的公共域包含以 
r y = 1+ ^5为半径之闭圆.由 料知 

/ u ( t \ 0 ) v ljf ( r \ 0 )( 10 , r = — ^- j —. 

2 冗人 1 + irS 

由假设 vW ' 0 ) 在半径为 〆 的闭圆一致收敛，故有 


lim ( it , v u ) — u ( r , 0 ) v l / { r \ B ) d 8 — ( u , v ). 

►oo 27T Jq 


( ii ) 设 = 1,2 ? - ■ ■) 是一个函数贯，在中位 



!内调和，在圆周上 有无穷 


次微分，并且对任意之非负整数 P ) 在闭单 位圆一 致收敛，则其极限函数 

ou p 

v { r , Q ) 不难证明之也是在单位圆内调和，在圆周上有无穷次微分.我们称 v u ( 0 ) ^ 

vm(h 
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任与 iS 的函数 u (0 = y ^ a n e inB . 设= y ^ bn^€ irie 及 = y ^ b n e tn& 
由于 v ^ d ) 在圆周 一致收 敛，故有 

lim 6^ } = lim T v^dd = v(e)d0 = b 0 . 

v-too i/—>oo 2tt Jo 2tt Jq 

由 §5 知，不妨设⑺）是连续函数心妁的 p 次微商.我们有 


( tl ； Vt /'} — 


(~ D P 

2 w 


'2 丌 - 

w(fi)vL p ) (d)d6. 


0 


因为假设知 vi p \ e ) 在圆周上也是一致收敛为 1^)(0), 故有 


lim (u^%) = aobo + 


(―1 广 ^ 2w 


2 ?r 


疒 2 7T - - - 

I w(8) lim v^\O)d0 = (u ， v) 

Jo ^°° 


这是说，如果 v v { 6 ) ^ v { B ){ S ), 则恒有① 


lim (u, v u ) — (w, v), 

f/ —OO 

( iii ) S v ,( r , 0 )(v = 1，2,… ） 是在整个平面调和的函数，并在平面中任一紧致 
集一致收敛为一函数 v ( rj ) } 则我们定义 M 的—(紅从 （ i ) 的证明中知道必 
然有 

lim (ii, v^) = (u t 5 ). 

( iv ) 设 vAr , 0 )(u = 1，2, …）是 0 阶整调和函数，^平面任一紧致集一致收敛 
为一函数 v ( r , 0 ) f 设亦为零阶的，则定义 vM — v ( 0 )( h 同样有 


lim (u, Vt,) — (u 7 v). 

U ― I- 3 C 

由以上可知,对应于任一函数类 r 的对偶类 f 我们总可以用相仿的方法适当 
的定义 f 中的极限概念，使得下面的关系成立： 


lim = ( ti , v). 

P — OO 

这里不一一列举，读者可试作之. 


①不难证明 3 这里定义的 I 类的极限是与 Schwartz 定义的极限是一样的.但值得注 意的， 这里定义 
Schwartz 广义函数类5时，并未有假定此等泛函之连续性，而这里证明了连续性是必然包括的，不必在定 
义中假定+ 
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并有关系 


类中函数的说明 __ 

有限和（调和多项式 J 
0阶 p 型的调和整函数 
0阶 购调和 整函数 
所有的调和整_数 

调和函数的有则域，以闭单位圆为其内点者 


1) 从复变数函数论来看,我们所引进的这些类是很自然的，因为 


利用整函数的阶在 J 与 J 之间，我们还可以插入 Jp . 

在点与之间还可以利用调和函数的边界性质插入其他类 t 如§3例三所 
列 ： H c S c L p， c L 2 c L p c S c , H . 

另一方面，从发散级数的求和的理论,我们的讨论也是有它的系统性的意义的, 

2) 由§3的定理1与4可知，从无穷大之阶来分类也是极自然的，而主要的类 
是 


类 

log | a n | 的阶 

S 

O ( logn ) 

H 

o ( n ) 

I 

0 ( n ) 

J 

0 {n log n ) 

G p 

o ( n p ), p > 1. 


3) 由保角映象的原理可知，我们所讨论的类// 7 实质上并不限于单位圆.側如， 
我们可以一样地研究实数轴与上半平面. 

另一方面，由于 Fourier 级数与 Fourier 积分的相似性质，我们可以直接处理实 
数轴 t 先引进形式 Fourier 积分 

a{t)e Ux dt. 



4 

尺 

U 

J 

C 

/ 

C 

H 

U 

U 

OI 

C 
o J 

C 

。 *: 


^ ox OG OJ 0 / 0^ 


记 

附 

矗 

o 

IX 

so 
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如果对任_ e > 0, log | a ( f )| - 0 ( 1 ), 贝! J 称为属于 II 类 .如果有某一 p (> 0) 使 

a ( t ) = 则 u ⑷称为属于 S 类，其对应的调和函数是 


u ( x , y ) = 



y >0. 


4) 我们也可以用任一椭圆型的偏数分方程来代替 Laplace 方程.如此对应于 
域内的一个解,我们在边界上可以定义一个广义函数.当然，还可以推得广些，如我 
所研究过典型域的复变数函数和调和函数等等（华罗庚叭华罗庚与陆启铿 [5] )， 

5) 更一般些，我们可以推广§3的定理1及4入手. 

命/^表打维实欧氏空间 T f = 人)表其中的点.又命 r = + …十仏 

与定理1相仿我们有以下的结果， 

命 V ( T ) 表一单变数0> 的正递增 函数， 且以任一 d > 0,积分 



常收敛. 

命欠代表适合以下条件的函数 a ( i ), 

⑴在任一有限区间中 a ( t ) 是平方可积及 （ ii ) 除一测度为零的集合外，当 t 充 
分大时 

log | a ( r )| = o(log 沪 ( r )) + (2) 

又命 S 代表适合以下条件的函数 b ( t )： ( i ) 在任一有限区间中6⑷是平方可积及 
( ii ) 除一测度为零的集合外，当 r 充分大时 


log if(r) 


°^ g WT\)- 


如此4与 S 之间有以下的三个 性质: 
⑴若 A 6( f )€ B ，则 



a { t ) b ( t)dt < oc : 


此处 rft = rfii … di n \ 

( ii ) 若对 S 中的任一 fc ( t ), ⑷ 常收敛，则 a ⑴ G 洗 

( iii ) 若对 Z 中的任一 a ⑷，⑷常收敛，则 &( t ) e 
证明从略，且有与定理4相仿的结果.命蚤表 


( 3 ) 


⑷ 


( 5 ) 
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所成 的类， 此处 tx f = t \ X -[ + * ■ * + t n x n , 此积分是绝对收敛的. 
积分 




R 




可以看作为 a ( t )(€ ,4) 的一个线性 泛函. 因此而定义了一个广义函数且 


( u ( x ). v ( x))=l a ( t ) b ( t ) dt . 

Rn 


此 u ( x ) 可以形式 Fourier 税分 

u { x ) 




{^) n , jR u 


表示，此 U (； T ) 可由以卜的方法实现出来： 
1) 若对任一 

a(i) = 


则用 


■u (: c ， y ) 


(\Z2tt) 71 jR n 

此处 |*| y ’ = I 勺 |yi + … + \ t n \ y n . M 


a ( f)e 




dt , 


( i /( x ), ^( a :}) = lim f uix, y)v(x)dx^ 

y ^° jR n 


ii ) 其他的情况可引进 


n (工， r) 


r y dv 




a { t ) e~ Ux dt 


o W ") 


f o VO ) 


dt /. 


而 


〔 w (: ㈤） =lim / u(x，_ r)u(x)dx t 


此法比 Schwartz 齡方 法有显著的优点. 


附录 I 求和法 

定理 1命 q “ r ) 为一函数列,在一以^为右端的区间中 定义. 且有以下的性 
质： 

( i ) qu ( r ) ^ 0; 

OO 

( ii ) y ^^( r ) = l T r < r 0 , 
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故得 

定理3 (广义 Borel 求法定理）若 

OC 

1/—Q 

是一到处收敛的幂级数.则当~ S 时 

oo 

r ^-% -=氣 

[pZ 

定理1还有其相彳以类的积分定理 

定理4 命 q ( r y Q ) 是一函数在0在0专 2 tt 及 0< r < l 中定义且有次之性 
质： 

⑴ ?(n 0 ) ^ 0. 

( ii ) J g ( r ? 9 )dB = 1 

及对任一 6 > 0 

lim f q ( r ^ $) d & — 0, 

一 " I 咖 

如此，若当— 士0时 /( fl )— 〜贝 !i 

a 2 tt 

lim / 9 ( r , 0 ) f { d ) dB^s 

r — 1 九 

(此处假定 /(0 是囿函数> 


附录 II 调和函数 


定义 一 个函数 u ( r T 6 ) 有二级连续偏导数、且对0以 2 tt 为周期，并当0 g 
r < 时，这函数适合于 Laplace 微分方程 


d { Q ( m \ d 2 u(r,B) n 
% r &賴 


则此函数称为圆 （ O <0<2 tt,OS 
研究积分 


to ) 内的调和函数. 


卜 2 tt 


u(r, 0}e^ tJnO d0 = y(r). 


2 霄 


⑴ 
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积分号下求微分，即得 


r£- ( 7 ■芒 W)) e~ tnS d6 — t^ ] * 


2 nJ 0 dr \ dr 


dr 


另一方面，部分积分两次，可知，当 n / 0 


■2tr 


& 2 u ( r , 8) 


2^r 


2tt 


r 0 


dd 2 


e ~ 2n0 = 


—n 2 f u(r^d)e~ tn& d9 = —n 2 y[r). 
0 ' 


由 （1) 可知 


r 去 fr ^( r ) ] = ~ n 2 y { r ) 


(3) 


显然， P 及都是 （3) 式的解，故 （3) 的一 般解的形式是 C L r ^ + Gr -' 因 


为 Iim y ( r ) 是有限的，故 

r — 0 


y ( r ) = a ^ r 1 


当 n = 0 时，同法可以得出同样的结果 . 

故，当0 € 时，连续函数 u ( r ,0) 有 Fourier 级数展开式 


u ( r . d )= 5^ 知 e— 〆 


⑷ 


极易证明，对任一 e , 级数 （4) 在圆 (0^^^ 2 tt ,0^ r ^ r 0 -£) 内一致收敛.由 （4) 
可以对0及 r 无穷次微分.级数 （4) 显然适合方程式 （1). 

对已知的 a n ， 今往求最大的 r D 使⑷当 r < r D 时收敛.若⑷收敛，显然有 




r 


0(1)， 


即 


lim \ a n e . 


in6 




— in& i — 


^ To 


(5) 


n 


另一方面，若 （5) 成立，则对任一匕当 n 充分大时常有 






( n > - e) n 


故级数 






当 r < r 0 - ^时收敛. 
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故 <4 )代表单位圆内的调和函数的必要且充分的条件是，对所有的0 

lim + a — < 1. 

砘 ― CO 

这一条件可以以下的简洁的条件 

max ( lira a n ^ . lim | a_ rj i ^ ^ 1 

n—^oo n— 

代替它，其原因是基于以下的 
引理我们有 

max lim \ a n e tnS + & n | ^ = max ( lim | a „ |«, lim |6^|^). 

n ― koo 7i ― »>i n ― n 

证显然有 


lim \ a n e tne + ^ Hm (2 max (| ri n |. \ b n \)) 

1—^00 71—^OC 


max ( lim |^ rf |", lim \ b n \ 

n—►oo n^oo 


命 


lim a n | " = a \ lim \ b rt \ 77 = 


并不失却普遍性可以假定 (3> a 、 若有一数列~使 


lim 1 6 〜 


1 ， 


汍 lim \ a ni 


rv y < 8. 


则 


lim \ a ^.. e %n9 


+ i } nu \ 


lim 




^ n t 


^ lim 


a 


2 




KA 


所以现在要研究的情 况是： 有一数列&使 


lim j . 


[t Tl l 


lim |&r, 


0. 


命 

( ^ L = Pn/' 0 ^ T f , ^ 2 tt . 

若集合 TV 有一极限点 T 则取 0=0, 我们有一数列 rv 使 

/ \ 士 

lim 卜〜 + H 士 > lim ( ~|1 + e ,r | ) 

p 一 oo I/—oc \ 2 j 
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所以最后需要研究的是 


lim 7 V =霄 

1"00 


的情况.命 L 是 a 的最高方次之能整除〜者+若有一整数 f 在中出现无穷 
次，则取 0 =^ 即能证所欲证.今设 


；； < 4 < ^3 < 


为 { L } 中_不同的 Z ■取 


9 — n(a」 1 + a~ l2 + a~ i?i + ^ -). 

这是收敛的级数.命 < 恰为^-所整除的整数，则仍得 


lim \ a ^ e }n ^ + b n ^ \ ^ 0 r 

故引 己证明 

定理 1 当 r 0 ( 4 ) 表一调和函数的必要且充分条件是 


max( lim |« n |^ f Hm |a_ n |») ^ — 

ti— 7*o 

命 u ⑻表一以 2 rr 为周期的连续（或可积> 函数 ，且 


■2tt 


a n = — / u ( e ) e - in 6 d 0 
2 ^r 7 0 


表 w ⑻的 Fourier 系数 * 作 


oc 


u ( t \ 8 } = ^ a n e 






由于 an = 0 ( 1 ), 故此级数当 r < I 时表一调和函数 + 
以⑹代入⑺，可知 


u ( r ,0) - 






u {^) e~ in ^dt 


Jo 


1 

九 n 




2 tt 


2 tt 


u(^)P(r^ 9 - ^)dip 


o 


2 ^ 


u (& — ♦)P(r ， i il ； )(hp ， 


o 


( 6 ) 


⑺ 
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此处 

P(r, 9 -^j) = J2 e in V l| e_ ㈣ 

n 

= (1 — r 2 )/(l — 2r cos(9 — 沴 ） + r 2 ). 

由附录 I 定理 4 立得 

1 产 

lim u(r, 0) — lim — / u{8 ip)P(r, ^)dip — u(0). 

『一 3 r—.-l 2n Jq 
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常系数二阶椭圆型偏微分方程组 Dirichlet 

问题的唯一性定理 


§ 1•引 言 


命浼尽 c 代表三个两行两列的实数方阵，矩阵形式的偏微分方程 


A 


d 2 

dx 2 




+ 2B 


d 2 

dxdy 





( 1 + 1 ) 


实际上是两个自变数 A y , 两个未知函数 u a 的两个方程所成的方程组. 

行列式 

Q (“) 二成 3 + 2吻 + 况| 

定义为偏微分方程组 （1.1) 的特征四次型 . M . r . neTpoBCKHfi 定义： 如果特征四 
次型的根是两对复的，则 (M) 称为椭圆型.这样的定义不能保证 Dirichlet 问题的 
_一性.例如，设有实数及7适合 


A + 20 B + ^ yC \ =0，/? 2 < 7, 


则必有一矢量 



使 


(4 + 2邱 + 0 




显然， 


u = a ( x 2 + 2 pxy + yy 2 — 1), v = b ( x 2 + 2 ^xy 4- jy 2 — 1) 


( 1 , 2 ) 


(1.3) 


是 （1.1) 的 解答， 它们 在椭圆 + 2 pxy + ^ y 2 = 1 上都等于 0. 为了使解唯一,我们 
必须在 rieTpOBCKMfi 条件外,再加一些条件. 

1951年， M . PL BtimnnW 引进了强補圆组的 概念： 对任一满秩方阵 P , 烏二 
PA, Bi - PB 、 C' = PC 所对应的偏微分方程组实质上是 ( M ) 的两个方程的线性 
组合 s 如果有一 使 ^ 

At +2Fit + Ci£ 2 >0, (A) 

年10月10日收到,1964年11月11日收到修改稿.发表于 S 数学学报 J, 1965, 15(2)： 242- 
248. 作者 ： 华罗庚（中国科学院数学研究所，中国科学技术大学)，吴兹替，林伟（中山大学). 
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则 （1.1) 定义为强椭圆组. 这儿吞 + 是 H 的转置方阵，又 “S>0” 

表不对称方阵 S" 是定 正的. BHmHK 证明了强補圆组的 Dirichlet 问题的解的唯 
一性. 

I960 年，丁夏哇叫等五位同志得出以下的结果 ：如果 （1.2) 无解，简称为条件 
(B) t 则对任总 办限 区域的 Dirichlet 问题的解是唯一的；并且其逆也真. 

本文的目的在于证明条件 （A), (B) 的等价性.为了读者方便起见,我们并不引 

用以往文献上的 知识； 而且还顺便证明了唯一性定理（§5)，它似乎比原来的处理方 
法较简单些. 


§2. 如果 （ A ) 适合，则 （ B ) 也适合 


如果式 （1.2) 有解，则有式 (1+3). 因此，对任一 P ,\ P \ 笋0,令杰= P^Si 
PB , Cj - PC , 总有 

(^+2^+7^)^ : j = 0， 

从而 

(a, 6)(^! + 2,3^! + 7 CO ( : ) = 0, 

转置相加除2,即得 


( a i b )( A l +20 Bi 十 7A) 




当然不+ 2成+必 不可能定正.即 （A) 不适合. 


§3. 适合 （ B ) 的方程组的标准型 


方程组 (L1) 和方程组 



a ^_ 

dx 2 



j +2 Bi 


a 2 

dxdy 





的等价关系是由以下三种运算来定 义的: 
i) 方程间的鑛性组合；即 


^1 = PA , B 1 = PB , Ci - PC , \ P ] ^ 0; 


(i-iy 


. 414 • 


华罗庚文集 + 多复变函数论卷 II . 下部 


ii ) 未知函数的线性变 换：即 

= AQ , B x = BQ . C , = CQ , \ Q \ f 0; 


iii ) 自变数的线性变 换：即 

Ai = p 2 A + 2 pqB 4 - q 2 C ^ 

Bj = prA + ( p.s + qr)B + qsC , 


p q —0, 
r s 


C ] = t 2 A + 2 rsB + h 2 C ， 

特征四次型经变换 i ). … 后仅差一个常数因子.经变换 iii ) 变为 

(?#■") = \A^ +2B^i } ^C\i} 2 \ ^ Q{( ： ,r } % 


这儿 $ = + r " j / = ^ + s / 厂命 L = r ^— } m r [ {i — 1. 2,3, 4) 分别为 Qi { r , 1) = 0 

r h "t 

及 Q ( t ' I ) =0 的既则 


prj H - r 

+ ^ 


(i = 1,2,3,4}, 


这是一次分式变换. 

命是特征四次型的四个复根，过这四点可作一圆与实轴正交.显 
然存在具有实系数的一次分式变换将这圆变为虚轴，把变为 ± ki(k > 
0), 士 i ， 于是立得 


Q (^ v ) = \ A ^ 2 + 2 B^ff + Cf } 2 \- (^ 2 +r/ 2 )(^ + fcV 2 ), k >0, 


(1.4) 


所以不妨儸设 A 


0 


0 


:对矩阵 c 在实数范围内存在尸使 PCP 


X 0 

0 fi 

1)4 


A 


A 


A fi 
—fi A 


, 现在分三神情况来讨论 


0 


B 


,C 


0 


由 (1.4) 比较系数得 h 


b \ h 
I)h h 
h } = 0, 即得 


A 0 

0 ft 


A 


(J 


B 


0 b 2 

0 1 / \ 0 
\ j.i 一 4^2^3 = Ayr 1* A ". > 0. 


C 


X 0 
0 M 


(1.5) 
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1) 若6 2 & 3 < 0,左乘 


h 


0 


>右乘 


/ 


b 2 0 

0 1 


,得标准型 


: A I} ■。七 1 


(】0) 


ctA + "1 + 4 = A/ij + q, ci > 0* A/ii > 0, 


这儿 T 沒 = —"1 = olii. 

& 2&3 

1,2) 若6 2 6 3 > 0,左乘 


^2 

0 


0 


\ 


右乘 


0 


&2 &3 


n 


得 


A 


! j , s= ( 1 o )' c= (^ 1 


( IIo ) 


«A + /ii - 4 — A^i + a } a > 0. > 0. 

1 0 \ ( ! o 

.3) 若 6 2 =0,6 3 笋 0 T 左乘丨 n 1 ，右乘 L I ，得 

0 h / VO ^3 


A 


0 


, B 


0 0 
1 0 


, c 


A 0 

0 (i 


S \ + ^ = A/a + 1 , Xfi > 0, 故得 （A — i)(/i — 1) — 0* 即得 


A 


0 


B = 


0 

0 


c 


0 \i 


t > 0. 


(HIo) 


(如果 6 2 # = 0,则仍可化为标准型 { IIIo )). 

1.4) b -2 — — 0, 此时 B = 0, A = 1( 或 // = 1), 立得 


A — 


0 


0 


D 


0 0 
0 0 


, C — 


0 ji 


, ft > 0, 


(IV 0 ) 


2) A 


0 


0 




b\ b 


2 


h & 4 


C 


A 0 
1 A 
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它们的主对角线上的元素均为正，而且行列式亦为正，因此得下述 定理： 

定理2 条件 （ AUB ) 互相等价， 

§ 5. Dirichlet 问题的解的唯一性 

命 C 是一逐段光滑的 Jordan 闭曲线，包有一个域如果吨= 0，< = 0,就 
有方程组的解恒等于0,则称方程组的 Dirichlet 问题的解有唯一性. 

定理3 椭圆型方程组 Dirichlet 问题的解的唯一性的必要充分条件是条件 
( B ), 也是条件 （ A ). 

证在§1中已经指明，条件 （ B ) 不适合,则解#非唯 一. 现在只需证明方程组 
(I) 一 ( IV )的 Dirichlet 问题的解是唯一的. 

方程组 （ III ) 及（ IV )可以分离为两个椭圆型方程来考虑，显然它们的 Dirichlet 
问题的解是唯 一的； 我们只要考虑⑴及 （ U ) 的唯一性就够了. 

1) 标准型⑴所对应的方程组是 


d 2 v 

d 2 v 


2 


a 


d 2 v 

dxdy 


十 


d 2 u 

9y 2 




0 , 




d 2 v 




dx 2 dxdy dy 


,2 


0 . 


(IY 


从等式 



及 Green 公式可得 




dxdy 
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+ 


II 


d 2 u d 2 v & 2 u \ ( d 2 v 

u I + 2 — h A rr + 以 o； 


d 2 u 


dx 2 dxdy dy 2 


Ox 2 dxdy 


+ 


d 2 v \] 


dxdy 、 


D 


由 （ry 及边界条件可知 


II 


D 


du 

dx 


、⑵ 2 -⑵ 


2 


十 M 


dv 

% 


2 ' 


dxdy — 0, 


nrt>5H dv dv ^ 工曰 丄阳 

即得瓦 = 瓦 = 石 = 5 =0 , 于是 L = m 


2) 标准型 （II) 所对应的方程组为 


d 2 u & 2 %r 
- 2 - 


dx 2 


A 


d 2 u 


dxdy dy 2 

d 2 v d 2 u d 2 v 
a 9:r 2 十 dxdy + & dy 2 


0, 


(ny 


0 


从等式 


!r 

dx 


du 

u i -—— (-5 


dv \ ( dv du、 
„ dx . ^) +v \ a dx + %) 


+ 


d _ 

dy 


u 


O 2 - 


、dv . du 

S ) 石 + 入瓦 


) 


_ . du dv / dv \ 

i\dxj +(2+s - 硕 +H 瓦） + 


(dv 


2 


+ 叫 - 命⑵ 


2 1 


+ U 


d 2 u d 2 v d 2 u 
dx 2 + dxdy + dy 2 _ 


v 


d 2 v d 2 u d 2 v 

a dx 2 dxdy ^ ^ dy 2 


及 Green 公式，由 （II)' 及边界条件可知 


II 


2 


du \ du dv 

di ) 



2 


+ a 


dv 

dx 


2 


D 




2 ， 


dxdy — 0. 


( 1 . 6 ) 


取 


i —— s 


(0^)4 — 〆 士 
(CtA)i + /! 士 ’ 


由于 


(2 + 5 — t ) 


2 


16# 


aA + /i + 2(a\fi) 


2 


〈字 = 4 M ， 
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(2 — 5 + 1) 2 = 


16a 入 
a\ + /i + 


16a 入 


< 


4 


— 4 aA ， 


所以 （ L 6) 的积分号下是一定正的二次型.因此得出^ ^ = 0,即 

ox ay ox oy 

u = v = 0, 明所欲证， 

酣记1 对于 m 个自变数， n 个未知函数的情况,我们可得到在§1提及的类 
似的必要条件和 Green 公式;在某些_■加条件下，由 Green 公式可以证明 Dirichlet 
问题的 解的唯 一性. 

附记2 A . B . Bumupe 举出的例子（见彳 3 ]， p .361) 



当 P = 


左乘以 


I 时虽然+适合 （ A ), 但取 P = 




：2 Q 则它依然适合于条件⑷.若 
则它实质上与 


r d 2 n d 2 u — 
dx 2 + dy 2 1 

8 2 v d 2 u d 2 v 

v dx 2 ^ dy 2 ^ dy 2 


等价.这方程组的解的唯一性是显然的.由此可见标准型的重要性. 

附记3四个标准型各有其代数特性 v 可以研究它们是否还各有解析特性. 
酣记4非强椭圆型的椭圆型微分方程组的唯一性定理是不对的，但在§1中 
我们仅举出对十分特殊的区域不对.是否对一般区域都不对呢，因此可以提出以下 
的 问题： 哪些区域唯 一性定理对， 哪些不对？如果解不唯一，试求出所有的解来+ 
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§ 1.引 言 


在研究空间混合型微分方程的过程中，同时也就改进了平面混合型偏微分方程 
的工作.现在以 M , A . JlaBpeHTbeB 的方程为例说明之 如次： 我们只讲些不太失去 
普遍性的特例,把推到更复杂的研究留给读者.: na B p eH Tbe B 方程是 


d 2 u d 2 u ^ 

应 + s ㈣ w = 0 . 


( 11 ) 


这儿 sgny = 1，当5? > 0; sgnp = -1, 当 j / < 0. 

所研究的问题是 TMcomi 问题 . D 是 
A y 平面上的单联域.它在上半平面 y >0 
的边界是以 A (- l ,0), B ( l } 0 ) 为直径的画 
弧 A 在下半平面 y <0, D 的边界是方程 
( L 1) 的两条特 征线: ^+y = - l , x-y = 1. 

D u D 2 分别表示 D 在 y >0 及 y <0 
上的部分，直线称为变型线+ 

A , B . Bwna 拟 e ^ 1 解决了以下的 T > i - 
comi 问题.求_适合于以下条件的函 
数 

( i ) 在 D 内当 y / 0时 ， 1/适合于 (1.1); 

( ii ) 在闭域上 U 是连续 函数； 

( iii ) 偏微商 ^与^在 D 的内部连续 ， 而且在 AS 点附近可以有低于一 

级的无 穷大； ^ V 

( iv ) 在曲线 c 上及一条特征线上,例如上,1/取己知值 



u = ^ 当 （ x 7 y ) 在 C 上， （1.2) 

U = 利 X )，当 （a y ) 在 上. (1,3) 

当然假定在>1点这二函数的数值相吻合，同时假定这两个函数 A 0适合 Holder 
条件+ 


+ 1964年5月20日收到 t 1964年10月28日收到修改稿 * 发表 f 《数学 学报 I 1965, 15(6)： 8 T 3-882, 
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本文的目的在于证明： 1) 如果假定了（即，则中关于无穷大阶的假定可以 
完全 不要; 2) 即使放松了条件 （ ii ), ( iii ) 中关于无穷大阶的假定还是可以改善，本文 
已经获得了最优的结果. 

为了使读者易于接受，我们一切从头讲起. 



2,关于复变函数的引理 


定理1 一个在全平面上除2 = 0,2 = 00外处处解析而且在实轴虚轴上取实 

值的单值函数一定有以下的 Laurent 展开式 

OO 

a ( z ) = ^2 (2+1) 

—oo 

这儿 6 2 n 是实数. 

证假定这函数的 Laurent 展式是 

OC 

g(z)= E 如，， （ 2 + 2 ) 

卞1 = _ oc- 

由于在实轴上 ^ g ( z ) = 0,由 Schwarz 对称原理立刻得出 


g(^) = 9(^)^ (2 3 ) 


由此得出 



2ni 



g { z ) z- {n ^ l) dz = 



2 tt 


g {e w )e- inB 4 - g(e- i9 )e inG }d6 


0 


^ Jo 


^(g{e ie )e^ in0 )de, 


由此〜是实数. 

再命 z = iw y 

oo 

g ( iw ) = ^ a n i n w n , 

n— 一 oo 

由假定可知 p 〜也是实数，因而得到本定理， 

这定理不难推广为 

定理2 命 fc 是一正整数.适合以下条件的单值函数 g ( z ): 
( i ) 在全平面上除 z = = oo 外处处解析； 
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( ii ) 在直线 y = xtgjj = 0,1,2, ■ … ， - 1 上取实值，一定有以下的 Laurent 

展式 

OO 

9(z)= Y1 c. 


这个定理的证明是显然平行于定理 h 


但条件 （ ii ) 可以减弱为 


( ii ; ) 在两条射线？/ = 0 , 0 <： 1 ；< 00 ;及& = xt . g ^,0 < x < oo 上函数 g ! ㈤ 取实 

值即足+ 

^fr _ 霄 

依 Schwarz 的对称原理， 依 y = xtg - 反射，因此在 j / = xtg — 上？; = 0 -继续 
行使推出 （ ii ) 来， 


注意 刚才反射的角度是如果反射的角度是 2 tt 的奇数分之一 7 便如何? 

2 k 

如图所示,经角度¥连续反射三次后便与#的反射相同了，因此，+的情况与 

3 6 te 

^的情况相同，更一般些、凡是以277的有理倍数都可以如此处理. 

2k 




附记如果两条线的夹角与 2 tt 不可通度量，在这两条射线上都取实值.则 
反射再反射得出无穷条射线，其上函数 5 匕）都取实值.这些值线与 a ; 轴的交角在 
(0,2 tt ) 中处处稠密.如果 9 ⑷是单值函数，由连续性可知它是一实值函数，唯一可 
能是 3(4 是一实常数. 



3. 边界值等于零时的通解 


我们提出条件远较 Bmzaitje 为少的问题： 
问题 I 求适合于以下条件的函数 f / : 

( i ) 在 D 内，当 y 户0时，/7适合于 ( L 1); 
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( ii ) 除 z = 土1 外，17是闭域 D 上的连续函数 

( iii ) gig 在 D 内部 连续； 


( iv ) 在上半圆周上 [7 



U 


0. 


( 3 - 1 ) 


在线段 x ^ y 


/7 = 0,即 


U 


0 . 


(32) 


< 


解在 D 2 上 


(3.3) 


U(x,y) = f(x + y) + g(x-y), /(— 1 ) = 0 ， 

此处/⑴与 S ⑷是在 [-1,1] 上的任意两个连续函数，而且在 (- 1 , 1 ) 上有二阶微 
商.由条件 (3-2) 可知 

g(2r + 1) = 0, -1 ^ z ^ 0, 

即得戒）= 0,当-1 $ 4 S 1. 因此在£) 2 上 


U ( x , y ) = f(x + y) y ( x , y ) € D 2 - 


由此摧出 


dU du 


0. 


(3-4) 


dx dy 

由假定 （ iii ) 这条#在 AS 上（必 B 二点除外）也成立. 

在认中， C / 是调和函数.命 V { x , y ) 是在认中与 U { x y y ) 共轭的函数（可能 
差 一 常数待定)，由 Cauchy - Riemarm 条件及 （ iii ) ，由 (3.4) 得出 


QJJ QV 

+ 学 =0 ( y = o ， w<i). 


dx 
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积分之可得 

U ( x , 0 ) + V ( x , 0 )=C (|^| < 1), 

取合适的 V 使 C = 0. 

因此问题一变而为；求调和函数 U ( x . y ), 适合于 

心=0， 

U { x 7 0 ) + V ( x , 0 ) - 0 {\ x \ < 1). 

研究复变函数 


(3^5) 


W = f { z ) = U + iV 

这定义一保角变换，把: r 轴变为直线 U + V = 0 , 把上 半圆弧 tr 变为虚轴 U = 0, 
对: r 轴行 Schwarz 对称原理，得 


似= - iW - 

对上半圆弧 tr 行 Schwarz 对称原理，得 



G ) = - 


U + iV = 




从上半圃内任一点出发，对上半圆，对圆外实轴,对下半圆，对圆内实轴行四次 
对称， 回到了原来的出发点.其函数值的变化是 


W ^ -W 一 -{~ iW ) = -iW ^ iW i (- iW ) = - W . 


即当 z 绕 -1( 或 +1) — 周时，函数值变号， 

函数 ^/(l + z)/~(l - z ) 也有此性质，因此 5 函数 

是一个单值函数，仅在 Z = ±1二点可能是孤立奇点 I 
在圆内实轴上， 


^h(z) = 0 . 


由于 


1 + 


coa 


e 


W 
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因此在上半个圆上 


= 2-^(1 + i) 2 (U + iV)J cAg^ 0<0<7r, 


即得 


^h(e i0 ) 


Q 

= ^2ctg-f7 


0+ 


fT 


也就是 fcOO 是一个在上半个圆的边界上取实值的函数.依 Schwarz 对称原理它在 
下半圆与圆外实轴上也取实值 + 变形 


W 


1 + 2： 


Z 


把实轴变为实轴，单位圆变为 虚轴， 因此 

g(W) - h{z) 

是一个在两坐标轴上都取实值的单值函数，因此由定理 2.1 可知 


h(z) 


oo /1 _U \ 

^ hn \ T ^ l ) ? & ^是 实数. 


n = — oo 


f(z) =U + iV 




l-i 

~2~ 


i : ^ (i 

n = —oo \ 


Z 


2n- 


2 


Z 


即得 






2n 






一 z 


l+Z 

1 - Z 


2 tz 一 ♦ 、 


n- 


(3.6) 


(3-7) 


这是问题 I 的一般解.我们并未假定函数[/在2 = ±1时的性质, 


§ 4.唯一性 


一些偏微分方程工作者喜爱“唯一性”定理，它等价于在什么条件下， （3.8) 恒 
等于 “0” 的问题， 

我们现在提两个办法， 

第一种办法假定 [/在 5上连续.也就是 


/ U ) = 


% 


2 


b '^ 


71= 一 OO 
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lim p ( pe w ) — 0, 




lim q(pe^) = 0 t 
lim = 0 ? 

l ™ q ( pe i9 ) = 0, 


如果 g 〔 lV ) 有无穷个负幂项 7 则 VT = 0 是一本质奇点.由 Weierstrass 定理 t 
在此点附近可以无限逼近1 + i ， 这与 （4+1) 相矛盾.同样处理有无穷个正幂项的情 
况，如果只有有限个正 负项， 则= 0或 IV = cc 是极点，也是不可能的.因此 
g ( W ) = 0. 因而得出“唯一性' 

这说 明了： 如果我们保留了的条件 （ ii )， 则他所用的0条件可以完全 
不要+ 


的实部在上半闭圆内连续.命 t = 则函数 

1 — z 

1 . DO 

n = — oo 

的实部在以下的区域内 连续： 

t = pc l9 , 0 < 6 ^ 

再命 M 7 = 4,则 - 

y - 1 

n=—oo 

的实部在 

W = pe id , p^Q 

内连续. 

命 g ( W ) = p ( W ) + ig ( W ). 当 0 $ 时， 

9 { pe ni/4 ) = ^ e -^/ 4 f ； (- irw 2n-1 = --4 E («) n w 4n -' 

n=—OQ V Tl=—oo 

即 p ( pe ^ 4 ) = 0, 由连续性可知 

lim p ( pe l °) = 0，当 0 ( 汐: $ ^7 T . 
f>—^o 4 

当 0 = 0 时，显然有 p + q -0, 利用 Schwarz 对称原理可见 


(4 


L/r 






■7r 


</ 


7T127t 
-2 </ 


</ 汐 </ 6 

e </ 0 </ 

</5r</7r 

0 1-2 ^ 3-2 
当当当当 
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dU du 


dx ' dy 


上加 0 条件.切实些说,如果假定了 


dU + (… D 




(4*2) 


便能保证唯一性.这结果比的优异，在我们讲授高等数学的过程中曾经改 
进了 Keiuibnn - CeiioB 的结果，因而已经摧出比 Ewua ^ e 较好的结果，但本文的结果 
又更进一步（见《高等数学 引论》 第二卷讲稿，中国科学技术大学讲义，未正式出 
版) ■ 

由条件 (4,2) 可知 


因此 


=川… 1 十之= 〆 ， 


f f (z)^^ r (U + iV)^o(\l + z\-^ 2 ) 


与前相仿的对称原理可以推得：对0 € 0 ^ 2^常有 


r(z) = o(\l + z\^ 2 ) 


(4-4) 


与 




由 (3.6) 得 


(4-5) 


m 


I 


OC 


2 


51 b，2n 


z 


^-1 


z 


(4 n - 1) 


n— —oo 


(1 一外 


(4-6) 


由 （4*4) 可知，当 2 n - “ S ^ (即打 S 0) 时 


又由 （4.5) 可知，当- 



hn = 0, 

H 盖(即 d ) 时 


两者合计得，由 (3 J ) 可知 


b r 2ji ~ 0 * 






Jlanpe H Ti,eB 的混合型方程 


. 429 ^ 


即得唯 一 性，条件 （4,2),(4.3) 显然优于的条件. 

这说明了即使放松了 Biwame 的条件 ㈤ ，他的0条件还能改进， 

本方法的优点在于不仅改进了 Ewiwae 的0条件，而在于找到了最佳的0条 
件.不仅在于找到了最佳的0条件，而在于找到了最一般的结果.从而我们看出如 
果条件放竟到如何尺度，便会出现怎样的解来. 


§ 5.存在性 


仍如队 但用较一般的 （ L 2) 与 ( L 3) 可以得出 


即得 

即 

由此推 m 
在 y = 0上 

积分得 


g(2r + 1) = ^(x), 

戒) — (¥)， 

f/(x ， y) = f{x + y) 4- ^ 


—1 < z 矣 0, 






(积分常数隨 K 取定). 

因此问题一变而为求适合于条件 

U\ a — 0 <0 < n. 


的复函数 


}{z) = U + iV. 
吣卜 + 0/(4 


(5.1) 

(5.2) 


考虑函数 
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a 


命 v ( z ) - 则 


T 

+ X 

i 

— X 


X x — 1 


2 


而 


v ( z ) 


9 


2ctg 豆刚， 

这是一个普通的 Diridilet 问题+但注意当0 = 0时，边界函数可能有奇性 7 如 
此而已 ■ 

我们还是叙 述一下 其具体解法.把问題一分为二， 


'^1 (-^) | l ；=0 = 0 ， ^ ： 1 ( -^ ) | £7 


2 ctg ^ 州) 


(5*3) 


^ 2(^)|^0 = 2 


XIX 


%⑷ u =(〕. 


(54) 


x \ 2 

以 i (:)， U 2( 之)各为解析函数 Ai ⑷与 h 2 ( z ) 的虚部.显而易见 u = 十 二 h \ + h ，2 - 
由于 ^ h ( z)\ z =-i = 0 ? 故可假定 ^ hi ( z)\ z =-i - 3 ih ( z)\^=-i = 0* 

对于 /^( 2 ) ，由 Schwarz 对称原理可知 


v \ (e 


-to 


2 c 


tg 7 2 < f (0), 


Q < B < 7T. 


利用 Schwarz 公式， hi(z) 可由其虚部的边界值 i ； i ( e ^) 在出 


{z) 




2 tt 


o 


\/2 ctg ^(^) 


e l9 + 




-o 


e l9 — z 


d 9 - 


一 7T 


2 ctg ~^ 




- z 


_7T 


irj 0 l^Lco^+l^- ° 


2 z f w I B b'mB 

V 2Ctg 2^ ) rr- 2 ,cos^^ 


de - C , 
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其中 C 为实常数，由于涿心⑷‘-! = 0,所以 


^7T 


C 


7 T 


2 ctg 


8 sind 


0 


2 2(1 + cos 19) 


de 



tg ^( p (9) dd . 


因此，合并之得 


Al ⑷ = 聲/ V 2 ctg 臺州) 


sin 0(1 + 之 ) 


2 


(1 十之) 


2 


7 T 


I v 2 * 8 !^— 


2(1 + cos 沒 )〔1 一 2zcm8 + z 2 ) 

de 


dd 


2z cos 9 + z 2 


(5.5) 


不难证明当满足 Holder 条件时 ^ h ^ z ) 满足 （5,3)， 且心 ㈤ 适 

1 + t V 丄+之 

合§1中的条件 （ iii ). 

再对/^ 2㈤ 用 Schwarz 对称原理，可知 



^ 2 (^) 1^=0 = -2 





^ > 1. 


这是上半平面的 Dirichlet 问题+ 
利用 Schwarz 公式有 



其中 c 是实常数^由于沒= 0,所以 



dt 


此处积分都取 Cauchy 主值. 
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合并之得 


h 2 { z ) 


2(1+ z) 2 


7 T 





dt 


2 y {£ — ^)(1 — tz ) 


(5-6) 


同样可以证明当岭满足 Holder 条件时 3 Th 2 ( z ) 适合 （5,4), 且 
适合§1中的条件 （ iii ). 

以上求出了 A 中的 U ( x y y ). 而在 J ? 2 中它将由 


1 


/ 卜 

-Z 

n 

-A 

/i - 

hz 


M 之） 


U { x , y ) = Uix ^ y , 0) - ^ 


x + y 


2 




x-y 


2 


(5,7) 


给出. 

我们假定了 40) 与咕⑷适合于 Holder 条件，于是由 (5.5) 与 (5,6) 所定义岀 
的函数，远较我们的唯一性所要求的函数类为狭仄，因而提出 Holder 条件能不能 
减弱的问题.如果利用作者关于广义函数的概念 I 气甚且可以看到，把 W 及利作 
为某一类型 K ) 广义函数似乎也无不可.看看可 能性： 


Z 


2 


00 


r k + 




z 




2 


禽 =o kir 


G ) 


z 


2 k 


这函数在单位圆上有形式 Fourier 级数 


=—oo 


=(1 



- e 






J 


这儿 x (当 n — oo ). 因此，如果超出了包括这函数的函数类是不可能有唯 
一 性的.但同时建议适合 C n = o ( n - i ) 的函数类大有可能.既存在又唯一 
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ON THE CLASSIFICATION OF THE SYSTEM 

OF DIFFERENTIAL 

EQUATIONS OF THE SECOND ORDER* 

L Equivalence 


Let A f C denote three constant 2 x 2 matrices* Then 


A 


d 2 

dx 2 




d 2 

dxdy 







denote a system of two partial differential equations of the second order with two 
independent variables x, y and two unknown functions The system Is denoted 
simply by(i4, B, C). 

Definition 1 (A, B, C) and (Ai, are said to be equivalent if one can be 

transformed into the other by means of successive applications of the following three 
kinds of operations ； (i) j4i = p 2 A + 2pqB-\-q 2 C^ Bi = prA + (ps + qr)B + q$C\ = 

r 2 A + 2rsB + s 2 C^ ps — qr ^ 0 (linear transformation of independent variables); 
(11)^4^ — PA 7 Bi — FS, C\ — PC, \P\ 7 ^ 0 (linear combination of equations), 
and (iii)/li = AQ 7 B\ = BQ^ C\ = CQ\Q\ ^ 0 (linear transformation of unknown 
functions). 

Evidently, to study a system of differential equations is equivalent to studying 
one of its equivalences. 

Definition 2 A system is said to be reducible if it is equivalent to 



To study a reducible system is equivalent to studying two simple equations suc- 
cesively. It is devoid of particular interest. 


+ Read at a aymposium in celebration of the 5th anniversary of the University of Science 
and Technology of China held in 1963. Published in Sci 5imca(Notes), XIV(3)t 461-465. authors ； 
Hua Loo Keng ( 华罗庚 )(of Science and Technology of China) t Wu I’ise^chieii ( 吴兹潜 )， Lin 
Wd ( 林伟 Yet-sen University) 
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Example ( H Hqaipe 1 ) The system 






is reducible. In fact, multiplying the left by 



一 2 
-3 



and the right by 


we have 





It is not difficult to prove 

Theorem 1 A necessary and sufficient condition for a system to be reducible 
is that there are two non-zero vectors(a } b) and (c t d) such that 


(a, h)A = a(c, d), (a^b)B — 0(c,d) ， (a, b) C — r(c,d} r 


IL Classification of Biquadratic Forms 

Definition 3 The determinant 

Q(^^) = I^ 2 + 2B^ + c^| (II) 

is called the biquadratic characteristic form of the system B, C), 

Evidently, (ii) and (iii) carry (II) into4tself apart from a constant multiple; and 
by(i) we have 

QAlV) = \Mi 2 +2Bi^] + Cirf\ 

二 + m) 2 + 2BC{pi + rri){qi + sf}) + C{qi + stj) 2 \ 

= 

where 

Op( + r"， t/ = ^ + S7j, 

In order to classify (I), we shall classify Q(^t/) first* By means of elementary 
algebra ， (II) is equivalent to the following two standard forms ： 


Q(^v) ^ (C 2 + q 2 )(C 2 + 


(III) 
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where 


( 0 < A: < 1 for Q having two gdistioct pairs of complex roots ， 

fc = 1 for Q having a pair of doable complex roots, (2.1) 

Jfc = 0 for Q having a pair of complex roots and a double real root; 

^ = 0, fe = 0 for Q having a quadruple real root; (2+2) 


and 

Q(^V) = 幼 ( 托 2 + 2a 勿 + erf), (IV) 


where 


0 < a < 1 for Q having a pair of complex and two distinct 


real roots, 

q = 1 for Q having three distinct real roots, 
a > 1 for Q having four distinct real roots: 


(2,3) 


5 = l,£ = ot = 0forQ having a triple and a simple real root; (2,4) 

S — s = O^a — 1 for Q having two double real roots, (2,5) 


11L Standard Form 


Theorem 2 An irreducible system with the characteristic form. (Ill) is equiv¬ 
alent to 


A 


0 


0 


B 


0 


0 


c 


A 0 

0 fi 


(A) 


where A H- - 46 = fc 2 + e, A/x = k 2 s, b^O {for X ^ we may further assume that 
b<0). 

Theorem 3 An irreducible system with the chamcteristtc form (IV) is equiv¬ 
alent to 

i：y -fr D- -cr 


A 


(B) 


where 


Ss a 1 , n > n 

十 〆0 ， c/0. 


Definition 4 (rieTpOBCKirtt) The system with (II) possessing complex roots 
is called, elliptic. 
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Including the reducible cases we have 

Theorem 4 neTpoBCKti?i；^ elliptic system has the following standard forms: 



aA + /i + 4 = A/i + a, a > 0 y Xft, > 0; 

C — 


aA + /i — 4 = + a, a > A" > 0; 



IV . Strongly Elliptic Type 




(3,1) 


(3,2) 


(3.3) 

(3.4) 


If there exist p and 7 such that 


\A + 2pB + 7CI = 0 , for 0 2 < 7, 


then we have a non-zero vector 



Jsuch that 


(A + 20B + i€) 





(4_1) 


Consequently the system (I) has a solution 


u = a(x 2 + 2f3xy H- ^y 2 — 1 )， v = b(x 2 + 20xy + jy 2 - 1), 

both of which vanish on the ellipse x 2 十 + = 1 * It shows that nerpoBCKMii’s 

definition does not imply the uniqueness of the solution of the Dirichlet problem of 
the system of differential equations. 

In I960, Ting and others ; gave a neat condition for the uniqueness of elliptic 
system ： For (3 2 < 7 , 

1/1 + 2/35 + 7^1^0. (N) 


Definition 5 A system satisfying (N) is said to be of the strongly elliptic type. 
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Theorem 5 Evidently (3.2),(3.3),(3.4) are of the strongly elliptic type;(SA)is 
of the strongly elliptic type if and only if X> Q. 

Proof For(3*l), we have 


|il + 2&B + 7^| 


(1 + 7 入 )(a + 7 /i) + 4/3 2 * 


A 0 

0 fx 


If A < 0 ? we take = 0,7 = —--such that \A 4 - 2pB + yC\ — 0. If A > 0, it is 
always > 0+ 

The following more complicated condition for the system of strongly elliptic type 
is due to BHmHK' 2 : 

There is a matrix P such that A\ — FA^B\ — PB y C\ = PC satisfy 


A.\ + 2,B\t + C\t^ > 0, 

where if = ^(i? + H,) and H f is the transposed matrix of H. 

For (3,1) (with X > 0), (3,2) ， (3,3), (34) we have evidently 

Therefore condition(M) and condition (N) have no significant difference* 
Remark 1 A, B. 6 期货晨 36 gave the following example 


(M) 


(N) 


0 0 


, c 


to show that condition (M) is sufficient but not necessary for the uniqueness of the 


Dirichlet problem. However, simply multiplying on the left by 


1 2 


,we have 


a system satisfying (M), 

Remark 2 Starting with the standard forms (A) and (B), two of the authors 
obtained some results concerning the other types of the systems which will appear 
elsewhere later. 

Remark 3 The uniqueness of the solution of the Dirichlet problem of (3.1) 
with A > 0 and (3.2) follows immediately from Greenformula and the following 
identities ： for(3,1)，we use 


d \ (du dv\ ( 

d^[ u {di + d^) +v \ a 


dv du 
dy dy^ 
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+ 


( 


d_ 

dy 


{ dv 

u {^ + 


嗜 ) 


du dv\ 

+ Vl ~^ + fi dy) 



2 




a ( 


dv 


2 


dx 






2 


d 2 v 


A 


v 


d 2 v d 2 u d 2 v 
Q dx 2 T dxdy ^ dy 2 


and for(3.2)，we use 

d 


dx 


㈣ 


du , J 

U[ d^ + %) +V i a dx 


dv du 


dy 


+ 


备卜 ( (r ~ s) £ +A ^) +w ( (T_/ 

⑵ 




du dv 

I V^y +( … 硕切 



. .dv du . 

+ (T m)“ + A 


(I) 


2 



• d 2 u 

d 2 v 

d 2 u 


d 2 v 

d 2 u 

d 2 v 

+ u 

dx 2 + 

T dxdy 

办 2 J 

+ v 

a dx 2 1 

丁 dxdy 

卜 ㈤ J 


(t - s = r( y/aX - 十 >/^))， 
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